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PREFACE

One of the main missions of the Abdus Salam International Centre for
Theoretical Physics in Trieste, Italy, founded in 1964 by Abdus Salam, is to
foster the growth of advanced studies and research in developing countries.
To this aim, the Centre organizes a large number of schools and workshops
in a great variety of physical and mathematical disciplines.

Since unpublished material presented at the meetings might prove of
great interest also to scientists who did not take part in the schools the Centre
has decided to make it available through a new publication titled ICTP
Lecture Note Series. It is hoped that this formally structured pedagogical
material in advanced topics will be helpful to young students and researchers,
in particular to those working under less favourable conditions.

The Centre is grateful to all lecturers and editors who kindly authorize
the ICTP to publish their notes as a contribution to the series.

Since the initiative is new, comments and suggestions are most welcome
and greatly appreciated. Information can be obtained from the Publica-
tions Section or by e-mail to “pub_off@ictp.trieste.it”. The series is
published in house and also made available on-line via the ICTP web site:
“http://www.ictp.trieste.it”.

M.A. Virasoro
Director
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Introduction

This volume is based on the lecture notes of the minicourses given in
the frame of the school on Mathematical Control Theory held at the Abdus
Salam ICTP from 3 to 28 September 2001.

Mathematical Control Theory is a rapidly growing field which provides
strict theoretical and computational tools for dealing with problems aris-
ing in electrical and aerospace engineering, automatics, robotics, applied
chemistry, and biology etc. Control methods are also involved in questions
pertaining to the development of countries in the South, such as wastewater
treatment, agronomy, epidemiology, population dynamics, control of indus-
trial and natural bio-reactors. Since most of these natural processes are
highly nonlinear, the tools of nonlinear control are essential for the mod-
elling and control of such processes.

At present regular courses in Mathematical Control Theory are rarely
included in the curricula of universities, and very few researchers receive
enough background in the field. Therefore it is important to organize specific
activities in the form of schools to provide the necessary background for those
embarking on research in this field.

The school at the Abdus Salam ICTP consisted of several minicourses in-
tended to provide an introduction to various topics of Mathematical Control
Theory, including Linear Control Theory (finite and infinite-dimensional),
Nonlinear Control, and Optimal Control. The last week of the school was
concentrated on applications of Mathematical Control Theory, in particular,
those which are important for the development of non-industrialized coun-
tries.

The school was intended primarily for mathematicians and mathemat-
ically oriented engineers at the beginning of their career. The typical par-
ticipant was expected to be a graduate student or young post-doctoral re-
searcher interested in Mathematical Control Theory. It was assumed that
participants have sufficient background in Ordinary Differential Equations
and Advanced Calculus.

The volume contains thirteen contributions divided into two parts. The

volume, as well as the school it is based on, pursues primarily educational
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and instructive goals. We tried to distribute the material according to the
same purposes. The volume starts with Linear Control Systems, then turns
to Nonlinear Systems and Optimal Control Theory. Basic elementary courses
are intended to help to study subsequent more specific ones. The volume
finishes with some real world applications.

We believe that the volume as a whole and its parts can serve for both the
self-depended study and the teaching as a kind of contemporary textbook
in Mathematical Control Theory.

Andrei Agrachev
May, 2002
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Abstract

The notes introduce basic concepts and results of the classical con-
trol theory. The following topics: controllability, observability, mini-
mum energy control, stability and stabilizability as well as linear qua-
dratic control problem and the associated Riccati equations are dis-
cussed in details.
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Classical Control Theory 5
0 Introduction

The aim of the lectures is to introduce and motivate basic concepts of the
classical control theory. Due to the time limitation several of the important
topics like, realisation, control with partial observation, systems on manifolds
and infinite dimensional systems will be not covered in the notes. We follow
basically our book [31]. For additional information we suggest the reader to
consult other sources listed in references, in particular Sontag’s book [25].
The reader should try to solve exercises and as a test of good understanding
we recommend Exercises 1.7, 1.8, 2.2, 3.7.

A departure point of control theory is the differential equation

Y= f(ya U), y(O) =zr€ Rn? (01)

with the right-hand side depending on a parameter u from a set U C R™.
The set U is called the set of control parameters. Differential equations
depending on a parameter have been objects of the theory of differential
equations for a long time. In particular an important question of continuous
dependence of the solutions on parameters has been asked and answered
under appropriate conditions. Problems studied in mathematical control
theory are, however, of different nature, and a basic role in their formulation
is played by the concept of control. One distinguishes controls of two types:
open and closed loop. An open loop control can be basically an arbitrary
function u(-) : [0, +00) — U, for which the equation

y(t) = f(y(@®)),u®)), =0, y(0) ==, (0.2)

has a well defined solution.
A closed loop control can be identified with a mapping k& : R" — U,
which may depend on ¢ > 0, such that the equation

y(t) = fy(t), k(y@)), t=0, y(0) ==, (0.3)

has a well defined solution. The mapping k(- ) is called feedback. Controls
are called also strategies or inputs, and the corresponding solutions of (0.2)
or (0.3) are outputs of the system.

One of the main aims of control theory is to find a strategy such that the
corresponding output has desired properties. Depending on the properties
involved one gets more specific questions.
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Controllability. One says that a state z € R" is reachable from z in time
T, if there exists an open loop control u(-) such that, for the output y(-),
y(0) = z, y(T) = z. If an arbitrary state z is reachable from an arbitrary
state x in a time T, then the system (0.1) is said to be controllable. In sev-
eral situations one requires a weaker property of transferring an arbitrary
state into a given one, in particular into the origin. A formulation of effec-
tive characterizations of controllable systems is an important task of control
theory only partially solved.

Stabilizability. An equally important issue is that of stabilizability. As-
sume that for some z € R" and u € U, f(Z,u) = 0. A function k : R" — U,
such that k(Z) = u, is called a stabilizing feedback if Z is a stable equilibrium
for the system

y(t) = fy(t), k(y@)), t=0, y(0) == (0.4)

In the theory of differential equations there exist several methods to deter-
mine whether a given equilibrium state is a stable one. The question of
whether, in the class of all equations of the form (0.4), there exists one for
which Z is a stable equilibrium is of a new qualitative type.

Observability. In many situations of practical interest one observes not
the state y(t) but its function h(y(t)), ¢ > 0. It is therefore often necessary
to investigate the pair of equations

w = h(y). (0.6)

Relation (0.6) is called an observation equation. The system (0.5)—(0.6) is
said to be observable if, knowing a control u( - ) and an observation w( -), on
a given interval [0, 7], one can determine uniquely the initial condition z.

Optimality. Besides the above problems of structural character, in control
theory, with at least the same intensity, one asks optimality questions. In
the so-called time-optimal problem one is looking for a control which not
only transfers a state x onto z but does it in the minimal time T'. In other
situations the time 7" > 0 is fixed and one is looking for a control u( - ) which
minimizes the integral

T
/0 a(y(t), u(t)) dt + G(y(T)),
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in which g and G are given functions.

We present now some examples to show that the models and problems dis-
cussed in control theory have an immediate real meaning.

Example 0.1 FElectrically heated oven. Let us consider a simple model of an
electrically heated oven, which consists of a jacket with a coil directly heating
the jacket and of an interior part. Let Ty denote the outside temperature.
We make a simplifying assumption, that at an arbitrary moment ¢t > 0,
temperatures in the jacket and in the interior part are uniformly distributed
and equal to T1(t),T>(t). We assume also that the flow of heat through
a surface is proportional to the area of the surface and to the difference
of temperature between the separated media. Let u(t) be the intensity of
the heat input produced by the coil at moment ¢ > 0. Let moreover aq, ao
denote the area of exterior and interior surfaces of the jacket, c1,co denote
heat capacities of the jacket and the interior of the oven and 1,72 denote
radiation coefficients of the exterior and interior surfaces of the jacket. An
increase of heat in the jacket is equal to the amount of heat produced by the
coil reduced by the amount of heat which entered the interior and exterior
of the oven. Therefore, for the interval [t,t + At], we have the following
balance:

c1 (Tl (t + At) -1 (t)) ~ u(t)At — (T1 (t) —Ty (t))alrlAt — (Tl (t) — To)CLgT'QAt.

Similarly, an increase of heat in the interior of the oven is equal to the amount
of heat radiated by the jacket:

CQ(TQ(t + At) — Tg(t)) = (Tl(t) — Tg(t))alT’QAt.

Dividing the obtained identities by At and taking the limit, as At | 0, we
obtain

dT

cld—tl =u— (Th — Tr)arry — (Th — To)asgrs,
dT:

CQd—: = (T1 — Tg)alTl.

Let us remark that, according to the physical interpretation, u(t) > 0 for

t > 0. Introducing new variables x1 = 71 — Ty and xo = T5 — T, we have
_ria + roao ria1

d [m] C1 C1 [:cl} [cl_l]
_ — =+ u.
dt T2 101 rial o 0

C2 C2
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It is natural to limit the considerations to the case when x1(0) > 0 and
x2(0) > 0. It is physically obvious that if u(¢) > 0 for ¢ > 0, then also
x1(t) >0, x2(t) >0, t > 0. One can prove this mathematically.

Let us assume that we want to obtain, in the interior part of the oven,
a temperature T and keep it at this level infinitely long. Is this possible?
Does the answer depend on initial temperatures 17 > Ty, 1o > Ty ?

Example 0.2 Soft landing. Let us consider a spacecraft of total mass M
moving vertically with the gas thruster directed toward the landing surface.
Let h be the height of the spacecraft above the surface, u the thrust of its
engine produced by the expulsion of gas from the jet. The gas is a product of
the combustion of the fuel. The combustion decreases the total mass of the
spacecraft, and the thrust u is proportional to the speed with which the mass
decreases. Assuming that there is no atmosphere above the surface and that
g is gravitational acceleration, one arrives at the following equations [13]:

Mh = —gM +u, (0.7)
M = —ku, (0.8)

with the initial conditions M (0) = My, h(0) = hg, h(0) = hi; k a positive
constant. One imposes additional constraints on the control parameter of
the type 0 < w < a and M > m, where m is the mass of the spacecraft
without fuel. Let us fix T > 0. The soft landing problem consists of finding
a control u(-) such that for the solutions M(-), h(-) of equation (0.7)

M(t)>m, h(t)>0, tel0,T], and h(T)=h(T)=0.

The problem of the existence of such a control is equivalent to the control-
lability of the system (0.7)—(0.9).

A natural optimization question arises when the moment 7" is not fixed
and one is minimizing the landing time. The latter problem can be formu-
lated equivalently as the minimum fuel problem. In fact, let v = h denote
the velocity of the spacecraft, and let M (t) > 0 for ¢ € [0,T]. Then

%—8 — k() — gk, te[0,T).

Therefore, after integration,

M(T) _ efv(T)kfng+v(O)kM(O).
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Thus a soft landing is taking place at a moment 7" > 0 (v(T") = 0) if and
only if
M(T) = e 9T e" Ok p1(0).

Consequently, the minimization of the landing time T is equivalent to the
minimization of the amount of fuel M (0) — M (T') needed for landing.

Example 0.3 Optimal consumption. The capital y(t) > 0 of an economy
at any moment ¢ is divided into two parts: u(t)y(t) and (1 —u(t))y(t), where
u(t) is a number from the interval [0, 1]. The first part goes for investments
and contributes to the increase in capital according to the formula

y=uy, y(0)=z>0.

The remaining part is for consumption evaluated by the satisfaction

T
Jr(z,u(-)) = /O ((1 = u(@®))y(t)* dt + ay*(T). (0.9)

In definition (0.9), the number a is nonnegative and o € (0,1). In the
described situation one is trying to divide the capital to maximize the satis-
faction.

Remark For more information about the electrically heated oven we refer
to [2], [24]. The soft landing and optimal consumption models are extensively
discussed in [14].

1 Controllability and Observability

1.1 Preliminaries

As we have already mentioned the basic object of classical control theory is
a linear system described by a differential equation

% = Ay(t) + Bu(t), y(0)=z€R", (1.1)

and an observation relation
w(t) = Cy(t), t=>0. (1.2)

For completeness of the presentation we recall first basic concepts and
notation related to linear differential equations.
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Linear transformations 4 : R — R”, B : R™ — R", C : R™ — R* in
(1.1) and (1.2) will be identified with representing matrices and elements of
R”, R™, R* with one column matrices. The set of all matrices with n rows
and m columns will be denoted by M(n, m) and the identity transformation
as well as the identity matrix by I. The scalar product (x,y) and the norm

|z|, of elements z,y € R™ with coordinates &i,...,&, and n,...,n,, are
defined by

n n 1/2
D=3 6 |m|=(zg;) |
=1 j=1

The adjoint transformation of a linear transformation A as well as the
transpose matrix of A are denoted by A*. A matrix A € M(n,n) is called
symmetric if A = A*. The set of all symmetric matrices is partially ordered
by the relation Ay > As if (Ajz,x) > (Agz,x) for arbitrary z € R”. If
A > 0 then one says that matrix A is nonnegative definite and if, in addition,
(Az,x) > 0 for x # 0 that A is positive definite. Treating xz € R" as
an element of M(n,1) we have z* € M(1,n). In particular we can write
(x,y) = x*y and |z|> = z*z. The inverse transformation of A and the
inverse matrix of A will be denoted by A~!.

If F(t)=[fi;(t);i=1,....,n,j=1,...,m] € M(n,m), t € [0,T], then,
by definition,

T T
/ F(t)dt:[/ fij)dt;i=1,...,n,5=1,...,m|, (1.3)
0 0

under the condition that elements of F(-) are integrable.
Derivatives of the 1st and 2nd order of a function y(¢ ) t € R, are denoted
by ‘g’;, ‘;tg or by ¢, § and the nth order derivative, by % d )y

We will need some basic results on linear equatlons

dq

i A(t)q(t) +a(t), qlto) = qo € R", (1.4)
on a fixed interval [0, T]; to € [0, T, where A(t) € M(n,n), A(t) = [a;;(t); i =
L,...,n,j=1,...,m], a(t) € R, a(t) = (a;i(t); i=1,...,n), t € [0,T].

Theorem 1.1 Assume that elements of the function A(-) are locally inte-
grable. Then there exists exactly one function S(t), t € [0,T] with values in
M(n,n) and with absolutely continuous elements such that

d

dtS( )= A(t)S(t) for almost all t € [0,T], (1.5)
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5(0) = 1. (1.6)

In addition, a matriz S(t) is invertible for an arbitrary t € [0,T], and the
unique solution of the equation (1.4) is of the form

q(t) = S(t)S™(to)qo + t S(t)S™(s)a(s)ds, te[0,T]. (1.7)

to

Here is a sketch a proof of the theorem.

Proof. Equation (1.4) is equivalent to the integral equation

q(t)—ao+/tA(s)q(s)ds+/ta(s) ds, te[0.1]

to to

The formula

¢ t

Ly(t) = ao +/ a(s)ds +/ A(s)y(s)ds, tel0,T],
to to

defines a continuous transformation from the space of continuous functions

C[0,T; R"] into itself, such that for arbitrary y(-),g(-) € C[0,T; R"]

T
sup [Ly(t) — Ly(t)| < (/O !A(S)\d8> sup [y(t) — g(t)].

te[0,T) t€[0,T

If fOT |A(s)|ds < 1, then by the contraction mapping principle the equation
g = Lq has exactly one solution in C[0,T; R"] which is the solution of
the integral equation. The case fOT |A(s)|ds > 1 can be reduced to the
previous one by considering the equation on appropriately shorter intervals.
In particular we obtain the existence and uniqueness of a matrix valued
function satisfying (1.5) and (1.6).

To prove the second part of the theorem let us denote by ¥(t), t € [0,T],
the matrix solution of

%W) — —pDA®), »(0)=1, t € [0,T).

Assume that, for some t € [0,7], det S(t) = 0. Let Ty = min{t €
[0,T7; det S(¢t) = 0}. Then Ty > 0, and for t € [0, Tp)

0= L (sw)s1(1) = <%

2 S(t)> Sty + S Ls1).

dt



12 J. Zabezyk

Thus

and consequently

%5—1@) = —S7YA®), te0,T),

s0 S7H(t) = 9(t), t € [0,Tp).
The function det ) (t), t € [0,T7], is continuous and

1
det @ZJ(t) = ma te [OaTO)v

therefore there exists a finite tl%I%l det ¢(t). This way det S(1p) = gl%l S(t) #
0 0

0, a contradiction. The validity of (1.6) follows now by elementary calcula-
tion. g

The function S(t), t € [0,7] will be called the fundamental solution of
equation (1.4). It follows from the proof that the fundamental solution of
the “adjoint” equation

B aop), tefo0.T)

is (S*(t))~%, t €[0,T).
Exercise 1.1 Show that for A € M(n,n) the series

“+o00
AN

E —1t", teR,
n!

n=1

is uniformly convergent, with all derivatives, on an arbitrary finite interval.

The sum of the series from Exercise 1.1 is often denoted by exp(tA) or
et4 t € R. We check easily that

etdest = e(t+S)A, t,s € R,

in particular
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Therefore the solution of (1.1) has the form

y(t) = etAr + fot e(t_s)ABu(s) ds)

=S{t)z + fot S(t — s)Bu(s)ds, te€[0,T], (18)

where S(t) = exptA, t > 0.

The majority of the concepts and results discussed for systems (1.1)—
(1.2) can be extended to time dependent matrices A(t) € M(n,n), B(t) €
M(n,n), C(t) € M(k,n), t € [0,T], and therefore for systems

% = A(t)y(t) + B(t)u(t), y(0) ==z e R", (1.9)
w(t) =C(t)y(t), te]l0,T]. (1.10)

1.2 The controllability matrix

An arbitrary function u(-) defined on [0,+400) locally integrable and with
values in R™ will be called a control, strategy or input of the system (1.1)—
(1.2). The corresponding solution of equation (1.1) will be denoted by
y®¥(+), to underline the dependence on the initial condition z and the input
u( - ). Relationship (1.2) can be written in the following way:

w(t) = Cy™"(t), te]l0,T].

The function w( - ) is the output of the controlled system.

We will assume now that C' = I or equivalently that w(t) = y®*(t),
t>0.

We say that a control u transfers a state a to a state b at the time T' > 0
if

y““(T) =b. (1.11)

We then also say that the state a can be steered to b at time 7" or that the
state b is reachable or attainable from a at time T

The proposition below gives a formula for a control transferring a to b. In
this formula the matrix Qr, called the controllability matriz or controllability
Gramian, appears:

T
Qr :/0 S(r)BB*S*(r)dr, T >0.

We check easily that Qp is symmetric and nonnegative definite.
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Proposition 1.1 Assume that for some T > 0 the matriz Qp is nonsingu-
lar. Then
(i) for arbitrary a,b € R™ the control

a(s) = —B*S*(T — s)Q7* (S(T)a—b), s€0,T], (1.12)

transfers a to b at time T
(ii) among all controls u( -) steering a to b at time T the control . minimizes
the integral fOT |u(s)|? ds. Moreover,

T
/ a(s)2ds = Q7 (S(T)a—b), S(Tha—b).  (L.13)

0

Proof. Tt follows from (1.12) that the control 4 is smooth or even analytic.
From (1.8) and (1.12) we obtain that

T
Yy T) = S(T)a — (/0 S(T — s)BB*S*(T — s) ds) (Q7 (S(T)a — b))

= 8(T)a - Qr(Q7' (S(T)a — b)) =b.

This shows (i).
To prove (ii) let us remark that the formula (1.13) is a consequence of
the following simple calculations:

T T 9
/ li(s)|2 ds = / B*S*(T — $)Q7M(S(T)a — b)[* ds
0 0
T
= </0 S(T — s)BB*S*(T — s)(Q7' (S(T)a — b)) ds,
Q7' (S(T)a - b>>

= (QrQ7' (S(T)a—b),Q7" (S(T)a — b))
= (Q7'(S(T)a —b), S(T)a — b).

Now let u(-) be an arbitrary control transferring a to b at time 7. We can
assume that u(-) is square integrable on [0,7]. Then

T T
/ (u(s),u(s))ds = / (u(s), B*S*(T — S)Q;l(S(T)b —a))ds
0 0

T
([ s - 9Bus)as. a7 (5000 -1)
= (S(T)a — b,Q7"(S(T)a — b)).
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Hence
T T
/O<U(S)7U(S)>d82/0 (a(s),a(s)) ds.

From this we obtain that

T T T
/ lu(s)|* ds = / [a(s)|* ds + / lu(s) — u(s)|? ds
0 0 0
and consequently the desired minimality property. O

Exercise 1.2 Write equation

d*y dy

o 0= FO=a |§

13

as a first order system. Prove that for the new system, the matrix Qp is

R2
di ]6 :

0
nonsingular, 7' > 0. Find the control u transferring the state [?] to [O]
2

at time 7' > 0 and minimizing the functional fOT lu(s)|*ds. Determine the
minimal value m of the functional. Consider £; =1, & = 0.

Answer. The required control is of the form

R 12 (6T  &T?  sTé
u(s)*—ﬁ <— —

- T
9 + 3 2 8§1> , S€ [07 ]a

and the minimal value m of the functional is equal to

2
m= (@7 +aar- @),

In particular, when & =1, & =0,

a(s) = %(s—g), s€[0,T], m= %

We say that a state b is attainable or reachable from a € R"™ if it is
attainable or reachable at some time 7" > 0.

System (1.1) is called controllable if an arbitrary state b € R™ is attainable
from any state a € R™ at some time 7" > 0. Instead of saying that system
(1.1) is controllable we will frequently say that the pair (A4, B) is controllable.

If for arbitrary a,b € R™ the attainability takes place at a given time
T > 0, we say that the system is controllable at time T. Proposition 1.1
gives a sufficient condition for the system (1.1) to be controllable. It turns
out that this condition is also a necessary one.

The following result holds.
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Proposition 1.2 If an arbitrary state b € R™ is attainable from 0, then the
matriz Qr is nonsingular for an arbitrary T > 0.

Proof. Let, for a control w and T" > 0,
T
Lru = / S(r)Bu(T —r)dr. (1.14)
0

The formula (1.14) defines a linear operator from Uz = L'[0, T; R™] into
R"™. Let us remark that

Lru = y>(T). (1.15)

Let Ep = Lp(Ur), T > 0. It follows from (1.14) that the family of the

linear spaces Er is nondecreasing in 7' > 0. Since |J Ep = R", taking into
>0

account the dimensions of Er, we have that Ez = R" for some T. Let us
remark that, for arbitrary 7' > 0, v € R"™ and u € Ur,

(Qrv,v) = <</OT S(rYBB*S*(r) dr>v,v>: /OT | B*S*(r)uv|* dr,(1.16)

T
(Lo, v) = /O (u(r), B*S*(T — r)o) dr. (1.17)

From identities (1.16) and (1.17) we obtain Qrv = 0 for some v € R"
if the space Er is orthogonal to v or if the function B*S*(-)v is identically
equal to zero on [0,7]. It follows from the analyticity of this function that
it is equal to zero everywhere. Therefore if Qrv = 0 for some T > 0 then
Qrv =0 for all T > 0 and in particular Qzv = 0. Since E7 = R" we have
that v = 0, and the nonsingularity of Q7 follows. ([l

A sufficient condition for controllability is that the rank of B is equal to
n. This follows from the next exercise.

Exercise 1.3 Assume rank B = n and let BT be a matrix such that BBT =
I. Check that the control

u(s) = %B*e(s*T)A(b — eTAa), s € 0,7,

transfers a to b at time 7" > 0.
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1.3 Rank condition

We now formulate an algebraic condition equivalent to controllability. For
matrices A € M(n,n), B € M(n, m) denote by [A|B] the matrix [B, AB, ...,
A"~ B] € M(n, nm) which consists of consecutively written columns of ma-
trices B, AB, ..., A" 'B.

Theorem 1.2 The following conditions are equivalent.
(i) An arbitrary state b € R™ is attainable from 0.

(ii) System (1.1) is controllable.

(iii) System (1.1) is controllable at a given time T > 0.

(v) Matriz Qr is nonsingular for an arbitrary T > 0.

)
)
(iv) Matriz Qr is nonsingular for some T > 0.
)
(vi) rank[A|B] = n.

Condition (vi) is called the Kalman rank condition, or the rank condition
for short.

The proof will use the Cayley-Hamilton theorem. Let us recall that a
characteristic polynomial p(-) of a matrix A € M(n,n) is defined by

p(A) = det(AI — A), MeC. (1.18)
Let
PN =N+ A"+ +a, MeC. (1.19)
The Cayley-Hamilton theorem has the following formulation (see [1, 358—
359]):

Theorem 1.3 For arbitrary A € M(n,n), with the characteristic polyno-
mial (1.19),
A" 4 AV 4 a, ] =0.

Symbolically, p(A) = 0.

Proof of Theorem 1.2. Equivalences (i)—(v) follow from the proofs of Propo-
sitions 1.1 and 1.2 and the identity

y»*"(T) = Lou+ S(T)a.
To show the equivalences to condition (vi) it is convenient to introduce a

linear mapping l,, from the Cartesian product of n copies R™ into R™:

n—1
ln(ug, ..., up—1) = ZAjBuj, uj € R™, 7=0,...,n—1
=0
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We prove first the following lemma.

Lemma 1.1 The transformation L, T > 0, has the same image as l,,. In
particular L1 is onto if and only if l,, is onto.

Proof. For arbitrary v € R", u € LY[0,T; R™], u; € R™, j =0,...,n— 1:

T
(Lru,v) = / (u(s), B*S*(T — )v) ds,
0
(Ln(t0, -, tn1),0) = (g, B*0) + ...+ (w1, BX(A%)"10).

Suppose that (l,,(ug,...,un—1),v) = 0 for arbitrary ug,...,up—1 € R™.
Then B*v = 0,..., B*(A*)" v = 0. From Theorem 1.3, applied to ma-
trix A*, it follows that for some constants cg,...,c,_1

3
—

(A" = 3 (A
k

0
Thus, by induction, for arbitrary [ = 0,1, ... there exist constants ¢; g, ..., ¢ n—1
such that

n—1

(A= (A,

k=0
Therefore B*(A*)kv =0 for k = 0,1,.... Taking into account that
+

B*S*(t)jy = ) _ B*(A¥) v
k=0 ’

we deduce that for arbitrary 7" > 0 and ¢ € [0, T

t>0,

B*S*(t)v =0,

so (Lru,v) = 0 for arbitrary u € L1[0,T; R™].
Assume, conversely, that for arbitrary u € L0, T; R"], (Lru,v) = 0.
Then B*S*(t)v = 0 for ¢t € [0, T]. Differentiating the identity

+o0o tk
ZB*(A*)’“UH =0, telo,T],
k=0 )

0,1,...,(n—1) times and inserting each time ¢ = 0, we obtain that B*(A*)*v
=0for k=0,1,...,n — 1. And therefore

(ln(ug, ... ,up—1),v) =0 for arbitrary ug,...,up,—1 € R™.
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This implies the lemma. (|

Assume that the system (1.1) is controllable. Then the transformation
L7 is onto R™ for arbitrary T > 0 and, by the above lemma, the matrix
[A|B] has rank n. Conversely, if the rank of [A|B] is n then the mapping
I, is onto R™ and also, therefore, the transformation L7 is onto R™ and the
controllability of (1.1) follows. O

If the rank condition is satisfied then the control 4(-) given by (1.12)
transfers a to b at time T. We now give a different, more explicit, formula for
the transfer control involving the matrix [A|B] instead of the controllability
matrix Qr.

Note that if rank[A|B] = n then there exists a matrix K € M(mn,n)
such that [A|B]K = I € M(n,n) or equivalently there exist matrices K,
Ko, ..., K, € M(m,n) such that

BK, + ABKy+ ...+ A" 'BK, =I. (1.20)
Let, in addition, ¢ be a function of class C"~! from [0, T into R such that

& & .

dSJ dSJ( ) 0) J 07 ) , 9 ( )
T

/ (s)ds = 1. (1.22)
0

Proposition 1.3 Assume that rank[A|B] = n and (1.20)—(1.22) hold. Then
the control

u(s) = K1y(s) + Kg%(s) +...+ Kncf;%(s), s €10,T]
where
P(s)=S(s—T)b—-S(T)a)p(s), sel0,T] (1.23)

transfers a to b at time T' > 0.

Proof. Taking into account (1.21) and integrating by parts (j — 1) times, we
have
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T i1 T A(T—s) i1

T
:/ eA(T_s)Aj_lBKj¢(s) ds
0

T

= [ S(T —s)A'BEKy(s)ds,
0
j=1,2,...,n.

Consequently
T T
/ S(T — s)Bi(s)ds = / S(t — $)[A|BIKv(s)ds
0 0

T
:/0 S(T — s)(s)ds.

By the definition of 1 and by (1.22) we finally have

T
y@U(T) = S(T)a + /0 S(T —s5)(S(s—=T)(b—S(T)a))p(s)ds

T
— S(T)a+ (b— S(T)a) /O o(s)ds = b.

Remark Note that Proposition 1.3 is a generalization of Exercise 1.3.

Exercise 1.4 Assuming that U = R prove that the system describing the
electrically heated oven from Example 0.1 is controllable.

Exercise 1.5 Let Ly be a linear subspace dense in L'[0,T; R™]. If system
(1.1) is controllable then for arbitrary a,b € R™ there exists u(-) € Lo
transferring a to b at time T'.

Hint. Use the fact that the image of the closure of a set under a linear
continuous mapping is contained in the closure of the image of the set.

Exercise 1.6 If system (1.1) is controllable then for arbitrary 7' > 0 and
arbitrary a,b € R™ there exists a control u(-) of class C*° transferring a to
b at time T' and such that

dDu dDy
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Exercise 1.7 Assuming that the pair (A, B) is controllable, show that the
system

y = Ay + Bv

v = u,

with the state space R™*™ and the set of control parameters R™, is also
controllable. Deduce that for arbitrary a,b € R", ug,u; € R™ and T" > 0
there exists a control u( - ) of class C* transferring a to b at time 7" and such
that u(0) = up, u(T") = u;.

Hint. Use Exercise 1.6 and the Kalman rank condition.

Exercise 1.8 Suppose that A € M(n,n), B € M(n,m). Prove that the

System

d?y dy
SV Ay+B 0) e R", 22(0) e R"
72 = Ay+ Bu, y(0) €R", —(0) €RT,

is controllable in R?" if and only if the pair (A, B) is controllable.

Exercise 1.9 Consider system (1.9) on [0, 7] with integrable matrix-valued
functions A(t), B(t), t € [0,T]. Let S(t), t € [0,7] be the fundamental
solution of the equation ¢ = Aq. Assume that the matrix

T
Qr= [ SIS (BB (:)(5™ (6)"5"(T) ds
is positive definite. Show that the control
a(s) = B*(S™'(s))"S"(T)Q7' (b= S(T)a), s€0,T],

transfers a to b at time 7 minimizing the functional u — fOT lu(s)|? ds.

1.4 A classification of control systems

Let y(t), t > 0, be a solution of the equation (1.1) corresponding to a control
u(t), t >0, and let P € M(n,n) and S € M(m,m) be nonsingular matrices.
Define

y(t) = Py(t), a(t) = Su(t), t=>0.
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Then
d . d
() = Pooy(t) = PAy(t) + PBu(?)
= PAP™§(t) + PBS™a(t)
= Aj(t) + Ba(t), t>0,
where

A=PAP™!, B=PBS' (1.24)

The control systems described by (A, B) and (A, B) are called equivalent
if there exist nonsingular matrices P € M(n,n), S € M(m,m), such that
(1.24) holds. Let us remark that P~ and S~! can be regarded as transition
matrices from old to new bases in R™ and R™ respectively. The introduced
concept is an equivalence relation. It is clear that a pair (A, B) is controllable
if and only if (A, B) is controllable.

We now give a complete description of equivalent classes of the introduced
relation in the case when m = 1.

Let us first consider a system

dm) dn—=1)
mz%—almz—i—...—l—anz:u, (1.25)

with initial conditions

dz d=1)
2(0) = &1, 5(0):&, ey

(0) = &p. (1.26)

Let z(t), &(¢),... d(n_l)z(t), t > 0, be coordinates of a function y(t), ¢t > 0,

s dt » qt(n—1)
and &1,...,&, coordinates of a vector x. Then
j=Ay+ Bu, y(0)=x¢cR", (1.27)

where matrices A and B are of the form

0 1 ... 0 07 .
0 0 ... 0 0 :
A= : o |, B=1||. (1.28)
0 0 ... 0 1 (1)
L —a, —Qp_1 ... —Q3 —aq.

We easily check that on the main diagonal of the matrix [ﬁifﬂ there are
only ones and above the diagonal only zeros. Therefore rank[A|B] = n and,
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by Theorem 1.2, the pair (ﬁ, E) is controllable. Interpreting this result in
terms of the initial system (1.21)—(1.22) we can say that for two arbitrary
,€pnand my, ...
number 7T there exists an analytic function u(t), t € [0, 7], such that for the
corresponding solution z(t), ¢t € [0, T, of the equation (1.25)—(1.26)

sequences of n numbers &1, . .. ,Mn and for an arbitrary positive

dz dn=1) 4

Z(T) =1, %(T) =12, < W(T) = Tn-

Theorem 1.4 states that an arbitrary controllable system with the one
dimensional space of control parameters is equivalent to a system of the form
(1.25)—(1.26).

Theorem 1.4 If A € M(n,n), b € M(n,1) and the system

y=Ay+bu, y(0) =z € R" (1.29)

is controllable then it is equivalent to exactly one system of the form (1.28).
Moreover the numbers ay, ..., ay in the representation (1.24) are identical to
the coefficients of the characteristic polynomial of the matrix A:

p(A) =det]\[ — Al =N+ \" ... +a, IeC. (1.30)

Proof. By the Cayley-Hamilton theorem, A" + a1 A" ! +... +a,I =0. In
particular
A" = —a1 A" b — ... — apb.

Since rank[A[b] = n, therefore vectors e; = A" 'b,... e, = b are linearly
independent and form a basis in R™. Let & (t),...,&,(t) be coordinates of

the vector y(t) in this basis, t > 0. Then

—al 1 0 0 0

g —ay 0 1 0 0
= = P . 1.31
7 : Do Do €+ u (1.31)

—ap—1 0 O 0 1 0

| —a, 0 0 0 0] 1

Therefore an arbitrary controllable system (1.29) is equivalent to (1.31) and
the numbers ay, ..., a, are the coefficients of the characteristic polynomial
of A. On the other hand, direct calculation of the determinant of [\ — A]
gives

reC.

det(A — A) = A" + a A" L+ . 4 an = p(N),
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Therefore the pair (A, B) is equivalent to the system (1.31) and consequently
also to the pair (A,b). O

Remark The problem of an exact description of the equivalence classes in
the case of arbitrary m is much more complicated; see [27] and [29].

1.5 Kalman decomposition

Theorem 1.2 gives several characterizations of controllable systems. Here we
deal with uncontrollable ones.

Theorem 1.5 Assume that
rank[A|B] =1 < n.

There exists a nonsingular matriz P € M(n,n) such that

Ay A B
PAP—lz[ M 12], PB:[ 1},
0 Agp 0

where Ayjp € M(,1), Asa € M(n —1I,n—1), By € M(l,m). In addition the
pair
(A11,B1)

1s controllable.

The theorem states that there exists a basis in R" such that system (1.1)
written with respect to that basis has a representation

£ = A€y + Apaéy + Biu,  £(0) € R,
&2 = A&, &(0) € R™,

in which (Aj1, B1) is a controllable pair. The first equation describes the
so-called controllable part and the second the completely uncontrollable part
of the system.

Proof. Tt follows from Lemma 1.1 that the subspace Eq = L (L'[0,T; R™])
is identical with the image of the transformation [,. Therefore it consists
of all elements of the form Bu; + ABu; + ...+ A" 'Bu,, u1,...,u, € R™
and is of dimension [. In addition it contains the image of B and by the
Cayley-Hamilton theorem, it is invariant with respect to the transformation
A. Let F be any linear subspace of R™ complementing Fy and let eq, ..., ¢
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and ejy1,...,e, be bases iILEQ and 1 arid P the transition matrix from the
new to the old basis. Let A = PAP~!, B = PB,

i [51] _ [An& +A12§2} C B= [Blu} ,
&2 A21&1 + A6 Bau

& eRY & e R w e R™. Since the space Ejy is invariant with respect to

A, therefore
~ A
A[él]:[ 1151], £ R
0 0

Taking into account that B(R™) C Ey,

Bou=0 foruecR™

Consequently the elements of the matrices Ao and By are zero. This finishes
the proof of the first part of the theorem.
To prove the final part, let us remark that for the nonsingular matrix P

rank[A|B] = rank(P[A|B]) = rank[A|B].

Since B A -
[A"E] _ 1 11T .. 11 1 :
0 0 .. 0
SO L

| = rank[A|B] = rank[A11|B1].

Taking into account that A7 € M(I,[), one gets the required property. [

Remark Note that the subspace Ej consists of all points attainable from
0. It follows from the proof of Theorem 1.5 that Fy is the smallest subspace
of R"™ invariant with respect to A and containing the image of B, and it is
identical to the image of the transformation represented by [A|B].

Exercise 1.10 Give a complete classification of controllable systems when
m = 1 and the dimension of Ey is | < n.

1.6 Observability

Assume that B = 0. Then system (1.1) is identical with the linear equation

2=Az, 2(0)=u=x. (1.32)
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The observation relation (1.2) we leave unchanged:
w = Cz. (1.33)
The solution to (1.32) will be denoted by 2*(t), t > 0. Obviously
2%(t) = S(t)x, = eR"™

The system (1.32)- (1.33), or the pair (A, C), is said to be observable if for
arbitrary = € R™, x # 0, there exists a t > 0 such that

w(t) = Cz*(t) # 0.

If for a given T' > 0 and for arbitrary = # 0 there exists ¢ € [0,7] with the
above property, then the system (1.32)- (1.33) or the pair (A, C) are said to
be observable at time T. Let us introduce the so-called observability matriz:

T
Ry = / S*(r)C*CS(r) dr.
0
The following theorem, dual to Theorem 1.2, holds.

Theorem 1.6 The following conditions are equivalent.
(i) System (1.32)-(1.33) is observable.
(ii) System (1.32)-(1.33) is observable at a given time T > 0.
(iii) The matriz Ry is nonsingular for some T' > 0.
(iv) The matriz Ry is nonsingular for arbitrary T > 0.
)

(v) rank[A*|C*] = n.

Proof. Analysis of the function w(-) implies the equivalence of (i) and (ii).
Besides,

/OT lw(r)|? dr = /OT |C2%(r)|? dr

T
:/0 (S*(r)c*CS(r)x, ) dr
= (Ryz,x).

Therefore observability at time 7' > 0 is equivalent to (Rrz, x) # 0 for arbi-
trary z # 0 and consequently to nonsingularity of the nonnegative, symmet-
ric matrix Rp. The remaining equivalences are consequences of Theorem 1.2
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and the observation that the controllability matrix corresponding to (A*, C*)
is exactly Rr. O

Example 1.1. Let us consider the equation

d(n)z d(nfl)z

W+alm+...+an220, (1.34)
and assume that
w(t) = z(t), t>0. (1.35)
Matrices A and C' corresponding to (1.34)-(1.35) are of the form
r 0 1 0 0 7
0 0 ... 0 0
A= : : L |, C=]1,0,...,0]
0 0 .0 1
L—an, —Gp—1 ... —az —ayl

We check directly that rank [A*|C*] = n and thus the pair (A4, C) is observ-
able.
The next theorem is analogous to Theorem 1.5 and gives a decomposition

of system (1.32)-(1.33) into observable and completely unobservable parts.

Theorem 1.7. Assume that rank [A*|C*] = 1 < n. Then there ezists a
nonsingular matriz P € M(n,n) such that

Ao A
where A1; € M(,1), Ass € M(n —Il,n—1) and C; € M(k,l) and the pair
(A11,C1) is observable.

Proof. The theorem follows directly from Theorem 1.5 and from the ob-
servation that a pair (A, C) is observable if and only if the pair (A*, C*) is
controllable. O

PAP~! = [ } , CP7l=[cy,0],

Remark. It follows from the above theorem that there exists a basis in R"
such that the system (1.1)-(1.2) has representation

& = Ané + B,

&o = A21&1 + A& + Bau,

n = Ci&,

and the pair (A;1,C; is observable.
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Remark Basic concepts of the chapter are due to R. Kalman [16]. He is also
the author of Theorems 1.2, 1.5 and 1.6. Exercise 1.3 as well as Proposition
1.3 are due to R. Triggiani [26].

2 Stability and stabilizability

2.1 Stable linear systems

In this chapter stable linear systems are characterized in terms of associ-
ated characteristic polynomials. A formulation of the Routh theorem on
stable polynomials is given as well as a complete description of completely
stabilizable systems.

Let A € M(n,n) and consider linear systems
z2=Az, z(0)=x€eR" (2.1)

Solutions of equation (2.1) will be denoted by z*(t), t > 0. In accordance
with earlier notations we have that

2%(t) = S(t)x = (exptA)z, t>0.
The system (2.1) is called stable if for arbitrary = € R”
2%(t) — 0, ast] +oo.

Instead of saying that (2.1) is stable we will often say that the matrix A is
stable. Let us remark that the concept of stability does not depend on the
choice of the basis in R™. Therefore if P is a nonsingular matrix and A is a
stable one, then matrix PAP~! is stable.

In what follows we will need the Jordan theorem [31] on canonical rep-
resentation of matrices. Denote by M(n,m; C) the set of all matrices with
n rows and m columns and with complex elements. Let us recall that a
number A € C is called an eigenvalue of a matrix A € M(n,n; C) if there
exists a vector a € C™, a # 0, such that Aa = Aa. The set of all eigenvalues
of a matrix A will be denoted by o(A). Since A € o(A) if and only if the
matrix Al — A is singular, therefore A € o(A) if and only if p(\) = 0, where
p is a characteristic polynomial of A : p(\) = det]\] — A], A € C. The set
o(A) consists of at most n elements and is nonempty.
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Theorem 2.1 For an arbitrary matriz A € M(n,n; C) there exists a non-
singular matriz P € M(n,n; C) such that

where Jy, Ja, ...
oy
0
Je=1
0
| 0

PAP™! =

[J1 0
0 Jo
0 O
0 O

, Jr are the so-called Jordan blocks

Vi
Ak

Ak
0

Vi
Ak

I

7k7é0 or Jk:[)\k]a k:1,...,7".

In the representation (2.2) at least one Jordan block corresponds to an eigen-
value N\, € o(A). Selecting matriz P properly one can obtain a representation
with numbers v, # 0 given in advance.

For matrices with real elements the representation theorem has the fol-

lowing form:

Theorem 2.2 For an arbitrary matriz A € M(n,n) there exists a nonsin-
gular matriz P € M(n,n) such that (2.2) holds with “real” blocks Iy. Blocks
I, k=1,...,r, corresponding to real eigenvalues A\, = ag € R are of the

form

893

Yk
093

0 0
0

U Mk

0 o«

)

W #0, 7 €R,
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and corresponding to complex eigenvalues A\, = o +1i0k, B # 0, ak, Bk € R,

‘K. Lp ... 0 0]
0 K ... O 0
: e : whereKk:[ak ﬁk},Lk:[% 0},
0 0 .. Ki Lz P o 0
L 0 K
compare [2].

We now prove the following theorem.

Theorem 2.3 Assume that A € M(n,n). The following conditions are
equivalent:
(i) 2%(t) — 0 ast T oo, for arbitrary x € R™.
(ii) 2*(t) — 0 exponentially as t T +oo, for arbitrary x € R™.
(iii) w(A) =sup{ReX; A€ c(A)} <O0.
(iv) O+°O |2%(t)|> dt < +oo for arbitrary x € R™.

For the proof we will need the following lemma.

Lemma 2.1 Let w > w(A). For arbitrary norm || - || on R" there exist
constants M such that

127 (t)]| < Me“t||z|| fort >0 and v € R™

Proof. Let us consider equation (2.1) with the matrix A in the Jordan form
(2.2) B
t=Aw, w(0)=z¢cC".

For a = a1 + iag, where a1,a2 € R" set |ja]| = [la1| + [Jaz|. Let us de-
compose vector w(t), t > 0 and the initial state x into sequences of vectors
wi(t),...,wr(t), t >0 and x1,...,z, according to the decomposition (2.2).
Then

W = Jpwg, wi(0) =z, k=1,...,7.

Let j1, ..., jr denote the dimensions of the matrices Jy,...,J., j1+jo+...+
jr =n.
If jx = 1 then

Mgt

wg(t) = ey, t>0.

So [lwy(t)|| = e®A|g], ¢ > 0.
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If j > 1, then

31

r0 v 0 07
e I
wk(t):ek’ftz . Ty
=010 0 0 Y '
L0 0 0 0.
So -
Jk— l
t
— t>0,

o (8)]| < R g | 3 (M)
=0

where M, is the norm of the transformation represented by

0 0 07
0 0 0 0
0 0 0
L0 0 0 0.

Setting wp = w(A) we get

T T
D lwe®)] < elq(t) Y llawl, >0,
k=1 k=1

where ¢ is a polynomial of order at most max(ji —1), k
and

L

My = sup {q(t)e(“’o_“’)t, t> 0} ,

then My < +o0 and

T T
Y llwk(@)ll < Moet Y~ |, ¢ > 0.
k=1 k=1

Therefore for a new constant M,
lw(t)|| < Mye®t||z||, ¢>0.
Finally

12" @)l = [|1Pw(t) P~ < My | P [P~ [|]],

oo fw > wo

t>0,
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and this is enough to define M = M| P| ||P~!|. O

Proof of the theorem. Assume wg > 0. There exist A = a+i3, ReA=a >0
and a vector a # 0, a = a1 + a2, a1, as € R™ such that

A(ay +iaz) = (a+i6)(a1 + iag).

The function
2(t) = z1(t) + iz9(t) = elatiBlty ¢ >0,

as well as its real and imaginary parts, is a solution of (2.1). Since a # 0,
either a; # 0 or as # 0. Let us assume, for instance, that a; # 0 and 3 # 0.
Then

z1(t) = e*(cos Bt)ay — (sin ft)az, t>0.

Inserting t = 27k /3, we have
21(8)] = ]

and, taking k T 400, we obtain z1(t) /4 0.
Now let wg < 0 and « € (0, —wp). Then by the lemma

|2%(t)] < Me™**|z| fort >0 and z € R".

This implies (ii) and therefore also (i).

It remains to consider (iv). It is clear that it follows from (ii) and thus
also from (iii). Let us assume that condition (iv) holds and wp > 0. Then
|21(t)| = e*t|ay], t > 0, and therefore

—+o0
/ ()P dt = +oo,
0

a contradiction. The proof is complete. ]

A:Lg ;}

corresponds to the equation 2 4 22 + 2z = 0. Calculate w(A). For w > w(A)
find the smallest constant M = M (w) such that

Exercise 2.1 The matrix

|S(t)] < Me**, t>0.
Hint. Prove that |S(t)| = ¢(t)e™*, where

1 1/2
o(t) = 5 (2+5sin?t + (20sin? ¢+ 25sim*)/2) T, 1> 0.
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2.2 Stable polynomials

Theorem 2.3 reduces the problem of determining whether a matrix A is
stable to the question of finding out whether all roots of the characteristic
polynomial of A have negative real parts. Polynomials with this property will
be called stable. Because of its importance, several efforts have been made
to find necessary and sufficient conditions for the stability of an arbitrary
polynomial

pA) ="+ N+ ta,, MEC, (2.3)

with real coefficients, in term of the coefficients a1, ..., ay,. Since there is no
general formula for roots of polynomials of order greater than 4, the exis-
tence of such conditions is not obvious. Therefore their formulation in the
nineteenth century by Routh was a kind of a sensation. Before formulat-
ing and proving a version of the Routh theorem we will characterize stable
polynomials of degree smaller than or equal to 4 using only the fundamental
theorem of algebra. We deduce also a useful necessary condition for stability.

Theorem 2.4
(1) Polynomials with real coefficients:
(i) A +a,
(i) A2 +aX+b,
(iil) A%+ ar? +bA +c,
(iv) M +a >+ X2+ e +d
are stable if and only if, respectively
(i)* a >0,
(i)* a>0, b>0,
(iii)* a >0, b>0, ¢ >0 and ab > c,
(iv)* >0, b>0, ¢c>0, d >0 and abc > ¢* + a?d.
(2) If polynomial (2.3) is stable then all its coefficients aq, ..., ay, are positive.

Proof. (1) Equivalence (i)<=(i)* is obvious.

To prove (ii)<=(ii)* assume that the roots of the polynomial are of the
form Ay = —a+iB, Ay = —a—i3, 3 #0. Then p(\) = N2 +2aA+ 3%, A€ C
and therefore the stability conditions are ¢ > 0 and b > 0. If the roots Ay,
A2 of the polynomial p are real then a = —(A; + A2), b = A1 A2. Therefore
they are negative if only if a > 0, b > 0.

To show that (iii)<=>(iii)* let us remark that the fundamental theorem
of algebra implies the following decomposition of the polynomial, with real
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coefficients «a, 3, v:
pPA) =X +aX +bA+c=A+a) (A2 +8A+7), reC.

It therefore follows from (i) and (ii) that the polynomial p is stable if only
ifa >0, >0 and v > 0. Comparing the coefficients gives

a:a—i—ﬁ, b:’}/-i-Odﬁ, c = a7y,

and therefore ab — ¢ = B(a® + v + af) = B(a® + b).

Assume that a > 0, b > 0, ¢ > 0 and ab — ¢ > 0. It follows from b > 0
and ab — ¢ > 0 that 8 > 0. Since ¢ = a7y, a and ~ are either positive or
negative. They cannot, however, be negative because then b = v+ af < 0.
Thus o > 0 and v > 0 and consequently a > 0, § > 0, v > 0. It is clear from
the above formulae that the positivity of «, (3, v implies inequalities (iii)*.
To prove (iv)<=-(iv)* we again apply the fundamental theorem of algebra
to obtain the representation

MyaXd+002+ed+d= N+ ar+8) A2 +9A+6)

and the stability condition « >0, >0, v > 0, 6 > 0.
From the decomposition

a=a+vy, b=ay+p+95, c=ad+ Py, d=p9d,
we check directly that
abe — ¢ — a’d = ary (8- 6)% + ac) .

It is therefore clear that a > 0, 8 > 0, v > 0 and § > 0, and then (iv)* holds.
Assume now that the inequalities (iv)* are true. Then ay > 0, and, since
a =a+y >0, therefore o > 0 and § > 0. Since, in addition, d = 3§ > 0
and c=ad+ By >0,s03>0,0>0. Finally « >0, 3> 0,7 >0, >0,
and the polynomial p is stable.

(2) By the fundamental theorem of algebra, the polynomial p is a product
of polynomials of degrees at most 2 which, by (1), have positive coefficients.
This implies the result. U

Exercise 2.2 Find necessary and sufficient conditions for the polynomial
A +aX+b

with complex coefficients a and b to have all roots with negative real parts.
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Hint. Consider the polynomial (A% 4 a4+ b)(A\%2+a)+b) and apply Theorem
2.4.

We now formulate a theorem which allows us to check, in a finite number of
steps, that a given polynomial p(A\) = A" + a1 A"~ + ... + a,, A € C, with
real coefficients is stable. As we already know, a stable polynomial has all
coefficients positive, but this condition is not sufficient for stability if n > 3.
Let U and V' be polynomials with real coefficients given by

U(z)+iV(x) = p(iz), x€R.

Let us remark that degU = n, degV = n — 1 if n is an even number and
degU =n—1, degV = n, if n is an odd number. Denote f; = U, fo =V if
deglU =n,degV =n—1land fi=V, fo=UifdegV =n, deglU =n — 1.
Let f3, f4,..., fm be polynomials obtained from fi, fo by an application of
the Euclid algorithm. Thus deg fri11 < deg fx, k = 2,...,m — 1 and there
exist polynomials k1, ...,k such that

Jo—1 =6 fr — fer1, fno1 = Emfm.

Moreover the polynomial f,, is equal to the largest common divisor of f1, fo
multiplied by a constant.
The following theorem is due to F. J. Routh [23]. For the proof, see [31].

Theorem 2.5 A polynomial p is stable if and only if m = n + 1 and the
signs of the leading coefficients of the polynomials f1,..., fnt1 alternate.

Let us apply the above theorem to polynomials of degree 4,
PN =X +aX+ 02 +erd+d, AeC.
In this case

U(x) =2t —b2® +d = fi(z),
V(z) = —az® +cx = folz), z€R.

Performing appropriate divisions we obtain

falz) = (b - g) 2% —d,

fa(z) = — (c —ad (b _ Z)1>x,

f5(.’L‘) = d.
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The leading coefficients of the polynomials f1, fo, ..., f5 are

1, —a,(b—-g),-—<c—ad(b—-§)1>,d.

We obtain therefore the following necessary and sufficient conditions for the
stability of the polynomial p:

a>&b—E>OM%ﬂd@—£>>Qd>Q
a a

equivalent to those stated in Theorem 2.4.

We leave as an exercise the proof that the Routh theorem leads to an
explicit stability algorithm. To formulate it we have to define the so-called
Routh array.

For arbitrary sequences (ax), (Bk), the Routh sequence () is defined by

1 a1 Qg1
fyk:——det[ }, k=1,2,...
B1 Br Brt1

If ay,...,a, are coefficients of a polynomial p, we set additionally a; =0
for k > n = degp. The Routh array is a matrix with infinite rows obtained
from the first two rows:

170’270’470'67"'7

a1,a3,0a5,Q7, ...,

by consecutive calculations of the Routh sequences from the two preceding
rows. The calculations stop if 0 appears in the first column. The Routh
algorithm can be now stated as the theorem

Theorem 2.6 A polynomial p of degree n is stable if and only if the n + 1
first elements of the first columns of the Routh array are positive.

Exercise 2.3 Show that, for an arbitrary polynomial p(\) = A" +a; A" ! +
...+ an, A € C, with complex coefficients aq, ..., a,, the polynomial (\" 4
al A" 4 an) (A" +a A" 4+ .+ @y,) has real coefficients. Formulate
necessary and sufficient conditions for the polynomial p to have all roots
with negative real parts.
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2.3 Stabilizability and controllability
We say that the system
y=Ay+ Bu, y(0)=z¢cR", (2.4)

is stabilizable or that the pair (A, B) is stabilizable if there exists a matrix
K € M(m,n) such that the matrix A + BK is stable. So if the pair (A, B)
is stabilizable and a control u( -) is given in the feedback form

u(t) = Ky(t), t=0,
then all solutions of the equation
y(t) = Ay(t) + BKy(t) = (A+ BK)y(t), y(0) ==z, t>0, (2.5)

tend to zero as t T +oo.

We say that system (2.4) is completely stabilizable if and only if for arbi-
trary w > 0 there exist a matrix K and a constant M > 0 such that for an
arbitrary solution y*(t), t > 0, of (2.5)

ly*(t)| < Me™“Yz|, t>0. (2.6)

By px we will denote the characteristic polynomial of the matrix A + BK.
One of the most important results in the linear control theory is given by

Theorem 2.7 The following conditions are equivalent:
(i) System (2.4) is completely stabilizable.
(ii) System (2.4) is controllable.
(iii) For arbitrary polynomial p(A) = A" + oy \" ' + ... + ay, A € C, with
real coefficients, there exists a matriz K such that

p(A) =pr(A) for AeC.

Proof. We start with the implication (ii)==(iii) and prove it in three steps.
Step 1. The dimension of the space of control parameters m = 1. It

follows from §1.4 that we can limit our considerations to systems of the form

dm) 5 dn=1)
dt(n) (t) + a1 —dt("_l) (t)+ ...+ anz(t) =u(t), t>0.
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In this case, however, (iii) is obvious: It is enough to define the control u in
the feedback form,

dm=1,
u(t) = (a1 — al)m(t) + ...+ (an —an)z(t), t>0,

and use the result (see §1.4) that the characteristic polynomial of the equa-

tion
d(n)z d(n_l)z
o) + alidt(”—l) + ...+ apz=0,
or, equivalently, of the matrix
r 0 1 e T
0 0 ... 0 0
0 0 0 1
L—&, —Qp—-1 ... —Qp —0O01ld

is exactly
pN) = A"+ A"+ Fa), AeC.

Step 2. The following lemma allows us to reduce the general case to
m = 1. Note that in its formulation and proof its vectors from R" are
treated as one-column matrices.

Lemma 2.2 If a pair (A, B) is controllable then there exist a matriz L €
M(m,n) and a vector v € R"™ such that the pair (A4 BL, Bv) is controllable.

Proof of the lemma. It follows from the controllability of (A, B) that there
exists v € R™ such that Bv # 0. We show first that there exist vectors
Ul,. .., Uy—1 in R™ such that the sequence eq,...,e, defined inductively

e1 = Bv, ey = Ae;+ By forl=1,2,...,n—1 (2.7)

is a basis in R™. Assume that such a sequence does not exist. Then for
some k > (0 vectors ey, ..., e, corresponding to some uq, ..., u are linearly
independent, and for arbitrary v € R™ the vector Aey + Bu belongs to the
linear space Ey spanned by eq,...,e;. Taking u = 0 we obtain Aey € Ej.
Thus Bu € Ey for arbitrary v € R™ and consequently Ae; € Eg for j =
1,..., k. This way we see that the space Ej is invariant for A and contains
the image of B. Controllability of (A, B) implies now that Ey = R”, and
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compare the remark following Theorem 1.5. Consequently & = n and the

required sequences ey, ...,e, and uq,...,u,—1 exist. Let u, be an arbitrary
vector from R™.
We define the linear transformation L setting Le; = w, for [ =1,...,n.

We have from (2.7)

€141 = Ae;+ BLe = (A + BL)el
= (A+ BL)'e;
= (A+ BL)'Bv, 1=0,1,...,n—1.

Since
[A+ BL|Bv]| = [e1, €2, ..., €p],

the pair (A + BL, Bv) is controllable. O

Step 3. Let a polynomial p be given and let L and v be the matrix and
vector constructed in Step 2. The system

y=(A+ BL)y + (Bv)u,

in which u(-) is a scalar control function, is controllable. It follows from
Step 1 that there exists £k € R™ such that the characteristic polynomial of
(A+ BL) + (Bv)k* = A+ B(L + vk*) is identical with p.

The required feedback K can be defined as

K =L +vk*.

We proceed to the proofs of the remaining implications. To show that
(iii)==(ii) assume that (A, B) is not controllable, that rank[A|B] =1 < n
and that K is a linear feedback. Let P € M(n,n) be a nonsingular matrix
from Theorem 1.5. Then

prc(A) = det|M] — (A + BK)]
= det[\] — (PAP~' + PBKP™Y)]
(M — (A1 + B1 K1) —A
0 (AT — Ag)
= det[A] — (A1 + B1 K1) det[\] — A, AeC,

= det

where K; € M(m,n). Therefore for arbitrary K € M(m,n) the polynomial
pr has a nonconstant divisor, equal to the characteristic polynomial of Ass,
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and therefore px cannot be arbitrary. This way the implication (iii)==>(ii)
is true.

Assume now that condition (i) holds but that the system is not con-
trollable. By the above argument we have for arbitrary K € M(m,n) that
0(A2) C 0(A+ BK). So if for some M > 0, w > 0 condition (2.6) holds
then

w < —sup{Re\; A € 0(A22)},

which contradicts complete stabilizability. Hence (i)=-(ii). Assume now
that (ii) and therefore (iii) hold. Let p(A\) = \* + a1 A" 1 4+ ...+ an, A € C
be a polynomial with all roots having real parts smaller than —w (e.g.,
p(A) = (A+w+¢e)" e >0). We have from (iii) that there exists a matrix K
such that pg(-) = p(-). Consequently all eigenvalues of A+ BK have real
parts smaller than —w. By Theorem 2.3, condition (i) holds. The proof of
Theorem 2.7 is complete. O

Remark The proof of Theorem 2.7 is due to M. Wonham [28].

3 Linear quadratic problem

3.1 Introductory comments

This chapter starts from a derivation of the dynamic programming equa-
tions called Bellman’s equations. They are used to solve the linear regulator
problem on a finite time interval. A fundamental role is played here by
the Riccati-type matrix differential equations. The stabilization problem is
reduced to an analysis of an algebraic Riccati equation.

Our considerations will be devoted mainly to control systems

and to criteria, called also cost functionals,

T
JT(:I?,U('))Z/O 9(y(t), u(t)) dt + G(y(T)), (3.2)

when T' < 4o0. If the control interval is [0, +o0], then the cost functional

+oo
J(z,u(-)) = /0 oy (), u(t)) dt. (3.3)
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Our aim will be to find a control 4(-) such that for all admissible controls
u(-)
Jr(,a(-)) < Jr(z, u(-)) (3-4)

or

J(a,a(-)) < J(@,u(-)). (3.5)

There are basically two methods for finding controls minimizing cost
functionals (3.2) or (3.3).

One of them embeds a given minimization problem into a parametrized
family of similar problems. The embedding should be such that the minimal
value, as a function of the parameter, satisfies an analytic relation. If the
selected parameter is the initial state and the length of the control interval,
then the minimal value of the cost functional is called the value function
and the analytical relation, Bellman’s equation. Knowing the solutions to
the Bellman equation one can find the optimal strategy in the form of a
closed loop control.

The other method leads to necessary conditions on the optimal, open-
loop, strategy formulated in the form of the so-called maximum principle
discovered by L. Pontryagin and his collaborators. They can be obtained
(in the simplest case) by considering a parametrized family of controls and
the corresponding values of the cost functional (3.2) and by an application
of classical calculus.

3.2 Bellman’s equation and the value function

Assume that the state space I of a control system is an open subset of R™
and let the set U of control parameters be included in R™. We assume that
the functions f, g and G are continuous on F x U and F respectively and
that g is nonnegative.

Theorem 3.1 Assume that a real function W(-,-), defined and continuous
on [0,T] x E, is of class C* on (0,T) x E and satisfies the equation

W (1 2) = in

with the boundary condition

W(0,z) =G(x), z€E. (3.7)
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(i) If u(-) is a control and y(-) the corresponding absolutely continuous,
E-valued, solution of (3.1), then

Jr(a,u(-)) > W(T, ) (3.5)
(ii) Assume that for a certain function v :[0,T] x E — U

g9(z, 0(t, 2)) + (Wa(t, @), f(2,0(t,2)))

< gle,u) + (Wo(t,2), flw,w), te€(0,T), z€ B, uel,
(3.9)
and that 3 is an absolutely continuous, E-valued solution of the equation

%?)(t) = (), 0(T — t,4())), tel0,T],

3(0) = x.

Then, for the control u(t) = o(T —t,9(t)), t € [0,T],

(3.10)

Jr(z,a(-)) =Wz, T).

Proof. (i) Let w(t) = W(T —t,y(t)), t € [0,T]. Then w(-) is an absolutely
continuous function on an arbitrary interval [a, 5] C (0,7) and

00y~ I~ tya) + (W7 — g0, L) .
_ _%_Vf@_t,y(t)) + (Wa(T = 1,y(1)), F(y(1), u(®))

for almost all ¢ € [0,7]. Hence, from (3.6) and (3.7)

B dw
W(T = 5,5(6)) = W(T - a,y(a)) = w(®) — w(e) = [ ()

B
= [0 = o)+ VT = 1), S0, a
B
> _/ g(y(b), ult)) dt.

Letting oo and § tend to 0 and T respectively we obtain

T
Gy(T)) —W(T,z) > —/0 g(y(t),u(t)) dt.
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This proves (i).
(i) In a similar way, taking into account (3.9), for the control 4 and the
output 7,

ow

T
GT) - W) = [ [~ i) + T - a0 at

T
— /0 a(3(), at)) dt.

Therefore T
G(T)) + /0 9(§(s), a(s)) ds = W(T, z),

the required identity. O

Remark Equation (3.6) is called Bellman’s equation. It follows from The-
orem 3.1 that, under appropriate conditions, W (T, z) is the minimal value
of the functional Jr(z,-). Hence W is the value function for the problem of
minimizing (3.2).

Let U(t,x) be the set of all control parameters v € U for which the
infimum on the right-hand side of (3.6) is attained. The function o(-,-) from
part (ii) of the theorem is a selector of the multivalued function U(-,-) in the
sense that

o(t,z) € U(t,x), (t,z)e0,T]x E.

Therefore, for the conditions of the theorem to be fulfilled, such a selector
not only should exist, but the closed loop equation (3.10) should have a well
defined, absolutely continuous, solution.

Remark A similar result holds for a more general cost functional

T
Jr(, u(-)) :/0 e”g(y(t), u(t)) dt + e*T G(y(T)). (3.12)

In this direction we propose to solve the following exercise.

Exercise 3.1 Taking into account a solution W (-, -) of the equation

O t,0) = inf (gl ) — W (t,2) + (Walt, ), 2, ),

W(0,z) =G(z), zekE, te(0,T),
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and a selector ¥ of the multivalued function

U(t,x) = {u eU; g(z,u) + (Wi(t,z), f(xz,u)) = inf (g(x, u)

uelU

H(Walt, ), f(z,u) f
generalize Theorem 3.1 to the functional (3.12).

We will now describe an intuitive derivation of equation (3.6). Similar
reasoning often helps to guess the proper form of the Bellman equation in
situations different from the one covered by Theorem 3.1.

Let W (t,z) be the minimal value of the functional J;(x, - ). For arbitrary
h > 0 and arbitrary parameter v € U denote by u”(-) a control which is
constant and equal v on [0, k) and is identical with the optimal strategy for
the minimization problem on [h,t + h]. Let 2™"(t), t > 0, be the solution of
the equation z = f(z,v), 2(0) = . Then

h
Jern(z,ub(+)) = /0 g(z%%(s),v)ds + W (t, 2" (h))

and, approximately,

h

W(t+ h,z) ~ inf Jyp(z,u’(-)) = inf [ ¢g(z*"(s),v)ds + W(t,z2""(h)).
vel vel 0

Subtracting W (¢, z) we obtain that

1

h
LWt hw) - Wita) ;glf,[ﬁ [ a0 as

+%(W(t, 29%(h)) — W(t,z))|.

Assuming that the function W is differentiable and taking the limits as h | 0
we arrive at (3.6). O

Exercise 3.2 Show that the solution of the Bellman equation corresponding
to the optimal consumption model of Example 0.3, with « € (0, 1), is of the
form

W(t,z) =p(t)z*, t>0, x>0,
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where the function p(-) is the unique solution of the following differential
equation:

1, for p <1,

= {ap+ (1-a) (%)a/(l_a) , forp>1,
p(0) = a.

Find the optimal strategy.

Hint. First prove the following lemma.

Lemma 3.1 Let ¢,(u) = aup+ (1 —u)*, p > 0, u € [0,1]. The mazimal
value m(p) of the function y(-) is attained at

0, ifp>1,
u(p) = { (i)l/(l—co’ Ipelol
Moreover
L, ifp>1,
mip) = { ap+ (1 - a) (%)a/(l_a) . ifpelo].

3.3 The linear regulator problem and the Riccati equation

We now consider a special case of Problems (3.1) and (3.4) when the system
equation is linear
y= Ay + Bu, y(0)=2x¢€R", (3.13)

A € M(n,n), B € M(n,m), the state space E = R™ and the set of control
parameters U = R™. We assume that the cost functional is of the form

T
Jr= /0 ((Qy(s), y(s)) + (Ru(s),u(s))) ds + (Roy(T),y(T)),  (3.14)

where @ € M(n,n), R € M(m,m), Py € M(n,n) are symmetric, non-
negative matrices and the matrix R is positive definite. The problem of
minimizing (3.14) for a linear system (3.13) is called the linear regulator
problem or the linear-quadratic problem.

The form of an optimal solution to (3.13) and (3.14) is strongly connected
with the following matriz Riccati equation:

P=Q+PA+A*P - PBR'B*P, P(0) =Py, (3.15)
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in which P(s), s € [0,7], is the unknown function with values in M(n,n).
The following theorem takes place.

Theorem 3.2 Equation (3.15) has a unique global solution P(s), s > 0.
For arbitrary s > 0 the matriz P(s) is symmetric and nonnegative definite.
The minimal value of the functional (3.14) is equal to (P(T)x,z) and the
optimal control is of the form

W(t) = —R™IB*P(T — t)j(t), te[0,T], (3.16)
where
§(t) = (A— BRTIB*P(T —t))j(t), tel0,T], #(0)=z. (3.17)

Proof. The proof will be given in several steps.

Step 1. For an arbitrary symmetric matrix Py equation (3.15) has exactly
one local solution and the values of the solution are symmetric matrices.

Equation (3.15) is equivalent to a system of n? differential equations for
elements p;;(-), 4,7 = 1,2,...,n of the matrix P(-). The right-hand sides
of these equations are polynomials of order 2, and therefore the system has a
unique local solution being a smooth function of its argument. Let us remark
that the same equation is also satisfied by P*(-). This is because matrices
@, R and Py are symmetric. Since the solution is unique, P(-) = P*(-),
and the values of P(-) are symmetric matrices.

Step 2. Let P(s), s € [0,Tp), be a symmetric solution of (3.15) and
let T < Tp. The function W(s,z) = (P(s)z,x), s € [0,T], x € R", is
a solution of the Bellman equation (3.6)—(3.7) associated with the linear
regular problem (3.13)—(3.14).

The condition (3.7) follows directly from the definitions. Moreover, for
arbitrary € R™ and ¢ € [0, 7]

uieann ((Qx,x) + (Ru,u) + 2(P(t)x, Az + Bu)) (3.18)
= <Qm,:):)—i—((A*P(t)—l—P(t)A):L',x)+ui€rﬁgm ((Ru,w) + (u,2B*P(t)z)) .

We need now the following lemma, the proof of which is left as an exercise.
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Lemma 3.2 If a matriz R € M(m, m) is positive definite and a € R™, then
for arbitrary u € R™

1
(Ru,u) + (a,u) > =7 (R™"a,q).
Moreover, the equality holds if and only if
1
u= —§R71a.
It follows from the lemma that the expression (3.18) is equal to
(Q+ A*P(t) + P(t)A* — P(t)BR™'B*P(A)x, x)
and that the infimum in formula (3.18) is attained at exactly one point given
by
—R7'B*P(t)z, te[0,T).
Since P(t), t € [0,Tp), satisfies the equation (3.15), the function W is a

solution to the problem (3.6)—(3.7).

Step 3. The control 4 given by (3.16) on [0,7], T' < Tp, is optimal with
respect to the functional Jp(z,-).
This fact is a direct consequence of Theorem 3.1.

Step 4. For arbitrary ¢t € [0,T], T' < Ty, the matrix P(t) is nonnegative
definite and

t
(P(t)z,z) < /O (Qy*(s), 5" (s)) ds + (Pog” (1), 4" (1)), (3.19)
where §7( - ) is the solution to the equation
y=A4y, §0)=u.

Applying Theorem 3.1 to the function Ji(z,-) we see that its minimal
value is equal to (P(t)z,z). For arbitrary control u(-), Ji(x,u) > 0, the
matrix P(t) is nonnegative definite. In addition, estimate (3.19) holds be-
cause its right-hand side is the value of the functional J¢(z, -) for the control
u(s) =0, s € [0,¢].

Step 5. For arbitrary ¢ € [0,7p) and x € R"

0 < (P(t)z,2) < << /0 5" (rQS(r) dr + S*(t)POS(t)>a:, :c>

where S(r) = eA”, 7 > 0.
This result is an immediate consequence of the estimate (3.19).
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Exercise 3.3 Show that if, for some symmetric matrices P = (pi;) €
M(n,n) and S = (s;5) € M(n,n),

0<(Pr,a) < (Sz,2), «cR",

then
1 1 .
—5(81'1' +555) < pij < 835 + §(Sii +s55), Gj=1,...,n.

It follows from Step 5 and Exercise 3.3 that solutions of (3.15) are
bounded in M(n,n) and therefore an arbitrary maximal solution P(-) in
M(n,n) exists for all ¢ > 0.

The proof of the theorem is complete. O

Exercise 3.4 Solve the linear regulator problem with a more general cost
functional

T
/0 (Qy(t) — a), y(t) — a) + (Ru(t),u(t))) dt + (Poy(T), y(T)),

where a € R" is a given vector.

Answer. Let P(t), q(t), r(t), t > 0, be solutions of the following matrix,
vector and scalar equations respectively,

P=Q+ A*P+PA—PBR'B*P, P(0) =P,
= A*q— PBR 'q—2Qa, q(0)=0,

. 1,
r= 71<R 1q7Q> + <QCL,CL>, T(O) =0.
The minimal value of the functional is equal to
r(T) + (q(T), z) + (P(T)z, z),

and the optimal, feedback strategy is of the form

u(t) = —%R’lq(T )~ RBP(T (), tel0,T]

3.4 The linear regulator and stabilization

The obtained solution of the linear regulator problem suggests an important
way to stabilize linear systems. It is related to the algebraic Riccati equation

Q+PA+A*P—PBR'B*P=0, P>0, (3.20)
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in which the unknown is a nonnegative definite matrix P. If P is a solution
to (3.20) and P < P for all the other solutions P, then P is called a minimal
solution of (3.20). For arbitrary control u( -) defined on [0, +00) we introduce
the notation

+oo
J(z,u) = /O ((Qu(s),y(5)) + (Ru(s), u(s))) ds. (3.21)

Theorem 3.3 If there exists a nonnegative solution P of equation (3.20)
then there also exists a unique minimal solution P of (3.20), and the control
u given in the feedback form

a(t) = —R'B*Py(t), t>0,

minimizes functional (3.21). Moreover the minimal value of the cost func-
tional is equal to
(Px, ).

Proof. Let us first remark that if Py (t), Pa(t), t > 0, are solutions of (3.15)
and P1(0) < P,(0) then Pi(t) < Py(t) for all ¢ > 0. This is because the
minimal value of the functional

Ji (a,u) :/0 ((Qy(s),y(s)) + (Ru(s), u(s))) ds + (P (0)y(t), y(t))

is not greater than the minimal value of the functional

Ji (x,u) 2/0 (Qy(s),y(s)) + (Ru(s), u(s))) ds + (Pa(0)y(t), y(t)),

and by Theorem 3.2 the minimal values are (P;(t)x,z) and (P (t)z,z) re-
spectively.

If, in particular, P;(0) = 0 and P»(0) = P then P5(t) = P and therefore
Py(t) < P for all ¢ > 0. It also follows from Theorem 3.2 that the function
Py (+) is nondecreasing with respect to the natural order existing in the space
of symmetric matrices. This easily implies that for arbitrary i,7 =1,2,...,n
there exist finite limits Dij = t%iiréoﬁij(t), where (ﬁzj(t)) = Pi(t), t > 0.

Taking into account equation (3.15) we see that there exist finite limits

.od .
t%l_g—oapij(t) =% 4Lji=1,...,n
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These limits have to be equal to zero, for if +;; > 0 or 7;; < 0 then
lim p;;(t) = +oo. But lim p;;(t) = —oo, a contradiction. Hence the
t14o00 tT+o0

matrix P = (pij) satisfies equation (3.20). It is clear that P<P.
Now let g( - ) be the output corresponding to the input @( - ). By Theorem
3.2, for arbitrary 7' > 0 and =z € R"™,

(Px,x) = /0 ' ((Qu(t), §(1)) + (Ra(t), a(t))) dt + (PG(T),5(T)), (3.22)
and .
/0 ((Qu(t), §()) + (Ra(t), a(t))) dt < (P, ).
Letting T tend to +oo we obtain
J(z, @) < (Pz, ).

On the other hand, for arbitrary 7' > 0 and = € R™,
T
(P\(T)z, ) < /0 (Qi(D). §(8)) + (Ria(t), a(t))) dt < J(x, ),

consequently, <ﬁx, x) < J(x,u) and finally
J(z,@) = (Pz, ).
The proof is complete. ]
Exercise 3.5 For the control system
y =u,

find the strategy which minimizes the functional

+oo
/ (2 + u?) dt
0

and the minimal value of this functional.

01 0
Answer. The solution of equation (3.20) in which A = [0 ], B = [ ],

0 1
Q = [1 0}, R = [1], is matrix P = [?

. The optimal strate
0 0 \/i} p gy
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is of the form u = —y — v/2(y) and the minimal value of the functional is

V2(y(0))? + 2y(0)5(0) + v2(3(0))*.

For stabilizability the following result is essential. We need a new concept
of detectability. A pair of matrices (A4, C) is detectable if there exists a matrix
L of proper dimension such that the matrix A + LC, is stable.

Theorem 3.4
(i) If the pair (A, B) is stabilizable then equation (3.20) has at least one
solution.
(ii) If @ = C*C and the pair (A,C) is detectable then equation (3.20)
has at most one solution, and if P is the solution then the matriz
A — BR™'B*P is stable.

Proof. (i) Let K be a matrix such that the matrix A4+BK is stable. Consider
a feedback control u(t) = Ky(t), t > 0. It follows from the stability of
A+ BK that y(t) — 0, and therefore u(t) — 0 exponentially as ¢ T 4o0.
Thus for arbitrary = € R",

+oo
J(z,u(-)) —/0 ({Qu(®),y(1)) + (Ru(t), u(t))) dt < +oo.

Since
(P (T < J(z,u(-)) <+oo, T =0,

)z, @)
for the solution P;(t), t > 0, of (3.15) with the initial condition P;(0) = 0,
)= P

there exists thrn P (T which satisfies (3.20). (Compare the proof of

the previous theorem.)
(ii) We prove first the following lemma.

Lemma 3.3
(i) Assume that for some matrices M > 0 and K of appropriate dimen-
sions,

M(A— BK)+ (A— BK)*M + C*C + K*RK = 0. (3.23)

If the pair (A, C) is detectable, then the matriz A — BK is stable.
(ii) If, in addition, P is a solution to (3.20), then P < M.

Proof. (i) Let Sy (t) = e(A=BRt Gy () = e(A~LO! where L is a matrix such
that A — LC is stable and let y(¢) = Si(¢)x, t > 0. Since

A— BK = (A- LC) + (LC — BK),
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therefore
y(t) = Sa(t)z + /0 So(t — 5)(LC — BE)y(s) ds. (3.24)

We show now that
+o0 +oo
/ |C’y(s)]2 ds < 400 and / \Ky(s)]2 ds < +o00. (3.25)
0 0

Let us remark that, for ¢ > 0,

y(t) = (A—BK)y(t) and %<My(t),y(t)> = 2(My(t), y(t)).
It therefore follows from (3.23) that

d

2 \My(0), y(1)) + (Cy(t), Cy(2)) + (RKy(¢), Ky(t)) = 0.

Hence, for ¢ > 0,
(My(t), () + / Cy(s)Pds + / (RKy(s), Ky(s)) ds = (Ma, ). (3.26)
0 0

Since the matrix R is positive definite, (3.26) follows from (3.25). By (3.26),

b0 < 182001 + N | 1920t — I(Cu(e)] + [Ky(s)]) ds,

where N = max(|L|,|B|), t > 0. We need now the following classical result
on convolutions of functions due to Young.

Lemma 3.4 Assume that p,q,r are positive numbers such that 1/p+1/q =
14 1/r. If functions f, g belong respectively to LP and L4, then the convolu-
tion f * g belongs to L™ and

1 * gllr < 1£1lpllgllq -

By Young’s result and by (3.25),

[Tz [ s (| T ow) + Ky ds)” ’

; < / |52<5>|2ds) 2] < +oc.
0
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It follows from Theorem 2.3(iv) that y(¢) — 0 as ¢ — oo. This proves the
required result.
Let us also remark that

M= / o Si(s)(C*C + K*RK) S (s) ds. (3.27)
0

(ii) Define Ko = R™1B*P then RKy = —B*P, PB = —K}R.
Consequently,

P(A—BK)+ (A— BK)*P+ K*RK = —C*C + (K — K¢)*R(K — Kq)

and
M(A—-BK)+ (A—BK)*M + K*RK = —-C*C.

Hence if V.= M — P then
V(A—BK)+ (A—BK)'V + (K — Kyo)"R(K — Ky) =0.

Since the matrix A — BK is stable the above equation has only one solution
given by the formula,

V = /0+o° ST(S)(K — Ko)*R(K — Ko)Sl(S) ds > 0,

and therefore M > P. The proof of the lemma, is complete. O

To prove part (ii) of Theorem 3.4 assume that matrices P > 0, P, > 0
are solutions of (3.20). Define K = R~!B*P. Then

= PA+ A*P+C*C — PBR™'B*P =0.

Therefore, by Lemma 3.3(ii), P < P. In the same way P; > P. Hence
Py = P. Identity (3.28) and Lemma 3.3(i) imply the stability of A — BK.OO

Let us recall that a pair (A,C) is observable if and only if the pair
(A*,C*) is controllable. As a corollary from Theorem 3.4 we obtain

Theorem 3.5 If the pair (A, B) is controllable, Q = C*C and the pair
(A, C) is observable, then equation (3.20) has exactly one solution, and if P
is this unique solution, then the matric A — BR™'B*P is stable.
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Theorem 3.5 indicates an effective way of stabilizing linear system (3.13).
Controllability and observability tests in the form of the corresponding rank
conditions are effective, and equation (3.20) can be solved numerically using
methods similar to those for solving polynomial equations. The uniqueness
of the solution of (3.20) is essential for numerical algorithms.

The following examples show that equation (3.20) does not always have
a solution and that in some cases it may have many solutions.

Example 3.1 If, in (3.20), B = 0, then we arrive at the Lyapunov equation
PA+A*P=Q, P>0. (3.29)

If @ is positive definite, then equation (3.29) has at most one solution, and
if, in addition, matrix A is not stable, then it does not have any solutions.

Exercise 3.6 If ) is a singular matrix then equation (3.20) may have many
solutions. For if P is a solution to (3.20) and

E:[O 0],@:[0 0}, A e M(k, k), k>n,

0 A 0 Q
then, for an arbitrary nonnegative matrix R € M(k — n, k — n), matrix
~ R 0
P=
0 P

satisfies the equation o
PA+ A*P =Q.

Exercise 3.7 Solve the linear regulator problem on finite and infinite inter-
vals when the control system is given by the equation;

y=Ay+a+ Bu, y(0)=z¢€cR", (3.30)

where a € R™ is a given vector.

Remark Dynamic programming ideas are presented in the monograph by
R. Bellmann [3]. The results of the linear regulator problem are classic.
Theorem 3.4 is due to W.M. Wonham [29]. In the proof of Lemma 3.3(i) we
follow [30], see also [31].
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Abstract

These notes contain a short course on linear quadratic controls prob-
lems in Hilbert spaces.

We have described the Dynamic Programming approach based on
the solutions of the Riccati Operator Equation and of the Algebraic
Riccati Equation, and presented some examples involving Heat and
Wave equations.

For the sake of simplicity we have only considered the case of
bounded observation and control operators. A necessary prerequisite
is the theory of strongly continuous semigroup, that is recalled in the
Appendix A.

To have more information and references, the reader can see the

books:

A. Bensoussan, G. Da Prato, M. Delfour and S.K. Mitter, Repre-
sentation and Control of Infinite Dimensional Systems, Vol. 1, II,
Birkh&user, (1992).

I. Lasiecka and R. Triggiani, Control theory for partial differential equa-
tions, Vol. I, II, Encyclopedia of Mathematics and its Applications,
Cambridge University Press. (1999) .
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1 Control in finite horizon

1.1 Introduction and setting of the problem

We are concerned with a dynamical system governed by the following differ-
ential equation
y'(t) = Ay(t) + Bu(t), t > 0,
(1.1.1)
y(0) =z € H,

where A: D(A) C H — H, B: U — H are linear operators defined on the
Hilbert spaces H (state space) and U (control space). We shall also consider
another Hilbert space Y (observation space). The inner product and norm
in H,U,Y will be denoted by (-,-) and | - | respectively.

Given T > 0, we want to minimize the cost function

T
J(u) :/0 [1Cy(s)I? + [u(s) ] ds + (Poy(T), y(T)), (1.1.2)

where Py : H — H, C : H — Y are linear operators defined in H and Y
respectively, over all controls u € L?(0,T;U) subject to (1.1.1).
Concerning the operators A, B, C' and Py we shall assume that

Hypothesis 1.1 (i) A generates a strongly continuous semigroup et on

H.
(ii) B € L(U, H) ().
(i) Py € L(H) is symmetric and nonnegative.
(iv) C € L(H,Y).

Under Hypothesis 1.1-(i)—(ii) problem (1.1.1) has a unique mild solution y
given by the variation of constants formula (see Appendix A),

t
y(t) = ez +/ =4 Buy(s)ds. (1.1.3)
0

A function u* € L?(0,T;U) is called an optimal control if

J(u*) < J(u), Vue L*0,T;U). (1.1.4)

Let X,Y be Hilbert spaces. We denote by L(X,Y) the Banach space of all linear
bounded operators T : X — Y endowed with the norm ||T|| = sup{|Tz| : z € X, |z| < 1}.
We set L(X, X) = L(X).
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In this case the corresponding solution y* of (1.1.1) is called an optimal state
and the pair (u*,y*) an optimal pair.

Under Hypothesis 1.1 it is easy to see that there is a unique optimal
control (since the quadratic form J(u) on L?(0,T;U) is coercive). However
we are interested in showing that the optimal control can be obtained as a
feedback control (synthesis problem). For this reason we shall describe the
Dynamic Programming approach which consists in the following two steps:

Step 1. We solve the Riccati operator equation

P' = A*P + PA— PBB*P + C*C,
(1.1.5)
P(0) = Py,

where A*, B* and C* are the adjoint operators of A, B and C respectively.

Step 2. We prove that the optimal control u* is related to the optimal
state y* by the feedback formula

u*(t) = —=B*P(T — t)y*(t), t€[0,T], (1.1.6)
and moreover that y* is the mild solution of the closed loop equation

y'(t) = [A=BB"P(T - t)y(t), t > 0,
(1.1.7)
y(0) =z € H.

Finally the optimal cost is given by
J = (P(T)x,x).

Example 1.1.1 Let D be an open subset of R™ with regular boundary 0D.
Consider the equation

Dyy(t,€) = (Ag + c)y(t, €) +u(t,§), in (0,T] x D,
y(t,€) =0, on (0,T] x 0D, (1.1.8)

y(0,§) = x(£), in D.
We choose H =U =Y = L*(D), we set B = C = Py = I and we denote by

A the linear operator in H :

Ay = (A¢ + o)y
(1.1.9)
D(A) = HX(D) N HY(D).
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It is well known that A generates a strongly continuous semigroup on H =
L*(D). (?)

Setting y(t) = y(t,-), u(t) = u(t,-), we can write (1.1.8) in the abstract
form (1.1.1).

In this case the control problem consists in minimizing the cost

T
g = [ [ e OP + Pyt + [ r.oPds. (1110
0 D D
Note that the control is distributed on all D.

1.2 Riccati equation

Let us introduce some notation. We set
Y(H)={T € L(H): T is symmetric},

ST(H)={T € S(H): (Tz,z)>0,VaecH}.

Y (H) is a closed subspace of L(H), and ¥ (H) is a cone in L(H).

For any interval [a,b] C R, we shall denote by C([a, b]; 2(H)) the set of
all continuous mappings from [a, b] to X(H).

C([a,b]; X(H)), endowed with the norm

I1F| = Sup IE@)I, F € C([a,b]; X(H)),
cla,

is a Banach space.

We shall also need to consider the space Cs([a,b]; £(H)) of all strongly
continuous mappings F : [a,b] — X(H), that is such that F(-)z is continuous
on [a,b] for any x € H. A typical mapping belonging to Cs([0,T]; X(H)) is
F(t) = et

Let F,{F,} C Cs([a,b]; X(H)). We say that {F,,} is strongly convergent
to F if

lim F,(-)x = F(-)x, V2 € H.

n—oo

In this case we shall write

lim F,, = F, in Cs([a,b]; £(H)).

n—oo

2See e.g. J.L. Lions and E. Magenes, Problémes auz limites non homogénes et applica-
tions, Dunod, (1968).
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If F € Cs([a,b]; £(H)), then the quantity

|F|| = sup [[F'(¢)],
tela,b]

is finite by virtue of the Uniform Boundedness Theorem. Endowed with
the norm above Cs([a,b]; 3(H)) is a Banach space that we shall denote by
Cu([a, b S(H)).

Let A, B,C and Py be given linear operators such that Hypothesis 1.1 is
fulfilled. This section is devoted to solve the following Riccati equation

P'= A*P+ PA— PBB*P + C*C,
(1.2.1)
P(0) = P,

We first notice that if A € L(H) then it is easy to see that (1.2.1) is equivalent
to the following integral equation

t
P(t)x = e Pye!ta + / e C*Ceads
0
(1.2.2)

t
_ / =94 p($) BB P(s)e"~gds, x € H.
0

Now, since the mapping
[0,T] — B(H), t — !4 Tel,

belongs to Cs([a, b]; 3(H)), equation (1.2.2) is meaningful in Cs([a, b]; 3(H))
and we will try to solve it in this space.

Definition 1.2.1 (i) A mild solution of equation (1.2.1) in the interval
[0,T] is a function P € Cy(la,b]; X(H)) that verifies the integral equation
(1.2.2).

(ii) A weak solution of equation (1.2.1) in the interval [0,T] is a function
P € Cy([a,b]; X(H)) such that P(0) = Py and for any z,y € D(A), (P(-)z,y)
is differentiable in [0,T] and verifies the equation

d

- (P(t)z,y) = (P(t)z,Ay) + (P(t)Az,y)

(1.2.3)
— (B*P(t)z, B*P(t)y) + (Ca, Cy).
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Proposition 1.2.2 Let P € Cs([a,b]; 2(H)). Then P is a mild solution of
equation (1.2.1) if and only if P is a weak solution of equation (1.2.1).

Proof. If P is a mild solution of equation (1.2.1), then for any z,y € H we
have

t
(P(t)z,y) = (Poc A, cMy) + / (Cea, CesAy)ds
0

t
—/0 (P(s)BB*P(s)e"=)4z =94y s,

Now if z,y € D(A) it follows that (P(t)z,y) is differentiable with respect
to t and, by a simple computation, that (1.2.3) holds. Conversely if P is a
weak solution, then it is easy to check that for all z,y € D(A)

d
75 <P(S)6(t*S)Ax,e(t*S)Ay> _ <Ce(tfs)AI’Ce(t,s)Ay>
—(B*P(t)e™94%, B*P(t)elt=*)4y).

Integrating from 0 to ¢ we see that (1.2.2) holds for any = € D(A). Since
D(A) is dense in H the conclusion follows. [
It is convenient to introduce the following approximating problem

P! = A*P, + P,A, — P,BB*P, + C*C,
(1.2.4)
P,(0) = Py,

where A, = n?R(n, A) — nl is the Yosida approximation of A and R(n, A)
is the resolvent of A. Problem (1.2.4) is equivalent to the following integral
equation

t
P, (t)x = et Pyetna + / e 0 CesMr ds
0
(1.2.5)
t
- / =940 P () BB* P, (s)e" "4 zds, x € H.
0
We now solve problem (1.2.1). We first prove the local existence of a solution.

We recall that by the Hille-Yosida Theorem (see Appendix A) for any 7' > 0
there exists My > 0 such that

e < My, |le"| < My, ¥t €[0,T], neN.



68 G. Da Prato

Lemma 1.2.3 Assume that Hypothesis 1.1 holds, fix T > 0, set
p= 203 Py (1.2.6)
and let T be such that

7€ [0,7), 7 (ICI* + pIBI?) < 1Poll, 2pmMF|B|* < (1.2.7)

| =

Then problems (1.2.1) and (1.2.5) have unique mild solutions P and P, in
the ball

Bpr ={F € Cu([0,7;X(H)) : [[F]| < p}.
Moreover

lim P, = P, in Cs([a,b]; S(H)). (1.2.8)

n—oo

Proof. Equation (1.2.2) (resp. the integral version of equation (1.2.4)) can
be written in the form

P = 'y(P)(resp. P, = ’Yn(Pn))a

where for x € H

Y(P)t)x = e Pyeltda

t
+ / = [C*C — P(s)BB*P(s)]e*4zds
0

and

(P)(t)x = e4nPyetdnr

t
n / =L [C*C = P,(s)BB* Py(s)]el™Anads.
0

Choose now p and 7 such that (1.2.6) and (1.2.7) hold. We show that ~
and +y, are 1/2-contractions on the ball B, ; of C,([0,7];3(H)). Let in fact
P € B, ;. It follows that

(P)(®)z| < M [[|Poll + TIICII* + 70*|| BIP] |2 < 2ME||Poll]],

and analogously
T (P) ()| < 2ME||Po]||].
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It follows that
[Y(PYDO < py v(PYB < p, VE€[0,7], nEN, P € B,

so that v and ~y, map B, into B, .
For P,Q € B, we have

Y(P)(t)x = (Q)(H)z
B /0 =N [PBB*(Q - P) + (Q — P)BB*Q|(s)e!'uds,
and a similar formula holds for 7, (P)(t)z — 7, (Q)(t)z. It follows that
V(P (1) =1 Q)(®)]| < 207 M3||B?||P - Q| < ; 1P =Qll,

17 (P)() = m(Q) ()| < 2p7MF|B?|[[|P - Q|| < % 1P = Q.

Thus v and v, are 1/2-contractions on B, and there exists unique mild
solutions P and P, in B, . Finally (1.2.8) follows from a generalization of
the classical Contraction Mapping Principle (see Appendix B). O

We now prove global uniqueness.

Lemma 1.2.4 Assume that Hypothesis 1.1 holds, let T > 0 and let P,Q be
two mild solutions of problem (1.2.1) in [0,T]. Then P = Q.

Proof. Set

a = sup max{||P(t)|,|Q)|}-
t€[0,T]

« is finite by the Uniform Boundedness Theorem. Choose p > 0 and 7 €
[0,T7] such that

1
p=2Mpa, (ICI?+ IBI?) < a, 20mMRBI? < ;.

By Lemma 1.2.3 it follows that P(t) = Q(¢) for any ¢t € [0,7]. It is now
sufficient to repeat this argument in the interval [r,27] and so on. [
The main result of this section is the following theorem.

Theorem 1.2.5 Assume that Hypothesis 1.1 holds. Then problem (1.2.1)
has a unique mild solution P € Cs(]0,+00); X4 (H)). Moreover for each
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n € N problem (1.2.5) has a unique mild solution P,, € C([0,+00); X4 (H))
and
lim P, = P in Cy([0, T); X4 (H)),

for any T > 0.

Proof. Fix T' > 0, set 3 = M2 (|Po|| + T||C|]*), and choose p > 0 and
7 > 0 such that

1
p=2M:iB, 7 (ICI*+p*|IBIF) < B, 2prMz|BI* < 3.

By Lemma 1.2.3 there exists a unique solution P (resp. P,) of (1.2.1) (resp.
(1.2.5)) in [0, 7] and P, — P in Cs(]0,7]; £(H)). We now prove that

Pa(t) >0, Vtelo,r]. (1.2.9)

This will imply
P(t) >0, Yte|o,T]. (1.2.10)

To this end we notice that P, is the solution of the following linear problem
in [0, 7]
P =L:P,+ P,L,+ C*C, P,(0) =P,

where L, = A,, — %BB*Pn. Denote by Uy,(t,s), 0 < s <t < 7, the evolution
operator associated to L}, that is the solution to

DUy (t,s) = L} (t)Uy(t,s), Up(s,s) =1, 0<s<t<r.

Then we can write the solution P,(t) as
t
Po(t) = U (£, 0)RyU (£, 0) + / Un(t, $)C*CUZ (1, 5)ds.
0

Thus (1.2.9) and (1.2.10) follow immediately.
Note that, arguing as in Lemma 1.2.3, we have

1P| < pI=2M73 1
We now prove that we have a better estimate

P(t)<B1I, Vtelo,7]. (1.2.11)
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This inequality will allow us to repeat the previous argument in the interval
[T,27] and so on. In this way the theorem will be proved. We have in fact

¢
(P(t)z,z) = (Ppe!x, e!a) —|—/ |Ce*z|2ds
0

t
_ / B P(s)et9g]2ds < Blaf2.
0

Since P(t) > 0 this implies (1.2.11). The proof is complete. [
We now prove continuous dependence with respect to data. Consider a
sequence of Riccati equations

(1.2.12)
P*(0) = FY,

under the following assumption.

Hypothesis 1.2 (i) For any k € N, (A* B* C* PF) fulfil Hypothesis
1.1.

(it) For allT >0 and all x € H,

tA tA

. k
lim e z=¢

k—o0

x, uniformly in [0, T).

(iii) The sequences {B*},{(B*)*},{C*},{(C*)*},{Pt} are strongly con-
vergent to B, B*,C, C*, Py, respectively.

Theorem 1.2.6 Assume that Hypotheses 1.1 and 1.2 hold. Let P (resp.
P*) be the mild solution to (1.2.1) (resp. (1.2.12)). Then, for any T > 0 we
have

lim P* = Pin C,([0,T); X, (H)).

n—oo

Proof. Fix T > 0. By the Uniform Boundedness Theorem there exists
positive numbers p, b and ¢ such that

1B < p, ICH)CHl < e IB(BY)| <p, VEEN.

Set 3 = M2(p+ cT) and choose p and 7 € [0,T] such that

1
p=2BMf, 7(c+p'b) < B, 2rM7|B|* < ;.
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Then, arguing as we did in the proof of Lemma 1.2.3, we can show that
Pk()z — P(-)x for any = € H. Finally, proceeding as in the proof of Theo-
rem 1.2.5, we prove that this argument can be iterated in the interval [7, 27]
and so on. [

We conclude this section by proving an important monotonicity property
of the solutions of the Riccati equation (1.2.1).

Proposition 1.2.7 Consider the Riccati equations:

P! = A*P,+ P,A— P,B;B; P, + C;C;,
(1.2.13)
P(0) =Py, i=1,2.

Assume that (A, B;, C;, P o) verify Hypothesis 1.1, and, in addition, that
Pio< Py, C7Cy <C5Cy, BB; < B1Bj.

Then we have
Pi(t) < Py(t), Yt >0. (1.2.14)

Proof. Due to Theorem 1.2.5 it is sufficient to prove (1.2.14) when A is
bounded. Set Z = P, — P;, then, as easily checked, Z is the solution to the
linear problem

7' = X*Z + ZX — Po|BaBj — BiBi]Ps + C5Cs — C1Ch,
(1.2.15)
Z(0) =Py — Py,

where )
X=A- 5 BlBT(Pl + P2)

Let V(t, s) be the evolution operator associated with X*, that is the solution
to the problem

DV (t,s) = X({t)"V(t,s), V(s,s) =1, 0<s<t<T.

Then we have
Z(t) = V(t,0)(Py— Pro)V*(t,0)

t
+ / VL, 5)[C5Cs — CHOV* (4, 5)ds
0

+ /OtV(t,s)Pl(s)[Ble — ByB3|Pi(s)V*(t, s)ds,

so that Z(t) > 0 and the conclusion follows. [J
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1.3 Solution of the control problem

In this section we consider the control problem (1.1.1)—(1.1.2). We assume
that Hypothesis 1.1 is fulfilled and we denote by P € C([0,T]; 2T (H)) the
mild solution of the Riccati equation (1.2.1). We first consider the closed
loop equation

y'(t) = Ay(t) — BB*P(T —t)y(t), t € [0, T],
(1.3.1)
y(0) =z € H.

We say that y € C([0,7]; H) is a mild solution of equation (1.3.1) if it is a
solution of the following integral equation
t
y(t) = ez — / e=DABB*P(T — s)y(s)ds.
0
Proposition 1.3.1 Assume that Hypothesis 1.1 is fulfilled and let
x € H. Then equation (1.3.1) has a unique mild solution y € C([0,T]; H).

Proof. It follows by using standard successive approximations. [
We now prove a basic identity.

Proposition 1.3.2 Assume that Hypothesis 1.1 is fulfilled and let
u € L?(0,T,U) © € H. Let y be the solution of the state equation (1.1.1)
and let P be the mild solution of the Riccati equation (1.2.1). Then the
following identity holds

T
J(u) = /0 lu(s) + B*P(T — s)y(s)|*ds + (P(T)z, z). (1.3.2)

Proof. Let P, be the mild solution of the approximated Riccati equation
(1.2.5), and let y,, be the solution of the problem

y;(t) = Any(t) + Bu(t)’ le [O,T],
y(0) =z € H.

Now, by computing the derivative

d

- (Po(T — 8)yn(8),yn(s))
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and completing the squares, we obtain the identity

% <Pn(T - s)yn(s)’ yn(5)>
= |un(s) + B*Pu(T — 8)ya(s)|* = [Cyn(s)]” — [u(s) .

Integrating from 0 to 7" and letting n tend to infinity we obtain (1.3.2). O
We are now ready to prove the following result.

Theorem 1.3.3 Assume that Hypothesis 1.1 is fulfilled and let x € H. Then
there exists a unique optimal pair (u*,y*). Moreover

(i) y* € C([0,T]; H) is the mild solution to the closed loop equation (1.3.1).
(i) u* € C([0, T);U) is given by the feedback formula

w(t) = —B*P(T — t)y*(t), t € [0, T). (1.3.3)

(i7i) The optimal cost J(u*) is given by

J(u*) = (P(T)x,z). (1.3.4)

Proof. We first remark that by identity (1.3.2) it follows that
J(w*) > (P(T)z, ), (1.3.5)

for any control u € C([0,T];U). Let now y* be the mild solution to (1.3.1)
and let u* be given by (1.3.3). Setting in (1.3.2) u = v* and taking into
account (1.3.5) it follows that (u*,y*) is an optimal pair and that (1.3.4)
holds.

It remains to prove uniqueness. Let (@,7) be another optimal pair. Set-
ting in (1.3.2) v = w and y = ¥ we obtain

T
/ @(s) + B*P(T — s)5i(s)2ds = 0,
0
so that u(s) = —B*P(T — s)y(s) for almost every s € [0, 7). But this implies

that ¥ is a mild solution of (1.3.1) so that ¥ = y* and consequently u = u*.
O
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2 Control in infinite horizon

2.1 Introduction and setting of the problem

As in Section 1 we are concerned with a dynamical system governed by the
following state equation

y'(t) = Ay(t) + Bu(t), t > 0,
(2.1.1)
y(0) =z € H.
We shall assume that

Hypothesis 2.1 (i) A generates a strongly continuous semigroup et on
H.

(ii) B € L(U,H).
(iii) C € L(H,Y).

We want to minimize the cost function
oo 2 2
oo(t) = /0 [1Cy(s)? + |u(s)|?] ds, (2.1.2)

over all controls u € L?(0, 400, U) subject to (1.1.1).
We say that the control u € L?(0, +o0; U) is admissible if Joo(u) < +oc.
An admissible control u* € L%(0, 4-00;U) is called an optimal control if

Joo (1) < Joo(u), ¥V u € L2(0, +00; U).

In this case the corresponding solution y* of (2.1.1) is called an optimal state
and the pair (u*,y*) an optimal pair.

An admissible controls can fail to exist, as the following simple example
shows.

Example 2.1.1 Let H =U =Y =R, B=0,A = C = 1. Then for any
u € L%(0, +oo; U) we have y(t) = e’z and if z # 0

+oo
Joo(u) = /0 [ley(s)[? + Ju(s)|?] ds = +oc.
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If for any * € H an admissible control exists, we say that (A, B) is
stabilizable with respect to the observation operator C' or, for brevity, that
(A, B) is C—stabilizable. In this case is still possible to solve problem (2.1.1)—
(2.1.2) following the following steps,

Step 1. We show that the minimal nonnegative solution P, (t) to the
Riccati equation

P'= A*P+ PA— PBB*P + C*C,

that is the solution to (1.2.1) corresponding to Py = 0, converges, as t — +00
to a solution P25 to the algebraic Riccati equation:

A*X + XA— XBB*X +C*C =0 (2.1.3)

Step 2. We show that the optimal control u* is given by the feedback
formula
u*(t) = —B*Poy*(t), t>0, (2.1.4)
where y* is the mild solution of the closed loop equation
y'(t) = [A= BB P, ly(t), t >0,
(2.1.5)
y(0) =z € H.

Example 2.1.2 (i). Assume that A is of negative type. Then (A, B) is
C-stabilizable since the control u(t) = 0 is clearly admissible.

(ii). Assume that B = I. Then (A, B) is C—stabilizable. In fact let M, w
be such that [|e!4|| < Me*t, t > 0. Choose u(t) = —(w + 1)etA==D >0,
Then y(t) = /A== D ¢ >0 so that Juo(u) < +oo.

(iii). Assume that there is @ > 0,3 > 0, K > 0 such that

|efA=2eBEY) || < Ke Pt ¢ > 0. (2.1.6)

_QQB*et(AfmlBB*) t >

Y —

Then (A, B) is C-stabilizable. In fact setting u(t) =
0, one has y(t) = e!A=20BB") "+ > 0, and so Joo(u) < +00.

2.2 The Algebraic Riccati Equation

We assume here that Hypothesis 2.1 holds and consider the system (2.1.1).
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We consider the Riccati equation
P' = A*P+ PA— PBB*P + C*C, (2.2.1)
and the corresponding stationary equation
A* X+ XA—-XBB*X +C*C =0. (2.2.2)

In the sequel we shall consider only nonnegative solutions of (2.2.1) and
(2.2.2).

Definition 2.2.1 We say that X € X1 (H) is a weak solution of (2.2.2) if
(Xz, Ay) + (Az, Xy) — (B* Xz, B*Xy) + (Cz,Cy) =0 (2.2.3)
for all x,y € D(A).

Definition 2.2.2 We say that X € X1 (H) is a stationary solution of (2.2.1)
if it coincides with the mild solution of (2.2.1) with initial condition P(0) =
X.

Recalling Proposition 1.2.2 the following results follows immediately.

Proposition 2.2.3 Let X € Xt (H), then the following statements are
equivalent

(i) X is a weak solution of (2.2.2).
(i) X is a stationary solution of (2.2.1).

We are going to study existence of a solution of the Algebraic Riccati
equation. To this purpose it is useful to consider the solution of the Riccati
equation (2.2.1) with initial condition 0. This solution will be denoted by
Ppin. It is the minimal nonnegative solution of (2.2.1). In fact if Py €
Y *(H) and P is the mild solution of (2.2.1) such that P(0) = Py, then by
Proposition 1.2.7 we have

Prin(t) < P(t), V> 0.
In particular if X is a solution of (2.2.2), then
Prin(t) < X, ¥t > 0.

We now prove the following properties of Pyy;p.
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Proposition 2.2.4 (i) For any x € H, (Pnin(-)x, ) is non decreasing.
(ii) Assume that for some R € X7 (H), we have
Poin(t) <R, Yt >0.
Then for all x € H the limit

P> x= lim Pp,(t)z, (2.2.4)

min t o0
exists, and Poeis a solution of (2.2.2).

In other words there exists a nonnegative solution of (2.2.2) if and only
if Pyuin is bounded.
Proof. Let e > 0, t > 0 and let P be the solution of (2.2.1) such that
P(0) = Pnin(e). By Proposition 1.2.7 we have

P(t) = Prin(t +€) = P(t) > Poin(t),

and (i) is proved. Assume now P,,;,(t) < R; since Py (t) is nondecreasing
and bounded we can set

v(z) = lim (Ppin(t)z,z), Vo € H.

t——+o0

For x,y € H we have

2(Ppin(t)x, y)

= (Prin(t)(x + ), (2 + 9)) = (Pnin(t)2, 2) = (Prin )y, y)-

So the limit
[(z,y) = lim (Pynin(t)z,y), Y,y € H,

t—+o00
exists and the following operator P2 € ¥ (H) can be defined

man

lm (Ppin(t)x,y) = (PY,x,y), Yo,y € H.

t—too mwn

It follows that

lim ([P°, — Pmin(t)]z,2) =0, Yz € H,

t—+00

which is equivalent to

, Jim [P, — Ppin()]?z =0, Yz e H
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This implies that

lim [P2S

t—t00 mwn

Pz =0, Vo e H

so that (2.2.4) holds.

It remains to show that P is a solution of (2.2.2). For this we denote by
P, the solution of (2.2.1) for which P;,(0) = Ppin(h),i.e. Py(t) = Prin(h+t).
Since

lim Ppin(h)x =P, x, Vo € H,

h—-too min

by Theorem 1.2.6, we have

hlil;r_l Py()x=P;,,xin C([0,T;H), Ve € H, T > 0.
—T 00

Moreover P2° s a solution of (2.2.1) (hence stationary). OJ

Remark 2.2.5 Assume that there exists a solution X € X7 (H) of (2.2.2).
Then by Proposition 2.2.4 the solution PSS defined by (2.2.4) exists. By
the above proposition it follows that

P < X,

min

for all solutions X € X7 (H) of (2.2.2). Thus P2 is the minimal solution

min

of the algebraic Riccati equation (2.2.2).

We now prove that if (A4, B) is C—stabilizable, then a nonnegative solution
of the algebraic Riccati equation exists.

Proposition 2.2.6 Assume that Hypothesis 2.1 is fulfilled and that (A, B)
is C—stabilizable. Then there exists a minimal solution P2~ of equation

(2.2.2).

Proof. We first recall that by the basic identity (1.3.2) we have

(Prin(t)z, z) + /0 |u(s) + B* Prin(t — s)y(s)|*ds
(2.2.5)

t
0

- / (Cy(s)[? + us) Pds,
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for any x € H and any u € L?(0, +00; U), where y is the solution to (2.1.1).
Let z € H and let u, be a control in L?(0, +o00; U) such that the correspond-
ing solution of (2.1.1) is such that Cy € L?(0,+00;Y). By (2.2.5) it follows
that

+oo
SUP(Proin (t)2, 7) < /0 [1Cy(s)* + |u(s)*]ds = Joo (uz) < +00

>0

for any = € H. By the Uniform Boundedness Theorem it follows that P,y (t)
is bounded above, so that by Proposition 2.2.4 there exists a solution of
equation (2.2.2). O

2.3 Solution of the control problem

We now consider the control problem (2.1.1)—(2.1.2) and prove the following
result.

Theorem 2.3.1 Assume that Hypothesis 2.1 is fulfilled, that (A, B) is C—
stabilizable, and let x € H. Then there exists a unique optimal pair (u*,y*).
Moreover

(1) y* € C([0,400); H) is the mild solution to the closed loop equation
(2.1.5).

(i7) u* € C(]0,+00);U) is given by the feedback formula
u*(t) = =B*Po y*(t), t > 0. (2.3.1)
(iii) The optimal cost J(u*) is given by
Joo(u™) = (PSS x, x). (2.3.2)

min

Proof. Let u € L?([0,+oc); U) and let y be the corresponding solution of
the state equation (2.1.1). By the identity (2.2.5) we have

(Prin(t)z, ) < / (1Cy(s)]* + |u(s)Plds < Joo(u).
0
It follows that

Joo (1) > (Prin(t)z,2), ¥ u € L*([0, +00); U), t > 0,
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and so

Joo(u) > (P2, x,x), YV u € L*([0, +00); U). (2.3.3)

min

Let now 9, be the solution of the problem,

y:)o(s) = Ayoo(s) - BB*P%nyoo(s), s >0,

Yoo(0) = ,

and set
Uso(8) = =B P Yoo(s), s > 0. (2.3.4)

We are going to show that (uo, Yoo) is an optimal pair.

For this purpose it is useful to introduce, for any ¢t > 0, the following
auxiliary optimal control problem over the finite time horizon [0, t]:

to minimize

Jt(U)Z/O [ICy(s) + Ju(s)[*]ds (2.3.5)

over all controls u € L?(0,t;U) subject to (2.1.1). By Theorem 1.3.3 we
know that there exists a unique optimal pair (u,y;) for problem (2.3.5),
where g is the mild solution to the closed loop equation

yi(s) = Ayi(s) — BB Bpin(t — s)yi(s), s € [0,1],
y:(0) = =,
and uy; is given by the feedback formula
u(8) = —B* Prin(t — s)yi(s), s € [0,t].

Moreover the optimal cost is given by
¢
(Prin(t)z, ) = / [|Cye(s)]? + |ue(s)[}]ds. (2.3.6)
0
Now we proceed into two steps.
Step 1. We have

tli+m Yt(S) = Yoo(s), s > 0. (2.3.7)
Hm w(s) = uso(s), s > 0. (2.3.8)

t—-+o0
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In fact fix T > t and set z; = ¥+ — Yoo; then z; is the mild solution to the
problem:

21(s) = [A— BB*Ppin(t — 9)]2:(s)
- BB Painlt — 5) — PSlysc(s) (239)

Denote by U(r, s) the evolution operator corresponding to A—BB* Py (t—-)
then for x € H

U(r, o)z = ey - / " PABB* Poin(t — p)U (p, 0)xdp,

U(o,0) =1.

It follows that
U0l < M= 4+ MIBIPIPE [ €U0 dp.
By Gronwall’s Lemma we have
U (r,0)|| < Me=WAMIBIPIPT.I o < 5 < 7 <T. (2.3.10)
We now return to problem (2.3.9) which we write in the form
z(s) = /05 U(s,0)BB*[Pnin(t — o) — Py Yoo (0)do.

By (2.3.10) and the dominate convergence theorem we obtain z:(s) — 0 as
t — 400. So (2.3.7) and then (2.3.8) follow.

Step 2. Conclusion.
By (2.3.6) we have for t > T

T
(Poonx, ) > /0 [[Cye(s)]* + |ue(s)*]ds (2.3.11)

and, as t — 400,

T
(P 3 > /0 [1Cyeo (5)2 + |tioo (5)[2]ds. (2.3.12)
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But, since T is arbitrary, we find

+o0
(P 2 7) > /0 [1Cyoo(5)[2 + oo (s)[2)ds, (2.3.13)

and thus
(P, x) > Joo(Uso), (2.3.14)

min
so that us is optimal. Moreover formula (2.3.1) with v* = us, ¥* = Yo
follows from (2.2.5).
It remains to to show uniqueness. Let (u,9) be another optimal pair,
then J(a) = (P, x,z). Fix T' > 0. By applying (2.2.5) with ¢t > T we

min
obtain

T
/0 |i(s) + B* Pin(t — s)g}(s)\st < Joo (@) = (Ppin(t)z, x)

<A[PS5,, — Prmin(t)x, ).

man

As t — 400 we have
T
| lats) + B P35 ds =
0

that yields a(s) = —B*Pye 4(s). Consequently § = y* and 4 = uv*. O

3 Examples and generalizations

3.1 Parabolic equations

We consider here Example 1.1.1. Let D be an open subset of R™ with regular
boundary 0D. Consider the state equation

Dey(t,€) = (Ae + )y(t,€) + ult,€), in (0,T] x D,
y(t,€) =0, on (0,T] x 8D, (3.1.1)
y(0,€) = 2(&), in D,

where A¢ represents the Laplace operator:

n
Aex = Z D =,
k=1
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and c is a real constant.
Let H=U =Y = L*(D), B=C = Py = I and define the linear
operator by A in H :

Ay = (B¢ + o)y
(3.1.2)
D(A) = H*(D) N H(D).

Since A is self-adjoint, it is the infinitesimal generator of a strongly contin-
uous semigroup on H = L?(D) (3). Moreover () there exists a complete
orthonormal system {e;} in L?(D) and a sequence {\;} of positive numbers
such that {\;} T +o0o0 with

Aep, = —Arer, keN. (313)

Setting y(t) = y(t,-), u(t) = u(t,-), we write (3.1.1) in the abstract form
(1.1.1).
We want to minimize the cost

T
_ 2 u 2 2 1.
J(u) = /0 /D y(t, )2 + Ju(t, ) dtde + /D W(T.OPde,  (3.14)

that we shall write on the form:

T
J(u) = / [1y()[2 + u(s)[2] ds + |y(T) 2

By Theorem 1.3.3 there exists a unique optimal pair (u*,y*) where y* is the
solution of the closed loop equation

Diy(t,€) = (Ae +c)y(t,€) — P(T = t)y(t,-)(§), in (0, T] x D,

y(t,€) =0, on (0,T] x 8D, (3.1.5)

y(0,8) = x(¢), in D.

Moreover u* is given by

w(t,§) = =P(T = t)y(t,-) (&),

3See e.g. J.L. Lions and E. Magenes, Problémes auz limites non homogénes et applica-
tions, Dunod, (1968).

4See e.g. S. A. Agmon, Lectures on Elliptic Boundary Value Problems, Van Nostrand,
(1965).
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and the Riccati equation reeds as follows
P =2AP - P*+1, P(0)=1. (3.1.6)
For any ¢ > 0 we can find explicitly P(t) as
P(t)er = px(t)ex, k€N,
where py. is the solution to the ordinary differential equation
Pi(t) = =2xepr(t) — pi(t) + 1, pi(0) = 1.

Let us consider now the infinite horizon problem, T" = 4o00. We want to
minimze the cost

+oo
= 2 u 2 2 . .
Joo (1) = / /D (6, O + ut, €) 2dtde + /D W(T.OPdE.  (3.17)

By Example 2.1.2—(ii) (A, I) is I-stabilizable, and consequently by Theorem
2.3.1 there exists a unique optimal pair (u*,y*) where y* is the solution of
the closed loop equation

Dyy(t, &) = (A¢ + )y(t, &) — Pooy(t, ) (), in (0, +00) x D,
y(t,€) =0, on (0,+00) x 9D, (3.1.8)

y(0,§) = z(£), in D.

Moreover u* is given by

U*(t7§) = - ooy(tv )(5):

and the Algebraic Riccati equation reeds as follows

2AP - P?>4+1=0 (3.1.9)
Consequently
Px =vVA2+T1+ A
and

Pﬁfmek = (\/)\i +1-— )\k)ek, k € N.

sup{y/ A +1— A} < +oo,

Notice that

so that P> is bounded.

min
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3.2 Wave equation

Let D be an open subset of R" with regular boundary dD. Consider the
state equation

Diy(t, &) = Aey(t,€) + u(t,€), in (0,T] x D,
y(t,€) =0, on (0,7] x 9D, (3.2.1)

y(0,€) = x0(&), Dyy(0,€) = 21(€), in D.

We want to minimze the cost

T
_ 2 2 u 2
J(u) = /0 /D (Vey(t, ) + yo(t, ©)F + [ult, €) 2dde

(3.2.2)
+ [ IVeT.OP + (T ) Plde.
D
Setting y(t) = y(t,-), u(t) = u(t,-), we write (3.2.1) as
{ y'(t) = Ay(t) + u(t)
(3.2.3)
y(0) = zo, y'(0) = 21,

where A is defined by (3.1.2). Now, setting y/(t) = z(¢), Y (t) = < y(t) > ,

and X = < io > , we reduce the problem to a first order problem
1

Y'(t) = AY (t) + Bu(t)
(3.2.4)
{ Y(0) =X,
where 01
A=)
and
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Thus
D(A) = (H*(D) ® Hy(D)) & Hy (D),

and A generates a strongly continuous semigroup of contractions on H (°)
given by:

cos( V—At) “— sin(v —At)
oA — (3.2.5)
—V/—A sin( V/-A t) cos( V—At).

By cos( v—At) and sin( v/—A t)) we mean the linear operators
cos( V—At)er = cos(t \/ Ap)ek, sin( V—A t)er =sin(t \/Ar)ex, k € N,

Finally the cost can be written as

i

/ / DI + u(®) Bapldt + V(D (3.26)

By Theorem 1.3.3 there exists a unique optimal pair (u*, y*).

Finally we can show that (A, B) is C—stabilizable. For this we shall fulfill
the conditions of Example 2.1.2(iii) by proving that for all a < /)¢ the
condition (2.1.6) holds. We have in fact, by a direct computation

MA—20BB) _ ~ta ( cos(EQt) + % sin(Et) L sin(Et) >
QLB Gin(Et) — % sin(Bt) + cos(Bt)
(3.2.7)
where £ = v—A — a?1, so that (2.1.6) is fulfilled.

3.3 Boundary control problems

Let us consider the following state equation
y(t,0) = uo(t), y(t,1) = ui(t), on (0,77, (3.3.1)

y(0,§) = z(£), in D.

Here the control is given on the boundary of D.

®See e.g. J.L. Lions and E. Magenes, Problémes auz limites non homogénes et applica-
tions, Dunod, (1968).
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We want to minimize the cost
T /1 T 1
= [ [Cworade+ [ (u®F + P+ [ .o
(3.3.2)
In order to reduce this problem to the standard form (1.1.1), it is convenient
to introduce the Dirichlet mapping

(5 : RQ — L2<0, 1), (040,041) — 5(@0,@1),

where
§(ap, a1)(§) = (1 — ag)§ + ap.

Notice that d(ag, 1) is the unique harmonic function on [0, 1] that holds ag
at {0} and a; at {1}.

Let us now proceed formally by setting
2(t,€) = y(t, &) — 0(uo(t), ua(t))
= y(t,€) — (ua(t) —uo(t))§ —uo(t), & €1[0,1},2 >0,
so that z(t,0) = z(t,1) = 0. Then
Dyz(t,€) = Dyy(t,€) — 0u'(t),
where u(t) = (uo(t),u1(t)), and we can write problem (3.3.1) as
Dy2(t,€) = DEz(t,€) — ou'(t), in (0,T] x [0,1],

z(t,0) = z(t,1) = 0, on (0,77, (3.3.3)

y(0,§) = x(£), in D.

Now this problem can be written in the abstract form
2(t) = Az(t) — ou/(¢),
2(0) = z(t,1) = x — ou(0),

where A denotes the operator (3.1.2) (with D = [0,1]). Using the variation
of constants formula we find

2(t) = ez — du — te(t_S)A u'(s)ds
() = ¢4 = du(0) = [ =50 (s)as.
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and, integrating by parts, we find (always formally),
t
y(t) = eta — / Ae =) A5u(s)ds. (3.3.4)
0

We show now that this formula is meaningful.
Notice that for any s € [0, 7], the function of £

du(s)(€) = (u1(s) — uo(s))€ + uo(s),

is obviously of class C°°; however does not belong to the domain of A since
does not vanishes at 0 and 1. One can show however that (%)

du(s) € D((—A)%), Vs>0, e€[0,1/4).
This implies that, for a suitable constant ¢ > 0 we have

|Aet=3)45u(s)| < 5 >8>0,

~(t-s)

with p < 3/4, so that formula (3.3.4) is meaningful.
Equation (3.3.4) can be considered as the mild form of the state equation

y'(t) = Ay(t) — Adu(t), t > 0,
(3.3.5)
y(0) =z € H,

so that B = —AJ. This is not meaningful because the intersection of the
range of 6 with the domain of A is {0}. However one is able to give a meaning
to the Riccati equation by writing

B = (~A)(-A)8] = (—4)' 76,

where v € (0,1/4) and consequently the operator d, is bounded. In this way
the term PBB*P can be written as

P(—A)'76,8%[P(— A) ).

Now the idea is to try to write an equation for P(—A)!77.
To go further see the books quoted in the preface.

5See e.g. J.L. Lions and E. Magenes, Problémes auz limites non homogénes et applica-
tions, Dunod, (1968).
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APPENDICES

A Linear Semigroups Theory

In all this appendix X represents a complex Banach space (norm |- ), and
L(X) the Banach algebra of all linear bounded operators from X into X
endowed with the sup norm:

|T|| = sup{|Tz|: =z € X, |z| <1}.

A.1 Some preliminaries on spectral theory

Let A: D(A) C X — X be a linear closed operator. We say that A € C
belongs to the resolvent set p(A) of A if A — A is bijective e and (A — A)~! €
L(X); in this case the operator R(\, A) := (A — A)~! is called the resolvent
of A at A\. The complementary set o(A) of p(A) is called the spectrum of A.

Example A.1.1 Let X = C([0,1]) be the Banach space of all continuous
functions on [0, 1] endowed with the sup norm, and let C*(]0,1]) be the
subspace of C([0,1]) of all functions u that continuously differentiable. Let
us consider the two following linear operators on X :

D(A) = C*([0,1]), Au=u',Yuec D(A),
D(B) = {u € C*([0,1]); u(0) =0}, Bu=4' Yuc D(B).

We have
p(A) =10, o(A) =C.

In fact, given A € C, the mapping A — A is not injective since, for all ¢ € C
the function u(¢) = ce* belongs to D(A) and (A — A)u = 0.
For as the operator B is concerned, we have

p(B)=C, o(A) = 0.

and

3
(RN, B)f)(€) = — /0 HAEM f()dn, Y X e C,V f € X,V € €[0,1].

In fact A € p(B) if and only if the problem
Au(§) —u'(§) = f(£)

u(0) =0
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has a unique solution f € X.
Let us prove the important resolvent identity.

Proposition A.1.2 If A\, u € p(A) we have
R(MNA)—R(p, A) = (u—NR(N, A)R(p, A) (A.1.1)
Proof. For all z € X we have
(L—=ANRNAzrx=(pn—-—A+A—-NRNA)z=(u—ARNA)z—=2
Applying R(u, A) to both sides of the above identity, we find
(u—ANR(u, A) R\, A)x = R(\, A)x — R(u, A)z
and the conclusion follows. [J

Proposition A.1.3 Let A be a closed operator. Let \g € p(A), and |\ —
o] < ||R(>\t,A)||' Then X € p(A) and

RO\, A) = RO, A) (1 + (A — Ag)R(Ao, A)) ! (A.1.2)

Thus p(A) is open and o(A) is closed. Moreover

= (=D = X)"RF (N, 4), (A.1.3)
k=1

and so R(\, A) is analytic on p(A).
Proof. The equation Az — Az = y is equivalent to
A=)z + (Ao — A)x =y,
and, setting z = (A\g — A)z, to
24+ (A= X)R(N, A)z = y.
Since [|[(A — Ao)R(Xo, A)|| < 1 it follows
2= (14+ (A = o)R(, A)) "y,

that yields the conclusion. [
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A.2 Strongly continuous semigroups

A strongly continuous semigroup on X is a mapping T": [0,00) — L(X), t —
T'(t) such that

(i) T(t+s)=T(t)T(s),¥Yt,s >0, T(0) =1.
(ii) T'(-)z is continuous for all z € X.

Remark A.2.1 ||T'(-)|| is locally bounded by the uniform boundedness the-
orem.

The infinitesimal generator A of T'(+) is defined by

D(A) = {x € X:3 lim Ahx}
h—0+
(A.2.1)

Ar = lim Az,
h—0+

where TR _ T
Ay, = L, h > 0.
h
Proposition A.2.2 D(A) is dense in X.

Proof. For all x € H and a > 0 we set

xa:l / T(s)xds.
0

a

Since lim, 0 2, = x, it is enough to show that x, € D(A). We have in fact
for any h € (0,a),

1 a+h h
Apzrg = — [/ T(s)xds —/ T(s)xds} ,
ah a 0

and, consequently x, € D(A) since
lim Apzq = Agx.
h—0

O

Exercise A.2.3 Prove that D(A?) is dense in X.
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We now study the derivability of the semigroup 7T'(¢). Let us first notice
that, since
AT (t)x = T(t)Ahl‘,

if v € D(A) then T'(t)z € D(A),Yt >0 and AT (t)x = T(t)Ax.

Proposition A.2.4 Assume that x € D(A), then T(-)x is differentiable

Vit>0 and
d

pr T(t)r = AT (t)x = T(t)Ax (A.2.2)
Proof. Let tg > 0 be fixed and let A > 0. Then we have
T(to + h)a: — T(to)l’
h
This shows that T'(-)z is right differentiable at ¢y. Let us show left differen-
tiability, assuming ¢y > 0. For h €]0, o[ we have

T(to — h)x — T(tg)x
h
since || 7'(t)| is locally bounded by Remark A.2.1. O

= ART(to)z "=° AT (to)2.

= T(to — h)Ah:C h:>0 T(to)AZC,

Proposition A.2.5 A is a closed operator.
Proof. Let (z,) C D(A), and let z,y € X be such that
Tp — T, ATp =1yYp — Y

Then we have

1 h
Apan = / T(t)yndt.
h Jo

As h — 0 we get x € D(A) and y = Az, so that A is closed. [J
We end this section by studying the asymptotic behaviour of T'(-). We
define the type of T'(-) as

I T(t
oo — iuf LB 17O
t>0 t

Clearly wp € [—00, +00).
Proposition A.2.6 We have

o i JoBITOI

A23
Jim —— (A.2.3)
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Proof. It is enough to show that

1 T(t
t—o0 t
Let € > 0 and £, > 0 be such that

log [ T'(t.)|l

< wp + €.
le

Set
t =n(t)t.: +r(t), n(t) € N,r(t) € [0,t.).

Since || T'(+)|| is locally bounded, there exists M. > 0 such that

1T < Me, t € [0,t].

We have
log 7)) _ log [ T(t)"OT(r(1)
t t
_ n(t) log |17 (t)]| +log [T(re)] _ 108 IT ()l + 53
< n(t)t + r(t) - .4 1

n(t)

As t — 400, we obtain

i sup PEITO _ oz | 7(0:)]

t—o0 t - ts

<wg +e.

O

Corollary A.2.7 Let T be of type wo. Then for all e > 0 there exists No > 1

such that
IT(t)]| < Nee@oF) vt >0

Proof. Let t.,n(t),r(t) as in the previous proof. Then we have

T < ITE"ONT(r(0))]] < e OrIng,, < My et

and the conclusion follows.[]

(A.2.4)

In what follows we shall denote by G(M,w) the set of all strongly con-

tinuous semigroups 7' such that

1T < Me*',t >0
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Example A.2.8 Let X = LP(R),p > 1, (T(t)f)(&) = f(§ — 1), f € LP(R).
Then we have ||T'(t)|| = 1 and so wy = 0.

Example A.2.9 Let X = LP(0,7),T > 0,p > 1, and let

(TW)F)(E) = { Je-n Heeln)

Then we have T'(t) = 0 if t > T and so wg = —o0.

Exercise A.2.10 Let A € L(X) compact and let {\; };en be its eigenvalues.
Set T'(t) = e*A. Then we have

wo =sup Re \;.
ieN

A.3 The Hille-Yosida theorem

We assume here that T' € G(M,w). We denote by A its infinitesimal gener-
ator.

Proposition A.3.1 We have

p(A) D{A e C Re X >w} (A.3.1)
R(XN Ay —/ e MT(t)ydt, y € X, Re A > w (A.3.2)
0

Proof. Set
Y={AeC; Rel>w}

FA\y = / e MT(t)ydt, y € X, Re A > w.
0

This is meaningful since T' € G(M,w). We have to show that, given A € ¥

and y € X the equation Ax — Ax = y has a unique solution given by =z =
F(\)y.

Existence

Let A € ¥,y € X, x = F(\)y. Then we have

1 1 h
Apz = —(eM— 1)z — —e>‘h/ e MT(t)ydt
h h 0
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and so, as h — 0,
lim Apz =X —y = Ax
h—0+
that is x is a solution of the equation Ax — Ax = y.
Uniqueness

Let z € D(A) be a solution of the equation Az — Az = y. Then we have

/ NI — An)dt = A [ e MT(t)dt
0 0

d
—\t
— —T(t)xdt =
| e g =,
so that x = F(\)y.

We are now going to prove the Hille—Yosida theorem.

Theorem A.3.2 Let A: D(A) C X — X be a closed operator. Then A is
the infinitesimal generator of a strongly continuous semigroup belonging to
G(M,w) if and only if

(1) p(A) D{AeR; A >w}
(@) RN A < 25w YneNVYA>w (A.3.3)

(tit) D(A) is dense in X.

Given a linear operator A fulfilling (A.3.3) it is convenient to introduce a
sequence of linear operators (called the Yosida approximations of A). They

are defined as
A, =nAR(n,A) =n’R(n,A) —n (A.3.4)

Lemma A.3.3 We have

lim nR(n,A)z =z, Yz € X, (A.3.5)
and
lim A,z = Az, Yz € D(A). (A.3.6)
n—oo
Proof. Since D(A) is dense in X and ||[nR(n, A)|| < T]L\/[TZ, to prove (A.3.5)

it is enough to show that.

lim nR(n,A)z =z, Yz e D(A).

n—oo
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In fact for any € D(A) we have

[nR(n, )z — 2| = |R(n, A) Az| < ———|Aa],
n—w

and the conclusion follows.
Finally if z € D(A) we have

Apz =nR(n,A)Ax — Ax,

and (A.3.6) follows.[J

Proof of Theorem A.3.2. Necessity. (i) follows from Proposition
A.3.1 and (iii) from Proposition A.2.2. Let us show (ii). Let k¥ € N and
A > w. It follows

dk [e's)
o B Ay —/ (—t)*e NT(t)ydt, y € X,
0

from which
dk
=

that yields the conclusion.

R(\, A) H < M/ the= Mt gy

Sufficiency.
Step 1. We have

et || < Men-s, VneN. (A.3.7)

In fact, by the identity

e — gt () _ e 3 PR (0, 4)

e e e X ,

k=0

it follows
n2kk

tA M —nt§ :
n <
e ‘ (n —w)kk!

Step 2. There exists C' > 0 such that, for all m,n > 2w, and z € D(A?),

[m —n|

(m—w)(n—w)

|etAn g — etAmz| < Ct | A%z (A.3.8)
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Setting u,(t) = et4nx, we have
%(un(t) = um(t)) = An(un(t) — um(t)) — (Am — An)um(t)
= Ay (tn(t) — um(t)) — (n — m)AZR(m, A)R(n, A)tn,(t).
It follows

U (1) — um(t) = (n — m)A2R(m, A)R(n, A) /O =D Any, (s

t
=(n— m)R(m,A)R(n,A)/ elt=9)AnesAm A2y,
0

Step 3. For all x € X there exists the limit

lim ey = T(t)x (A.3.9)

n—oo
and T : [0,00) — L(X),t — T(t) is strongly continuous.
From the second step it follows that the sequence (uy(t) is Cauchy, uni-
formly in ¢ on compact subsets of [0, 4+oc, for all # € D(A?). Since D(A?)

is dense in X (see Exercise A.2.3) this holds for all x € X. Finally it is easy
to check that T'(+) is strongly continuous.

Step 4. If z € D(A), then T'(-)x is differentiable and

d
yn T(t)xr =T(t)Ax = AT (t)x.

In fact let z € D(A), and vy, (t) = Su,(t). Then
Un(t) = e A

Since x € D(A) there exists the limit

lim v, (t) = e Az.
This implies that u is differentiable and u/(¢) = v(¢) so that u € C'*([0, +00); X).
Moreover
A(nR(n, A)u,(t)) = ul (t) — v(t).
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Since A is closed and nR(n, A)u,(t) — u(t) it follows that u(t) € D(A) and
u'(t) = Au(t).

Step 5. A is the infinitesimal generator of T°(-).

Let B be the infinitesimal generator of T'(-). By Step 4 B D A (7). It is
enough to show that if z € D(B) then z € D(A). Let = € D(B), Ay > w,
setting z = A\gx — Bx we have

zZ = ()\0 — A)R()\(), A)Z
= )\oR()\o,A)Z — BR(Ao,A)Z = ()\0 — B)R()\o, A)z
Thus z = R(\o, B)z = R(X\g, A)z € D(A).O0

Remark A.3.4 To use the Hille-Yosida theorem requires to check infinite
conditions. However if M = 1 it is enough to ask (ii) only for n = 1. In such
acase T € G(1,w). If w < 0 we say that T'(-) is a contraction semigroup.

Example A.3.5 Let X = Cy(]0,7]) the Banach space of all continuous
functions in [0, 7] that vanish at 0 and 7. Let A be the linear operator in X

defined as
D(A) = {y € C*([0,7]);y(0) = y"(0) = y(r) = y"(m) = 0}
Ay =1vy", Vy e D(A)

It is easy to check that o(A) = {—n? n € N}. Moreover any element of
o(A) is a simple eigenvalue whose corresponding eigenvector is given by

©on(€) =sin n&, ¥Yn eN.
We have
A(p” = _n2<pn

Moreover if A € p(A) and f € Cp([0,7]) , w = R(A, A) f is the solution of the
problem

"That is D(B) D D(A) and Az = Bz V = € D(A)
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By a direct verification we find

ue) = 20 [ bl )
(A.3.10)
sin ™ — £
+ J?th(( \/Xf))] /O sinh[V/An] f (n)dn.
From (A.3.10) it follows that
1RO, A)|| < % WA 0. (A3.11)

Therefore the assumptions of the Hille-Yosida theorem are fulfilled.

A.4 Cauchy problem

Let A € G(M,w), and let T'(-) be the semigroup generated by A.
We are here concerned with the following problem

u'(t) = Au(t) + g(t), t € [0, T
(A.4.1)
u(0) =z,

where x € H and g € C([0,T]; X).
We say that w: [0,7] — X is a strict solution of problem (A.4.1) if

(i) u e CL([0,T]; X).
(i) u(t) € D(A),Vte0,T].
(ili) ' (t) = Au(t) + g(t), Vt € [0,T], u(0) =«
We first cosider the homogeneous problem
u'(t) = Au(t), t € [0, T
(A.4.2)
u(0) = =z,

Theorem A.4.1 Let x € D(A). Then problem (A.4.2) has a unique strict
solution given by u(t) = T(t)x.



Linear Quadratic Control Theory for Infinite Dimensional Systems 101

Proof. Existence follows from the Hille-Yosida theorem. Let us prove
uniqueness. Let v be a strict solution of (A4.4.2). Let us fix ¢ > 0 and set

f(s)=T(t—s)v(s), se€]lo,t].

f(s) is differentiable for s € [0,t), since

%(f(s LR = f(s) = %(T(t s h)u(s 4 h) — Tt — $)u(s))

v(s+h) —v(s)

; (A.4.3)

+ T(t—s—h)

T(t—s—h)v(s)—T(t— s)v(s)‘

As h — 0 we find
f'(s) = T(t—s)v'(s) =T'(t - s)u(s)
= T(t—s)Av(s) — AT(t — s)v(s) = 0.

Therefore f is costant and T'(t)z = v(t). O
We now consider problem (A.4.1).

Theorem A.4.2 Let z € D(A) and g € CY([0,T); X). Then there is a
unique strict solution u(-) di (A.4.1) given by

u(t) =T(t)x + /0 T(t— s)g(s)ds. (A4.4)

Proof. Uniqueness can be proved as in Theorem A.4.1. Let us prove exis-
tence. We shall prove that the function u(-), defined by (A.4.4) is a solution
of (A.4.1) and

u € CY([0,T]; X) N C([0,T]; D(A)).

First it is easy to check that u € C1([0,T]; X) and

() = T(t)g(0) + /0 T(t — 5)g'(s)ds. (A.4.5)
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Let us prove now that v(t) € D(A). We have in fact

1
5 (T(R)u(t) — u(t))

=3 | [ 16 mgte - s [ rute - a5

1

t+h h
o [ Tt mas =5 [ Tt - 9)as

As h — 0 we have

1
lim & (T(R)u(t) — u(t))

t (A.4.6)
— /0 T(s)g' (t — s)ds + T(t)g(0) — g(t).

From (A.4.5) and (A.4.6) it follows that u € C([0,T]; D(A)) and the conclu-
sion follows. [
Let x € H and f € C([0,T]; H). The the function u defined by

u(t) =T(t)x + /0 T(t— s)g(s)ds (A.4.7)

clearly belongs to C([0,T]; H). We say that w is a mild solution of (A.4.1).

B Contraction Principle

Let T' > 0, and let {v,} be a sequence of mappings from C,([0,T];X(H))
into itself such that

H’Yn(P) - ’Vn(Q)H < O‘HP - QH’ v P?Q € Cu([ovT];E(H))’ neN,

where « € [0,1).
Moreover assume that there exists a mapping 7 from the space Cy, ([0, T]; £(H))
into itself such that
lim ~"(P) =~™(P) in Cs([0,T]; 2(H)), (B.0.1)

n—0o0

for all P € C,([0,T];X(H)) and all m € N, where 4™ and ~,* are defined by
recurrence as

=7, YHHP) = 4(y™(P)),
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Yo = Yos W+ (P) = (9 (P)),
for m =2,3,... and P € Cs([0,T]; £(H)). It is easy to check that

[V (P) =@ < allP =@, V P,Q € Cu([0, TT]; 2(H)).

Then, by the classical Contraction Mapping Principle, there exists unique
P, and P in C,([0,T]; X(H)) such that

Yn(Py) = P, rm and 7(P) = P.
However, since we do not assume that
n(P) = (P) in C,([0,T]; S(H)

we cannot conclude that P, — P in C,([0,T];X(H), but a weaker result
holds.

Lemma B.0.3 Under the previous hypotheses on the sequence of mappings

{'Yn};
P, — Pin Cs([0,T]; X(H)).
Proof. Set
PY=0, PY=o,
and define

P™ =~™(PY), P™=~"(P%, meN.

By the classical Contraction Mapping Principle, we have

lim P =P, lim P" =P, in Cy,([0,T];S(H)), n € N.

Moreover
1P =P < > FIPO, 1Pa =PRI D o ym(PO)].
k=m k=m

Now fix z € H, then for all t € [0, 7]

[P(t)x — Pa(t)z] < [P(t)x — P™ (x| + [P™(t)x — P ()]
(B.0.2)
+ [P (t)r — Pa(t)zl.
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Given € > 0 there exists m. € N such that

> Iyl + l(PO] < (B.0.3)

k=m

l\Dlﬁ)

for all m > m,. and all n € N. By (B.0.2) and (B.0.3) it follows that
\P()z — Py(t)z] < % + |P™e (t)2 — PMe(t)z], Y t € [0,T).

Now (B.0.1) yields the conclusion. [
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Abstract

We present an introduction to the qualitative theory of nonlinear
control systems, with the main emphasis on controllability properties
of such systems. We introduce the differential geometric language of
vector fields, Lie bracket, distributions, foliations etc. One of the basic
tools is the orbit theorem of Stefan and Sussmann. We analyse the
basic controllability problems and give criteria for complete controlla-
bility, accessibility and related properties, using certain Lie algebras of
vector fields defined by the system. A problem of path approximation
is considered as an application of the developed theory. We illustrate
our considerations with examples of simple systems or systems appear-
ing in applications. The notes start from an elementary level and are

self-contained.
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1 Controllability and Lie bracket

Controllability properties of a control system are properties related to the
following questions. (Q1) Can the system be steered from a given initial
state xg to a given final state 217 (Q2) Can this be done for any pair of
initial and final states? (Q3) How large is the set of points to which the
system can be steered from a given initial state xo? (Q4) Which trajectories
of the system are realizable and how do we find controls realizing them?

Such questions can be motivated by practical problems and they are
basic for any qualitative study of control systems. Our aim in these lectures
will be to develop tools which will enable us to answer such questions and
to understand qualitative properties of nonlinear control systems. We will
see that for a large class of problems a control system can be represented by
a family of vector fields (dynamical systems). The qualitative properties of
the control system depend on the properties of the vector fields (dynamical
systems) and interactions between them. The basic tool which will enable
us to understand the interactions between different vector fields will be the
Lie bracket.

1.1 Control systems and controllability problems

By a control system we shall mean a system of the form
X T = f(l‘a u),

where x, called state of 3, takes values in an open subset X of IR" (or in a
differentiable manifold X of dimension n) and u, called control, takes values
in a set U. We call X the state space of the system and U the control set.
When the control w is fixed the system equation & = f(x,u) defines a single
dynamical system. Thus, the control system > can be viewed as a collection
of dynamical systems parametrized by the control as parameter. We will see
later that this interpretation is fruitful.

Example 1.1 Boat on a lake. Consider a motor boat on a lake. We can
choose some coordinate system in which the lake is identified with a subset X
of IR? and the state of the boat with a point 2 = (21, 22) € X. The simplest
mathematical model of the motion of the boat is the following control system

r=u
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where the control u = (u1, u2) is the velocity vector which belongs to the set
U={uecR?: ||jul| <m}, where ||u| = \/u? + u3 is the norm of u and m is
the maximal possible velocity of the boat.

A different version of the problem is obtained if we consider a motor boat
(or a rowing boat) on a river. Then the set of velocities of the boat F(x)
depends on the current of the river at this point. This means that in our
model we have to change the equation & = u for

= f(x) + u,

where the control u is in the set U = {u € R? : ||lu|| < m} and f(z) denotes
the velocity vector of the current of the river at the point x. We could
also keep the equation # = u and choose the control set U(z) = f(x) + U
depending on = (we will usually try to avoid the latter possibility as more
complicated). Clearly, if the set of available velocities F(z) = f(z) + U
contains 0 in its interior then the boat can be steered from any initial position
to any final position if we use enough time.

Example 1.2 Sailing boat. A more interesting system is obtained when
the boat is a sailing boat. Assuming that the wind is stable (of constant
direction and force) we can model the motion of the boat on a lake by the
equation

&= wv(0),

where 0 is the angle of the axis of the boat with respect to the wind. The
angle 6 is treated as control and takes values in the set U = (a, 27 — «),
where « is the minimal angle with which the boat can sail against the wind.
The velocity v, as a function of 6, depends on the characteristics of the
boat related to the wind and it usually looks like in Figure 1 (a). An inter-
esting problem for a sailor appears when the target is placed in the “dead
cone” of the boat, when we look at it from the starting point. In that case
sailing consists of a series of tacks chosen in such a way that the target is
reached even if it is placed in the dead cone. In fact, sailing against the
wind can be restricted to using only two values of the control 0 = £0,,
where 6,,; maximizes the parallel to the wind component of v(#) (directed
against the wind). In this case the system reduces to two dynamical systems
with two available velocities v = v(0yt) and v~ = v(—0,yt). By changing
the tacks (Figure 1 (b)) with the time spent for each (left and right) tack
proportional, respectively, to constants A and A_ (where Ay + A_ = 1) the
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|
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Figure 1

sailing boat changes its position as it was sailing with the average velocity
Vav = AV (Oopt) + A—v(—=0Oopt).

The observation of the above example can be generalized to the following
informal (but intuitively plausible)

Conclusion (principle of convezification). In analysing controllability
properties of systems ¥ we can replace the set of available velocities F'(x) =
{f(z,u) : w € U} by its convex hull, the trajectories of the convexified
system can be approximated (in C° topology) by the trajectories of the
original system. In particular, if

0 € intco F'(x)

for all z € X, then the system is completely controllable (any state can be
reached from any other state).

Example 1.3 Car parking I. Suppose we would like to unpark our car
blocked by two other cars parked on the side of the street (Figure 2 (a)).
The simplest but not always applicable strategy is to use a series of moves
that gradually turn the car until it points to the free part of the street
(Figure 2 (b)).

We use the following mathematical model of our problem. We let z;
and xo denote the Fuclidean coordinates of the geometric center of the back
axle of the car and ¢ will denote the angle between the axis of the car
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and the zi-axis. We assume that the street is parallel to the xi-axis. It is
enough to consider movements with two extreme positions of the steering
wheel. If we assume that the car moves with a constant angular velocity
+b then the velocity of the center of the rear axle moves along a circle (at
each position of the steering wheel). The kinematic movements of the car
in coordinates x = (x1,x1,¢) can be described by the following two vector
fields on R? x (—7,7) C R?

f=(rcosg,rsing,b)l, g= (rcose,rsinep, —b)’,

where r is a constant. Our strategy is to use a series of short moves (with
equal length) where we interchange moving forwards with the leftmost po-
sition of the steering wheel (the vector field f) and moving backwards with
the rightmost position of the steering wheel (the vector field —g). Intu-
itively, the overall movement should be approximately described by the
vector which is a linear combination of the vectors f and —g. We have
(1/2)f —(1/2)g = (0,0,b) which suggests that our series of movements can
be approximated by a pure turn.

Xz x?_ "2

\
t
(a) (b) ()

Figure 2

We shall later show that our approximation is justified by a suitable
mathematical result (Proposition 1.8). The above strategy cannot be used
if the cars are approximately rectangular and the blocking cars are parked
very close to our car (then their geometry will not allow for the turn of our
car). In this case we have to use a more sophisticated strategy (Example
1.10) based on the notion of Lie bracket of vector fields. This strategy allows,
approximately, to drive our car almost parallel in the direction perpendicular
to the street (Figure 2 (c)).

In fact, we shall be able to show later the following much stronger con-
trollability property of the car. “Given € > 0 and any compact curve in the



Geometric Nonlinear Control 115

state space X = {(z1, 22, ¢) € IR? x S}, there exist admissible moves of the
car which approximately follow the curve. More precisely, they bring it from
the initial position of the curve to the final position of the curve and the car
is never at a distance (in the state space) larger than e from the curve.”

1.2 Vector fields and flows

Let X denote an open subset of R", possibly equal to IR" (the reader familiar
with the theory of differentiable manifolds may assume from the beginning
that X is a manifold). We denote by 7, X the space of tangent vectors to X
at the point p. In the case where X is an open subset of IR" one can identify
T, X with IR™ (this identification depends on the coordinate system).

A wector field on X is a mapping

X3p— flp) € T,X

which assigns a tangent vector at p to any point p in X (Figure 3). An
analogous mapping defined on an open subset of X, only, will be called
partial vector field. In a given system of coordinates f can be expressed as
a column vector

f: (fl""7fn)T’

where stands for transposition. We say that f is of class C* if its com-
ponents are of class C*.

wpm

R

—a
—
——

7”7
“
e

Figure 3

We shall usually assume that the vector fields considered here are of
class C°. The space of such vector fields forms a linear space (with natural,
pointwise operations of summation and multiplication by numbers) denoted
by V(X).

For any vector field (or partial vector field) f we can write the differential
equation

= f(z).
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From theorems on existence of solutions of ordinary differential equations it
follows that, if f is of class C*¥ and k > 1, then for any initial point p in the
domain of f there is an open interval I containing zero and a differentiable
curve t — z(t) = v(p), t € I, which satisfies the above equation and z(0) =
Yo (p) = p. If f is of class C*°, then from elementary properties of differential
equations it follows that the map

(t,p) — n(p)

is also of class C*° and is well defined on a maximal open subset of IR x X.
The resulted family 4 of local maps of X (Figure 4), called the local flow or
simply the flow of the vector field f, has the following group type properties
(“o” denotes composition of maps)

Viy © Vs = Verttas V-t = ()Y, 7o =id. (1)

If the solution 7:(p) is well defined for all £ € R and p € X, then the

e

T T——

Figure 4

vector field f is called complete and its flow forms a one parameter group
of (global) diffeomorphisms of X. Any one parameter family of maps which
satisfies conditions (1) defines a unique vector field through the formula

0

f(p) = ),y

1:(p),
and the flow of this vector field coincides with ~;.

We shall denote the local flow of a vector field f by ’ytf or by exp(tf). A
reason for the latter notation will become clear later.
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Example 1.4 The linear vector field f(z) = Ax is complete and the cor-

responding flow is the one-parameter group of linear transformations p —
At

e'p, i.e.

At
Tt=€,

)
Where eAt — Zl>0 Azi_'

1.3 Lie bracket and its properties

A nonlinear control system can be considered as a collection of dynamical
systems (vector fields) parametrized by a parameter called control. It is
natural to expect that basic properties of such a system depend on intercon-
nections between the different dynamical systems corresponding to different
controls. We represent our dynamical systems by vector fields as this allows
us to perform algebraic operations on them such as taking linear combina-
tions and a taking a product called Lie bracket. It is the Lie product which
allows studying interconnections between different dynamical systems in a
coordinate independent way.

The Lie bracket of two vector fields is another vector field which, roughly
speaking, measures noncommutativeness of the flows of both vector fields.
Noncommutativeness means here dependence of the result of applying the
flows on the order of applying these flows. This remark, as well as the
definition of Lie bracket is made precise below.

There are three equivalent definitions of Lie bracket and each of them will
be useful to us later. We start with the easiest (but coordinate dependent)
definition in IR™. Let X C R", and let f and g be vector fields on X. The
Lie bracket of f and g is another vector field on X defined as follows

.60) = 22(0) 1) ~ 2L @)oo, )

where 0f/0x and 0g/0x denote the Jacobi matrices of f and g. We will call
this the Jacobian definition of Lie bracket.

Example 1.5 For the vector fields f = (1,0)” and g = (0,21)” on IR" one
easily finds that [f, g] = (0,1)7. Note that the Lie bracket of f and g adds
a new direction to the space spanned by f and g at the origin.

Let f = b be a constant vector field and g = Ax be a linear vector field.
Then [f, g] = [b, Az] = Ab— 0 = Ab. Similar trivial calculations show that
the following holds.
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Proposition 1.6 The Lie bracket of two constant vector fields is zero. The
Lie bracket of a constant vector field with a linear vector field is a constant
vector field. Finally, the Lie bracket of two linear vector fields is a linear
vector field.

The basic geometric properties of Lie bracket are stated in the following
propositions. The first one says that vanishing of Lie bracket [f, g] is equiv-
alent to the fact that starting from a point p and going along trajectory of
f for time t and then along trajectory of g for time s gives always the same
result as with the order of taking f and g reversed (Figure 5).

Figure 5

Proposition 1.7 The Lie bracket of vector fields f and g is equal identically
to zero if and only if their flows commute, i.e.

[f,9]=0 <= ~Aforip)=190r/(p) Vs teR,VWpe X,

where the equality on the right should be satisfied for those s,t and p for
which both sides are well defined.

Proof. To prove the implication “<=" it is enough to note that by computing
the partial derivatives (0/0t)(0/0s) at t = s = 0 of the left side of the
equality fyf ovd(p) = 9o 'yf (p) and the same partial derivatives (but in
reverse order) of the right side gives the equality (0f/0x)g = (9g/0x)f.

The converse implication will be shown after Proposition 1.13. [ |

Two vector fields having the property of Proposition 1.7 will be called
commuting.

Proposition 1.8 Let us fixt a p € X and consider the curve (Figure 6)

a(t) =~ 097, 0f oy (p).
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Figure 6

Then we have that its first derivative at zero vanishes, o/(0) = 0 and the
second derivative is given by the Lie bracket:

a”(0) = 2[f, g](p).

The above means that, after a reparametrization, the tangent vector at
zero to the curve ¢t — a(t) is equal to 2[f, g](p) (see Figure 6). This implies
that the points attainable from p by means of the vector fields f and g lie
not only in the “directions” f(p) and g(p), but also in the “direction” of
the Lie bracket [f, g](p). This fact will be of basic importance for studying
controllability properties of nonlinear control systems.

The proof of the above proposition is omitted and follows from a more
general fact proved in Section 4 (see also Spivak [Sp|, page 224). Note that
the formula in Proposition 1.8 can be used for defining the Lie bracket [f, g].

Proposition 1.9 Suppose we are given two vector fields f and g on X and
a point p € X and let A1, Ao be real constants. Define the following (local)
diffeomorphisms of X

¢t = vflt oV, =770 v ionfond.

Then the families of curves (Figure 7)

ar(t) = ¢yp oo dyp(p), k-times
Be(t) =ty o otyk(p), Kk-times

converge to the trajectories of the vector fields A1 f + Aog and [f, g], respec-
tively. More precisely, we have the convergence

A1 f+)\29(
t

ag(t) — p), and [Bi(t) — *yg’g} (p) as k — oo.
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Figure 7

We will not prove this proposition here, sending the reader to Section 4.
However, the reader should find the first property about the convergence
of oy, intuitively clear (compare the principle of convexification from Sec-
tion 1.1). Namely, the movement which jumps sufficiently often between
trajectories of two vector fields (and the time spent for these vector fields
is proportional to some weights) follows, approximately, a trajectory of the
linear combination of these vector fields (with the same weights). This prop-
erty is used, for example, by sailors passing through narrow rivers or canals.
A sailing boat can go against the wind only with certain minimal positive
or negative angle (Example 1.2). But, even if the direction of the canal is in
the “dead” cone and the boat cannot go straight in this direction, the sailor
tacks sufficiently often spending suitable amount of time for the left and the
right tacks to reach the desired direction.

The property of convergence of (; can be illustrated by the following
example.

Example 1.10 Car parking II. Suppose the strategy of turning the car in
Example 1.3 is inadmissible because the blocking cars are too close. There
is a better strategy for unparking which works in any situation. Namely, we
use repeatedly the following series of 4 moves: LF, RF, LB, RB, where “L”
and “R” stand for the leftmost and rightmost positions of the steering wheel
while “F” and “B” stand for forward and backward motions. This means
that our strategy is precisely the zig-zaging strategy described by fi(t) in
Proposition 1.9. Therefore, the resulting movement follows approximately
the Lie bracket of the vector fields

f=(rcos,rsing,b)T, g=(rcos¢,rsing, —b)T.
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We compute

0 0 —rsing 0 0 —rsing
of 9g
— =10 0 rcos¢ and ===|0 0 rcos¢
ox ox

0 0 0 0 0 0

and the Lie bracket of f and g equals to

[f, g] = 2br(— sin ¢, cos ¢, O)T.

In particular, at ¢ = 0 we have that
(£, 9] = (0,2br,0)T.

The zig-zaging strategy produces movement approximating the trajectory
of the Lie bracket [f,g], that is the movement keeping the axis of the car
approximately constant (¢ = 0) and changing its xs-coordinate only (Fig-
ure 2 (c)). This means that we should be able to unpark the car no matter
how close the other cars are.

1.4 Coordinate changes and Lie bracket

To study what happens with vector fields and flows under coordinate changes
let us consider a global diffeomorphism ® : X — X (or a partial diffeomor-
phism i.e. a diffeomorphism between two open subsets of X). As tangent

£(a) d$(q)f(q)

_———

)] 9= ¢'tp

Figure 8

vectors are transformed through the Jacobian map of a diffeomorphism, our
diffeomorphism defines the following transformation of a vector field f (see
Figure 8)

Ads(f)(p) = D®(q) f(a), a=27(p),
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where D® denotes the tangent map of ® (Jacobian mapping of ® repre-
sented, in coordinates, by the Jacobi matrix 0®/dz). Another commonly
used notation for the linear operator on V(X)) corresponding to the change
of coordinates ® is

O, f = Ads.

Note that the coordinate change p = ®(q) transforms the differential
equation p = f(p) into the equation ¢ = f(q) where f = Adg f.

If ® is a global diffeomorphism of X, then the operation Adg is a lin-
ear operator on the space of vector fields on X, i.e. Adg(Afi1 + Aafa) =
AMAds(f1) +A2Ads(f2). Additionally, if ¥ is another global diffeomorphism
of X, then

Adgow(f) = AdeAdy(f),

where “o” denotes composition of maps.
For further reference we state the following fact.

Proposition 1.11 Consider the vector field Ade(f). The local flow of this
vector field is given by
oy = CI)Ofyto@_l.

Proof. 1t is easy to see that oy satisfies the group conditions (1) and we have

0

5l 2007 (®) = DR(TI(R) F(@7I () = (AduS)®)

It is not immediately clear from the definition of Lie bracket in Section
1.3 that so defined [f,g] is a vector field, that is, it is transformed with
coordinate changes like a vector field. There are also other disadvantages
of this definition which are not shared by the following geometric definition
of Lie bracket. We define the Lie bracket of f and g as the derivative with
respect to t, at ¢ = 0, of the vector field g transformed by the flow of the
field f. More precisely, we define (Figure 9)

0

1,90) = 2DV ) 90 () = S(Ad s ). (3)

Let us check that this definition coincides with the Jacobian definition
from Section 1.3. By taking the partial derivative 0/0t at ¢t = 0 and taking
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43, Py a( ¥ (m)

Figure 9

into account that 'yf = id and 7(}; (p) = p we find that the above definition,
where t appears three times, gives

(a4 | oo,

£, 9)(p) = (D % t:O'Y—t) (P)g(p)+ % P
where we interchanged the order of taking the tangent map “D” (which is a
matrix of partial derivatives with respect to the coordinates) and the partial
derivative 0/0t in the first expression. The first term gives —D f(p)g(p), the
second is equal to zero, and the third equals to Dg(p) f(p), which means that
this definition coincides with the previous one.

It follows from the second definition of Lie bracket that [f, g] transforms
with coordinate changes like a vector field, that is via the Jacobi matrix
of the coordinate change. Namely, we have the following basic property of
equivariance of Lie bracket with coordinate changes.

Proposition 1.12 If ® is a (partial or global) diffeomorphism of X then

[Ade f, Adeg] = Ads|f, g].

Proof. As we have established earlier, the flow of the vector field Ade f is
equal to oy = ® o %f o ®~!. Thus, applying the geometric definition of Lie
bracket gives

0
[Ade f, Adeg](p) = ot t_O(Ad¢°7ft°@71Ad¢g) (p)

0 0
= 5 tZO(AdcpAdﬁtAd@_lAdq;g)(p) =2 tZO(Adq)Ad{t 9)(p) = Ads[f, g].
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From the geometric definition of Lie bracket we deduce the following
relation. Note that Ad,yf f=f
t

Proposition 1.13 We have

0

SiAdrg =~ Ad 9] = ~Ad (£, ).

Proof. To show the first equality it is enough to note that

0 0
atAd = 8h Ad’y}fLAd 79

and apply the geometric definition of Lie bracket to the vector fields —f
and Ad’yf g. The second equality follows analogously from %‘t OAdfyf g =
t = t

0
ah‘h:oAd%{Ad“fig. | |

Proof of Proposition 1.7. To show the converse implication note that from
[f,g] = 0 and the equalities in Proposition 1.13 it follows that Ad 29 is

independent of t, i.e. Adwf g = Ad 9 =9 Therefore, the flow of g is
t
f f

equal to the flow of the vector field Advfg, ie. v ool =19, by
t

Proposition 1.11. This implies that v/ 049 = 49 0 4/ and the proposition is

proved. [ |

Below and in the following sections we shall use the following notation.
We denote ad g = [f, g]. Thus, ad is a linear operator in the space of vector
fields V(X). We also consider its iterations

ad(}g =g and adlj'cg =ady---adyg i-times.
The following dependence between the operations Ad and ad follows from
the formula in Proposition 1.13

9 (Ad 10)(p) = ~(ads(Ad;0)) (). ()

In the analytic case we also have an expansion formula which follows from
this relation.

Proposition 1.14 If the vector fields f and g are real analytic, then we
have the following expansion formula for the vector field g transformed by
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the flow of the vector field f:

D adig)v),

2!

Ir

Il
=)

(Ad_19)(p) =

7

where the series converges absolutely for t in a neighborhood of zero (more
precisely, each of n components of this series converges absolutely).

Proof. Applying iteratively the formula (4) and taking into account that
v = id we find that

() (Ad s) )0 = (-1} (o)

Therefore, our equality is simply the Maclaurin series of the left-hand side.

1.5 Vector fields as differential operators

A smooth vector field f on X defines a linear operator L; on the space of
smooth functions C*°(X) in the following way

0

(L)) = o

601 (1) = Y 1ip) 2 -6(p). 9
=1 t

t=0

This operator is called directional derivative along f or Lie derivative along
f and it is a differential operator of order one.

Conversely, any differential operator of order one with no zero order term
can be written as

~ 0
L= a;(x
Z: i )3562‘
=1
and it defines a unique vector field given in coordinates as f = (ay, ..., a,)T.
(We can easily check that the coordinate vector (aq, ..., ay) of the operator L

transforms with a coordinate change ® by the Jacobi matrix 0®/0x. Thus
so defined f is a vector field on X.) This means that there is a unique
correspondence

f— Ly

between vector fields and differential operators of order one (with no zero
order term).
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Because of the above correspondence mathematicians often identify vec-
tor fields f with the corresponding differential operators L; and write

., 0
Ly=f= Zfl%
i=1 v

We will rather try to distinguish between these two objects.

We shall close this subsection with a third definition of Lie bracket and
some useful corollaries to it. Let f, g be vector fields and Ly, L, the corre-
sponding differential operators. Consider the commutator of these operators
defined by

[Ly, Lg]:= LyLg— LgLy.

Proposition 1.15 The commutator [Ly¢, Ly is a differential operator of or-
der one which corresponds to the Lie bracket [f,g], i.e.,

[Ly, Lyl = Lis.g-

Proof. Given any smooth function ¢, we compute the composed differential
operator on ¢

N R PPN « R 09; 09,
Lngéf)—zi:fzax <§j:g]axj¢> —%:flgﬂaxi 3$j¢+%:f28xi oxj

)

The analogous expression for LyL¢ has the same first summand, due to
commutativeness of partial derivatives with respect to z; and x;, thus we
have

0g; O of: O
Lp Lolé = LyLyp— LyLpo =3 £;29 90 5~ 015 00

al‘i a$j ! 3%1 81‘]' '

We see that [Ly, Ly] is a differential operator of order one. Using the Jaco-
bian definition of Lie bracket from Section 1.3 we see that Ly ¢ gives the
same expression

B dg; ALY
Lipgd = Z(Zi:fiaxz _giamji)a—%’

J

which means that [Ly, Lg] = Lz |
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If we identify vector fields f with the corresponding differential operators
Ly, ie. write f = Ly =Y, fi0/x;, then Proposition 1.15 suggests that we
can equivalently define the Lie bracket as the commutator

dg; of; 0
gl =g —gf =3 (3 52 fi - f]g-)a—mj,
i !

8—561' 1

where g = 37, 9;0/0z;. We shall call this the algebraic definition of Lie
bracket. Clearly, this definition coincides in a given coordinate system with
the Jacobian definition, if we use the identifications f = Ly, g = L.

Commutator of linear operators is antisymmetric and satisfies the Jacobi
identity [A,[B,C]] + [B,[C, A]] + [C,[A, B]] = 0 (verify this using the defi-
nition [A, B] = AB — BA of commutator). Therefore, we have the following
properties of Lie bracket

[f, 9] = —lg, f] (antisymmetry),
[f, g, h]] + [g, [h, f1] + [h, [f, 9]l = 0 (Jacobi identity),

for any vector fields f, g, in V(X). The former property also follows easily
from the first definition of Lie bracket. Because of the above properties the
linear space V(X) of smooth vector fields on X, with the Lie bracket as
product, is called the Lie algebra of vector fields on X.

Further material concerning the basic geometric notions used in this and
the following chapters can be found in any textbook on differential geometry,
we refer especially to [1] and [6].

Appendix 1: Lie Algebras

A Lie algebra is a linear space L with a bilinear map [-,] : L x L — L
which satisfies the following properties

[f, 91 =—lg, f] (antisymmetry),
[f, g, h]] + [g, [P, 1] + [Rs [f,9]] =0 (Jacobi condition).

The Jacobi condition can be equivalently written as the following Leibniz-
Jacobi condition

[f; g, h]] = [[f, gl h] + [g, [, h],

or equivalently
adglg, h] = [adsg, h] + [g,adh], (LJ1)
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where ad; denotes the linear operator in L defined by the formula

The Leibniz-Jacobi condition has also the following equivalent form
adpg p f = adgad, f — adpad, f = [ady, ady]f, (LJ2)

where the square bracket on the right denotes the commutator of linear
operators in L: [adg,ady] = adgad), — adpad,.

A linear subspace K of L which is closed under the product [-,-] : L x
L — L is called a Lie subalgebra of L. A Lie subalgebra generated by a
subset or simply Lie algebra generated by a subset S C L is the smallest Lie
subalgebra of L which contains S. A Lie ideal of L is a linear subspace I C L
such that [f, g] € I, whenever f € L and g € I.

Example 1.16 The space gl(n) of all square n x n matrices with the com-
mutator

[A,B] = AB — BA

forms a Lie algebra. There are various Lie subalgebras of this algebra which
are interesting and important for mathematics and physics. For example,
skew symmetric matrices form a Lie subalgebra of this Lie algebra.

Example 1.17 The space V(X)) of smooth vector fields on a smooth man-
ifold X (or simply on X = IR") forms a Lie algebra with Lie bracket as
product. When the vector fields are treated as differential operators of order
one, then the Lie bracket becomes the commutator of operators, as in the
above case of square matrices (treated as linear operators). There is no sur-
prise about this, namely, there is a Lie subalgebra of the algebra of vector
fields which is formed by the space of linear vector fields: f = Az, or in the
operator form

0
f = Z aij x 5 a—mz .
i.j
Here, the Lie bracket corresponds to taking commutators of the correspond-
ing matrices [Ax, Bx] = (BA — AB)x = [B, A]x.

Example 1.18 In the Lie algebra of linear vector fields as defined above
there is an ideal which consists of all constant vector fields.
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An iterative application of the Leibniz-Jacobi identity (LJ2) and of anti-
symmetry of Lie bracket leads to the following general property. Let fi,...,fx
be elements of a Lie algebra L. We shall call an iterated Lie bracket of these
elements any element of L obtained from these elements by applying itera-
tively the operation of Lie bracket in any possible order, e.g. [[f1, f4], [f3, f1]]-
Left iterated Lie brackets will be brackets of the form [f;,, ..., [fi._,, fi.]---]-

Proposition 1.19 Any iterated Lie bracket of f1,..., fr is a linear combi-
nation of left iterated Lie brackets of f1,..., fi-

For example

[[f1, fal, [fs, full = [adyy, ady,] [fs, f1] = [f1, [fas [fss full] = [fa, [ 13, fa]]]-

Exercise Prove the above proposition (you may use induction with respect
to the order of Lie bracket).

Appendix 2: Equivalence of families of vector fields

To close this chapter we shall show that the Lie brackets taken at a point of
an analytic family of vector fields form a complete set of its invariants. As a
control system can be represented by a family of vector fields, this will have
direct applications to control systems. In another version of this result we
will define a family of functions which forms a set of complete invariants for
state equivalence.

Consider two general families of analytic vector fields on X and X, re-
spectively, parametrized by the same parameter u € U

F = {fu}u€U7 F: {fU}UEU'

We shall call these families locally equivalent at the points p and p, respec-
tively, if there is a local analytic diffecomorphism ® : X — X, ®(p) = p
which transforms the vector fields f, into f, locally, i.e.

Adefu = fu, for uelU

locally around p.

Denote by £ and £ the Lie algebras of vector fields generated by the
families F and F. Recall that a family of vector fields is called transitive at
a point if its Lie algebra is of full rank at this point, i.e. the vector fields in
this Lie algebra span the whole tangent space at this point.
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We shall use the following notation for left iterated Lie brackets

f[ulug---uk} = [fulv [fu27 T [fuk—17 fuk] - H

and analogous for the tilded family. In particular, fj,,) = fu,-

Theorem 1.20 If the families F and F are transitive at the points p and
D, respectively, then they are locally equivalent at these points if and only if
there exists a linear map between the tangent spaces L : T, X — T5X such
that

for any k> 1 and any uq,...,up € U.
Proof. Necessity. If f, = Adefy, then f,(p) = L fu(p) where L = d®(p).

To prove condition (6) in general it is enough to use iteratively the property
of Lie bracket

[Ade f, Adeg] = Ads[f, g]
from which we get f[ul...uk] = Ads flu,...uy) and so the condition (6). [

The proof of sufficiency is more involved an will be presented in the next
section together with other versions of the above result.

2 Orbits, distributions, and foliations

2.1 Distributions and local Frobenius theorem

In this chapter we introduce notions and results which play a basic role in
analysis and understanding the structure of nonlinear control systems. They
are directly related to controllability properties of such systems. We denote
by X an open subset of IR or a diferentiable manifold of dimension n.

Definition 2.1 A distribution on X is, by definition, a map A which assigns
to each point in X a subspace of the tangent space at this point, i.e.

X 5p— Ap) C T,X.

The distribution A is called of class C*° if, locally around each point in X,
there is a family of vector fields {f,} (called local generators of A) which
spans A, i.e. A(p) =span,fo(p). A is called locally finitely generated if the
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above family of vector fields is finite. Finally, the distribution A is called of
dimension k if dim A(p) = k for all points p in X, and of constant dimension
if it is of dimension k, for some k.

We will tacitly assume that our distributions are of class C*°.

Definition 2.2 We say that a vector field f belongs to a distribution A and
write f € Aif f(p) € A(p) for all pin X. A distribution A is called involutive
if for any vector fields f,g € A the Lie bracket is also in A; [f,g] € A. If
the distribution has, locally, a finite number of generators fi,..., f;, then
involutivity of A means that

U )) = S E D) ij =1,
k=1

where (ﬁfj are C*° functions.

Involutivity plays a fundamental role in the following Frobenius theorem.

Theorem 2.3 If A is an involutive distribution of class C*° and of dimen-
ston k on X then, locally around any point in X, there exists a smooth
change of coordinates which transforms the distribution A to the following
constant distribution

span{eq,..., ek},

where e1, ..., e are the constant versors e; = (0,...,1,...,0)T, with 1 at
i-th place.

Proof. The proof will consist of two steps.

Step 1. We shall first show that the distribution A is locally generated
by k pairwise commuting vector fields. Let us fix a point p in X and let
f1,..., fr be any vector fields which generate the distribution A in a neigh-
borhood of p. Treating f; as column vectors, we form the n x k matrix
F = (fi,..., fr). Note that multiplying F' from the right by an invertible
k x k matrix of smooth functions does not change the distribution spanned
by the columns of F' (it changes its generators, only). By a possible permu-
tation of variables we achieve that the upper k x k submatrix of the matrix F’
is nonsingular. Multiplying F' from the right by a suitable invertible matrix
we obtain that this submatrix is equal to the identity, i.e. the new matrix
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F takes the form

0
0 1 0
0 0 1],
ko ok *
ko ok k

where “*”

denote unknown coefficients. The new vector fields formed by
the columns of this matrix commute. In fact, since their first k& coefficients
are constant, the first k£ coefficients of any Lie bracket [f;, f;] vanish. On
the other hand, from involutivity it follows that this Lie bracket is a linear
combination of the columns of F. Both these facts can only hold when the
coefficients of this linear combination are equal to zero. This shows that the

new vector fields commute.

Step 2. Assume that the vector fields fi, ..., fr generate the distribution
A, locally around p, and they commute. We can choose other n — k vector
fields frxi1,..., fn so that fi,..., f, are linearly independent at p. Define a
map ¢ by

(t1,...,tn) — exp(t1f1) oexp(tafa) o --- 0 exp(tnfn)(p).

As the flows of the vector fields f1,..., fr commute, we see that the order
of taking these flows in the above definition can be changed. Therefore,
an integral curve of a vector field e¢; = (0,...,1,...,0)7, 1 <4 < k is

transformed to an integral curve of the vector field f; (as we may place
the flow of f; to the most left place). It follows that the map ® sends the
vector fields ey, ..., e, to the vector fields fi, ..., fi and conversely does the
inverse map ®~'. This inverse map is the desired map which transforms the
distribution A spanned by fi,..., fi to the constant distribution spanned
by e1,...,ek. [ |

In order to state a global version of this theorem as well as other the-
orems related to transitivity of families of vector fields and integrability of
distributions we need more definitions.
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2.2 Submanifolds and foliations

Definition 2.4 A subset S C X is called a regular submanifold of X of
dimension k if for any x € S there exists a neighborhood U of z and a
diffeomorphism ® : U — V C IR"™ onto an open subset V such that

UNS)={x=(r1,...,2n) €V | 231 =0,...,2, =0}

(see Figure 10). The regularity class of this submanifold is by definition the
regularity class of the diffeomorphism ® (we shall assume that this regularity
is C* or C¥).

In other words, a regular submanifolds of dimension £ is a subset which
locally looks like a piece of subspace of dimension k, up to a change of
coordinates. A slightly weaker notion of a submanifold is introduced in the

following definition.
> @

Figure 10

Definition 2.5 We call a subset S C X an immersed submanifold of X of
dimension k if

S:U,S'i, where S C Sy CS3C---CS
i=1

and S; are regular submanifolds of X of dimension k.

In the case when S itself is a regular submanifold we can take S; = S
and so S is also an immersed submanifold.

Example 2.6 In Figure 11 (a) and (b) are regular submanifolds of IR? while
(c) and (d) are only immersed submanifolds.
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(ICl'e

(a) (b) (<) (4)

Figure 11

We shall later need two geometric properties of Lie bracket.

Property 1 If two vector fields f, g are tangent to an (immersed) subman-
ifold S then also their Lie bracket [f, g] is tangent to this submanifold.

This follows from the geometric definition of Lie bracket. In fact, if
f is tangent to S, then its flow transforms points of S into points of S
when the time is sufficiently small. Therefore, the tangent map to the flow
D%f transforms the tangent subspaces of S into tangent subspaces of S, in
particular, it transforms the tangent vectors g(p) into vectors tangent to S.
Moreover, the vectors v(t) = (Ad,yft g)(p) are all in the tangent space T),S.

Taking derivative with respect to ¢ of this expression, which appears in the
geometric definition of [f, g, gives a tangent vector to S.

Definition 2.7 A foliation {Sy}aca of X of dimension k is a partition

X=J Sa
acA
of X into disjoint connected (immersed) submanifolds S,, called leaves,
which has the following property. For any x € X there exists a neigh-
borhood U of z and a diffeomorphism ® : U — V C IR" onto an open
subset V such that

D(UNSa)ee) ={x=(x1,...,20) €V | zpp1 = T 2, = 1},

where P.. denotes a connected component of the set P and the above prop-
erty should hold for any such connected component, with the constants ¢,
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depending on the leaf and the choice of the connected component (Figure 12).
Similarly as for submanifolds, the regularity of the foliation is defined by the
regularity of the diffeomorphism .

’_——-—~>
\\

Figure 12

Examples of foliations on subsets of IR? are presented in Figure 13. A
general example of a foliation of dimension £ = n—r is given by the following
equations for leaves

So={zec X |hi(z)=cl,... ,h(x)=c},

where ¢!, are arbitrary constants and h = (hy,...,h,) is a smooth map of
constant rank 7 (i.e. its Jacobi map is of rank r).

—— A o ——

/ A\

Figure 13
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Property 2 Assume that a vector field g is tangent to a foliation {S, }aca,
that is, it is tangent to its leaves. Then, if the flow of another vector field
f locally preserves this foliation, the Lie bracket [f,g] is tangent to this
foliation.

Here by saying that the flow of f locally preserves the foliation {S, }aca
we mean that for any point p € S, there is a neighborhood U of p such that
the image of a piece of a leaf ’y{ (SaNU) is contained in a leaf of the foliation
(dependent on t), for any ¢ sufficiently small.

To prove this property let us choose coordinates as in the definition
of the foliation and assume that ’ytf locally preserves {Sq}aca. It follows
that the tangent map to 'y,{c maps tangent spaces to leaves into tangent
spaces to leaves. Therefore the vector D’ytf (p)g(p) is tangent to leaves and,
in particular, its last n — k components are zero (here we use our special
coordinates). Differentiating with respect to t at ¢ = 0 gives a vector with
the last » — k components equal to zero (and so tangent to a leaf), which by
the geometric definition of Lie bracket is equal to [f, g](p).

2.3 Orbits of families of vector fields

Consider a family of (global or partial) vector fields F = {f, }uev on X.

Definition 2.8 We define the orbit of a point p € X of this family as the
set of points of X reachable from p piecewise by trajectories of vector fields
in the family, i.e.

Orb(p):{’yfkko~-~ofyfll|k217 Uty ..., U € U, tl,...,tkEB},

where v;* denotes the flow of the vector field f,. Of course, if some of our
vector fields are not complete then we consider only such ¢4, ..., t; for which
the above expression has sense.

The relation: “gq belongs to the orbit of p” is an equivalence relation on
the space X. In fact, a point g belongs to the orbit Orb(p) if and only if it is
reachable from p piecewise by trajectories of the vector fields in the family
F. It is evident that ¢ is reachable from p if and only if p is reachable from
q (symmetry). Also, if ¢ is reachable from p and r is reachable from ¢, then
r is reachable from p (transitivity).

It follows then that the space X is a disjoint union of orbits (equivalence
classes).
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Definition 2.9 Let I' be the smallest distribution on X which contains the
vector fields in the family F (i.e. fu(p) € I'(p) for all u € U) and is invariant
under any flow v, u € U, that is

D (p)L'(p) € T(7¢(p))-
for all p € X, u € U and t for which the above expression is well defined.

Equivalently, we can write the invariance property (using partial vector
fields) in the form:

gel'= Adngel, forany ueU andt e R.

The following theorem was proved independently by H.J. Sussmann and
P. Stefan. We state it here without proof.

Theorem 2.10 (Orbit Theorem) Each orbit S = Orb(p) of a family of vec-
tor fields F = { fuluev is an immersed submanifold (of class C* if the vector
fields f, are of class C*¥). Moreover, the tangent space to this submanifold
s given by the distribution I,

1,5 =T(p), for all pe X.

Corollary 2.11 If the vector fields f, are analytic, then the tangent space
to the orbit can be computed as

T,X = L(p) ={9(p) | g € Lie{fu }ucv},

where Lie{f,}ucy denotes smallest family of (partial) vector fields which
contains the family F and is closed under taking linear combinations and
Lie bracket (this is the Lie algebra of vector fields generated by the family
F = {fu}ucu in the case when f, are global vector fields). In the smooth
case the following inclusion holds

L(p) C T'(p).

Proof. We shall first prove the inclusion. Using the second form of the
invariance property of I' and the geometric definition of Lie bracket we obtain
the following implication

gl = [fu,g] €T.
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Applying this implication iteratively, we deduce that the left iterated Lie
brackets

[fuk7""[fu2vfu1] o ]

are in I'. As all iterated Lie brackets are linear combinations of left iterated
Lie brackets, it follows that L(p) C T'(p) for p € X.
To prove the equality in the analytic case it is enough to use the formula

Dt 1@ = Y S0 1), 2= o)

i>0

which shows that transformations of vectors under the tangent maps to
flows of f, can be expressed by taking (infinite) linear combinations of Lie
brackets. This implies that I'(p) C L(p). [ ]

Example 2.12 The following system in the plane

T = wry, Juw| <1,

&y = ugwa, |ug| <1,

represented by the family of vector fields

fu = (wiz1,usw2) "
has four 2-dimensional orbits (the open octants), four 1-dimensional orbits
(open half-axes) and one zero dimensional orbit which is the origin.

Example 2.13 The family of three vector fields which represent rotations
around the three axes

fl = (0,.%'3, _1,2)T7 f2 = (.’13'370’ _ml)T7 f3 = (.%'2, _xbO)T

has a continuum of 2-dimensional orbits which are spheres with the center
at the origin and one zero dimensional orbit which is the origin itself. Note
that the orbits form a 2-dimensional foliation on the set X = IR3\ {0}.

The following example shows that in the nonanalytic case the equality
I'(p) = L(p) may not hold.

Example 2.14 Consider the family of the following two C'° vector fields
in the plane

fl = (lao)Ta f2 = (07¢(x1))T7
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where ¢(y) is a smooth function on IR positive for y < 0 (for example
o(y) = exp(1l/y)) and equal to zero for y > 0. Then the orbit of any
point is equal to the whole IR? and from the orbit theorem it follows that
dimT'(p) = 2 for any p. On the other hand, we have that L(p) is spanned
by the first vector field only, when x; > 0, so dim L(p) = 1.

Corollary 2.15 (Chow and Rashevskii) If dim L(p) = n for any p € X,
then any point of X is reachable from any other point piecewise by trajectories
of F = {futuev (allowing positive and negative times), i.e. Orb(p) = X for
any p.

Proof. Tt follows from our assumption and the above corollary that I'(p) is
equal to the whole tangent space 1), X for any p. From the orbit theorem it
follows then that the orbit of any point is of full dimension, so it is an open
subset of X. We conclude that X is a union of disjoint open subsets and, as
X is connected, only one of them can be nonempty. Therefore, X consists
of a single orbit and any point is reachable from any other point piecewise
by trajectories of our family of vector fields. [ |

2.4 Integrability of distributions and foliations

The above results, especially the orbit theorem, allow us to give criteria for
integrability of distributions and prove some classical theorems.

Definition 2.16 We say that a distribution of constant dimension p —
A(p) on X is integrable if there exists a foliation {Sy}aca on X such that
for any p € X

TPS = A<p)7

where S is the leaf passing through p.

Finding the foliation which satisfies the condition of the above definition
is usually called integrating this distribution, while the foliation and its leaves
are called integral foliation and integral (sub)manifolds of the distribution.

Theorem 2.17 (Global Frobenius theorem) A smooth distribution of con-
stant dimension A is integrable if and only if it is involutive. The integral
foliation of A is the partition of X into orbits of the family of (partial) vector

fields {g | g € A}.
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Proof. Assume that our distribution is integrable and choose two vector fields
f,9 € A and any point p € X. Then f and g are tangent to the leaf S passing
through p, therefore their Lie bracket [f,g] is also tangent to this leaf by
Property 1. As this happens for any p, it follows that [f, g](p) € T,,S = A(p)
for all p and so [f,g] € A.

Assume now that our distribution is involutive. Consider the family of
partial vector fields F = {f | f € A}. We shall prove that the partition of
X into orbits of this family gives the desired foliation.

Let fi1,..., fx, € A span this distribution in a neighborhood of p. We
shall show that A is invariant under the flows of the vector fields f € A,
that is the distribution I' in the orbit theorem coincides with A. We have
to prove that

D~/ (p)A(p) = Aa),  a =] (),
for f € A. The left-hand side subspace is spanned by the vector fields

gi=Ad fi, i=1,.. .k

From the involutiveness assumption we have that [f, fi] = >7; ¢ijfj. De-

note the functions ai' = —¢;j0 yft. From Proposition 1.13 it follows that
the spanning vector fields satisfy pointwise the following system of linear
differential equations

d ; -y
ad = ~Adyll Sl = ;gzaﬁ.

As the solution of a linear differential equation depends linearly on its initial
conditions, it follows that

g=> vlgd =3 v,
; 7

where ¥ are functions. Therefore, the subspace Dv{ (p)A(p) is spanned by
the vectors fi(p),..., fr(p) and so it is equal to A(p).

It follows from the orbit theorem that A gives the tangent space to the
orbits and completes the proof.

To complete the proof it is enough to show that the orbits indeed form a
foliation of X. This follows immediately from the local version of the Frobe-
nius theorem. In fact, our distribution is constant in appropriate coordinates
and so the connected components of intersections of leaves look like in the
definition of a foliation. [ |
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In order to define integrability of distributions which are not of constant
dimension we have to weaken the notion of foliation. We will do this in such
a way that partitions of the space X into orbits of a family of vector fields
form foliations in this weaker sense.

Definition 2.18 A foliation with singularities is a partition

X=J Sa

aEA

of X into immersed submanifolds such that, locally, there is a family of
vector fields {gs}sep such that 7),S, = span {gs(p) | B € B} for all p and o.

A distribution on X is called integrable if there exists a foliation with
singularities {Sy}aca which satisfies T,,S = A(p) for any p and S denoting
the leaf which passes through p.

Theorem 2.19 (Nagano) Any analytic involutive distribution A is inte-
grable.

Proof. We take the partition of X into orbits of the family of vector fields
{f | f € A} as a candidate for the integral foliation. From the orbit theorem
and the corollary to it follows that the tangent space to the leaf passing
through p is equal to I'(p) = L(p) = A(p) (involutivity implies that the
space of vector fields {f|f € A} =: F is closed under the Lie bracket and so
coincides with Lie {F} = £. This means that the partition into orbits is the
integral foliation of A indeed. [

Appendix: Global equivalence of families of vector fields

We close this chapter with a proof of sufficiency of the theorem about equiv-
alence of families of vector fields and a global version of this result. The
theorem of Nagano will be helpful in this proof.

Proof of Theorem 1.20. Sufficiency. In the proof we shall use the method of
graph of Cartan and the theorem of Nagano. The method of graph consists
of considering the product space Z = X x X and constructing the graph
of the desired diffeomorphism ® : X — X as an integral manifold of a
distribution of vector fields on Z.

Define the product vector fields on Z by h, = f, X fu, u € U, where,
in R",

Jux fu=( 117"'7 0> &7"'7f17)T'



142 B. Jakubczyk

Consider the distribution spanned by the Lie algebra Lie { H} generated
by the family H = {hy}uev of these vector fields. Nagano’s theorem says
that the distribution Z 3 z — Lie {H }(z) is integrable, i.e. for each point
z € Z there is an integral manifold of Lie { H} passing through this point.

Take the point z9 = (p,p) € Z. We claim that the integral submanifold
S passing through zj is of dimension n and it is the graph of a local diffeo-
morphism between X and X. Since S is the integral manifold, its dimension
is equal to the dimension of the distribution Lie {H} at zy. But the vectors
defining Lie { H}(zp) are of the form

h[mmuk] = (f[m~~uk]v f[U1~~-uk]) = (f[ul...uk,],Lf[ul...uk])y

the latter equality following from the assumption. From transitivity of
Lie {F} at p and the above form of the vector fields hj,,..,,) it follows that
the dimension of Lie {H }(zp) is at least n. On the other hand, since the
second component of these vector fields depends on the first through the
same linear map L, it follows that this dimension is precisely equal to n.

It follows that the integral submanifold S is of dimension n. To show
that it defines a graph of a local diffeomorphism between X and X we should
check that the projections of the tangent space to S onto the tangent spaces
of X and X are “onto”. From continuity, it is enough to show this at the
point zg. But 7,5 = Lie {H }(20) and the “ontoness” follows immediately
from the above form of vectors hy,,...,,,] and the transitivity of 7 and F.

Let @ be the local diffeomorphism from X to X defined in a neighborhood
of p via the submanifold S, ®(p) = p. Since among the vectors tangent to
S there are vectors hy, = (fu, fu), and S is the graph of ®, it follows that
there is the following relation between the domain component f, of h, and
its codomain component fu:

fu(®(@)) = D) fu(z), or  fu(@) = DB(2)ful(z), z =& '(&).

The latter equality means that f, = Adg fu, u € U. The proof of sufficiency
is complete. [ |

Theorem 2.20 (Sussmann) Assume that F and F are analytic transitive
families of vector fields on compact, simply connected, analytic manifolds
X and X and the relation between the Lie brackets as in the local theorem
holds. Then there exists a global diffeomorphism & : X — X such that
Adofy = fu, ueU.
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Proof. The proof of this theorem is an extension of the above proof. Namely,
it is enough to prove that under our assumptions the map ® defined above
is a global diffeomorphism.

We shall first show that the projection maps from S to X and X are
onto (and so they are coverings of X and of X, respectively). It is enough
to show this for X. Take any point ¢ on X. From the theorem of Chow
and Rashevskii it follows that this point is reachable from p piecewise by
the trajectories of the vector fields in F. Consider the point z; on S which
corresponds to ¢ and is reachable from zy piecewise by the lifted trajectories
of the corresponding vector fields in H. It is easy to see that the projection
of z; onto X is equal to q. Therefore, S is a covering of X.

As X is simply connected, it follows that this covering is a single covering,
i.e. a diffeomorphism of S and X. In a similar way we show that the
projection of S onto X is a diffeomorphism. We conclude that the families
F and F are diffeomorphic. [ |

3 Controllability and accessibility

3.1 Basic definitions

We shall be dealing with two classes of control systems, the general nonlinear
Systems
Yoo ox= f(aj7 u)7

where z(t) € X and u(t) € U, and the control-affine systems
Sa 1 &= fz) + Y uigi(x),
i=1

where z(t) € X and u(t) = (ui(t),...,um(t)) € U. The state space X
is assumed to be an open subset of IR"™ or a smooth differential manifold
of dimension n. The control set U is an arbitrary set (with at least two
elements), in the case of system X, and a subset of IR™, in the case of X.g.
The vector fields f, = f(+,u), defined by ¥, are assumed to be smooth (of
class C*°). Similarly, we assume that the vector fields f, g1,..., g defined
by X.g are smooth. We will not need regularity of f(z,u) in ¥ with respect
to u when we will use piecewise constant controls. Otherwise, we will assume
that f(x,u) together with the first partial derivatives with respect to u are
smooth as functions of x and continuous with respect to (z,u).
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We begin with the formal definition of reachable sets.

Definition 3.1 We shall call the set of points reachable from p € X for
system X its reachable set from p and denote it by R(p). For the class of
piecewise constant controls this is the set of points

fygc’“o..-o'y;‘ll(p), k>1, uy,...,up €U, ti,...,tp > 0.

Similarly, the set of above points with ¢; 4+ --- 4+ t; = ¢ will be called the
reachable set at time t from p and denoted by R:(p), and the set of such
points with t; 4+ --- 4+t < t will be referred to as the reachable set up to
time t from p and denoted by R<:(p).

It is unreasonable to expect that the reachable set of a nonlinear control
system will have a simple structure, in general. Almost never it will be a
linear subspace, even if X = IR"™ and U = IR™. For example, for the system
in the plane

T = u%, Ty = u%
with U = IR? the reachable set from the origin is the positive ortant.

Therefore, our aim will be to establish qualitative properties of the reach-

able sets. One of such basic properties is the following.

Definition 3.2 We shall say that the system X is accessible from p if its
reachable set R(p) has a nonempty interior. Similarly, we will call this
system strongly accessible from p if the reachable set R¢(p) has a nonempty
interior for any ¢t > 0.

3.2 Taylor linearization

We begin with a presentation of a rough sufficient condition for strong ac-
cessibility. Suppose that the set of admissible controls consists of piecewise
continuous controls with values in U ¢ R™.

Let (x0,ug) be an equilibrium point of our system X, i.e. f(xg,up) = 0.
Assume that f is of class C! with respect to (z,u). Denote

and let Ay = A(xo,up), Bo = B(xo, uo).
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Theorem 3.3 Ifug € int U and the pair (Ao, Bo) satisfies the controllability
rank condition, then the system is strongly accessible from xg.

A corresponding result outside an equilibrium can be stated as follows.
Let u*(-) be an admissible control and let z*(-) be the corresponding trajec-
tory of system ¥. Denote

A = L), Bo = 2w w,0 ),

Theorem 3.4 If u*(t) € intU and the linear system & = A(t)xr + B(t)u,
x(0) = 0 without constraints on the control is controllable on the interval
[0,T], then the reachable set Rr(xo) of system ¥ has a nonempty interior.
In particular, if the Grammian rank condition rank G(0,t) = n is satisfied
for our linear system for some t > 0 (equivalently, for any t > 0), then
system X s strongly accessible.

The Grammian matrix used above is defined by
¢
G(0,t) = / S(7)B(r)BT (1)ST (r)dr,
0

where S(t) is the fundamental solution of S(t) = A(t)S(t), S(0) = I.

For the proof we shall need the following lemma of the theory of ordinary
differential equations, which will be stated without proof.

Let u be a measurable, essentially bounded control and consider an ad-
missible control in the form of the following variation

ue = u* + €t.

Denote by z. the trajectory of system X, x.(0) = zg, corresponding to the
control u.. Introduce the variation of the trajectory by

0
(t) = ey

z x(t).

Lemma 3.5 If f = f(x,u) is of class C', then the variation of the trajectory
satisfies the following equation, called variational equation

T = A(z*(t),u*(t))z + B(z*(t),u*(¢))u, z(0)=0.



146 B. Jakubczyk

Both above theorems follow from the criteria on controllability of linear
systems without constraints (see the contribution of Zabczyk in this volume)
and from the following lemma.

Lemma 3.6 If the variational system (treated as a linear system without
constraints on the control) is controllable, then the original system is strongly
accessible.

Proof. Denote the matrices A(t) and B(t) as above. As the variational
system is controllable, there exist (bounded) controls v* which steer this
system from 0 to e; = (0,...,1,...,0)7 (with 1 at i-th place) at time T,
i =1,...,n. Take the control

w=u(A,..., ) = Aot 4 0"

When applied to the original system with the initial condition z(0) = xq it
gives a final state z(7T") dependent on the parameters A = (A1,...,\,) in a
differentiable way. In particular, the variation

0x(T)
O\ Ix=0

i

=

satisfies the variational equation with the control @ = v. As 7/(T) = e, it
follows that the Jacobi map of the nonlinear mapping

A,y An) — 2(T)

is of full rank. Therefore, it follows from the inverse function theorem that
this mapping maps a neighborhood of the origin onto a neighborhood of the
origin. As u(\q,...,A,) form admissible controls, for \; small, it follows that
the reachable set Rr(zp) contains a neighborhood of the point z*(7T'). [ ]

3.3 Lie algebras of control system

We shall be using the following families of vector fields associated to the
system . Denote

fu = f('au)a

and define the following families of vector fields

F = {fu}uEU
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and
G=A{fu—foluveU}.

We define the Lie algebra of system 3 as the smallest linear space £
of vector fields on X which contains the family F and is closed under Lie
bracket:

f, el = [fi,f] €L,
or equivalently

HheF, foel = |[fi,fo] €L

Remark 3.7 Equivalence of both conditions follows by iterative application
of the Jacobi identity written in the form

adjg pf = adgad, f — adpady f
and from bilinearity of Lie bracket (cf. Appendix 1, Section 1).

We also define the Lie ideal of system ¥ as the smallest linear space Ly
of vector fields on X which contains the family G and is closed under Lie
bracket:

herl, foecly = [fi,f] €L,

or equivalently
[LeF, €Ly = [f,fo] € Lo

Lo is closed under Lie bracket and so is a Lie algebra in the usual sense (cf.
Appendix 1, Section 1).

One can see from both definitions that £ and Ly can be equivalently
defined through the iterative Lie brackets as follows

EZSpan{[fuu'”7[fuk_17fuk]"'] | k > 17 UL, -, U € U}7

EO:Span{[fuu"'a[fuk_pfuk_fuk+1]'”] |k217 Ul,“',Uk+1€U}.
It follows then that
L = span { fu, Lo},

where u* is any fixed element of U. In fact, directly from the definitions
we obtain that £y C £, and also fu,+ € L£. The converse inclusion £ C
span { fu=, Lo} follows from the equalities

fu1:fu*+fu1_fug; UQZU*v
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[ful7”'7[fuk—1’fuk] ] = [fulf'"[fukfﬁfuk - fulc+1] o ']’

where ug11 = Up—_1-
For the control-affine system Y,g the corresponding Lie algebras can be
expressed as

L=Lie{f g1, 9m}

:Span{[gila"',[g’ik,pgik]"'] | kZ ]-7 ngla?lk Sm}a
EO:Span{[gim”'a[gik_lvgik]”'} ‘ kzla OSilu--'aikSma 'lk?éO},

where go = f.
Remark 3.8 L is a Lie ideal in the Lie algebra L.

Example 3.9 For illustration and also for further use we shall compute the
Lie algebra and the Lie ideal of the linear system

m
= Ax+ Bu = A:J:—i—Zuibi,
=1
where b; are constant vector fields being columns of the matrix B. Taking
into account that g1 = b1,...,9m = bm, f = go = Ax, and that Lie bracket

of constant vector fields is zero, we find that in the above formula for £y the
only nonzero iterated Lie brackets are

[Az,b;] = —Ab;, [Axz, [Az,b]] = [Az, —Ab;)] = A%, ...,
ada, - --adagb; = ad’y b; = (—1)7 A%b;.
Therefore, the Lie ideal £y consists of constant vector fields only,
Lo =span{A%b; | j >0, 1<i<m}=span{A/b; |0 <j<n—1,1<i<m},

and £ = span{Azx, Ly}, where in the second equality we use the Cayley-
Hamilton theorem.

3.4 Accessibility criteria
Given a family of vector fields H, we shall use the notation
H(x) = span{h(x) | h € H}.

In particular, £(z) and Lo(z) will denote the space of tangent vectors at
x defined by the Lie algebra and the Lie ideal of system 3. The following
result was first proved by Sussmann and Jurdjevic [8].
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Theorem 3.10
(a) If for a state smooth system X the Lie algebra is of full rank at xo,
dim L(xg) = n, then the attainable set up to time t from xg has the
nonempty interior and so the system is accessible from xg.
(b) If the system is state analytic and dim L(xg) < n, then the system is
not accessible from xg.

We present a proof of the first statement (due to A. Krener) which is
very simple and gives insight to the problem of accessibility.

Proof of (a). It follows from the assumption dim L(xg) = n that
dim £(z) = n for = in a neighborhood of xy (the full rank is realized by
n vector fields which are linearly independent in a neighborhood of zp). It
also follows from the same assumption that there is a u; € U such that
fuy (z0) # 0. Otherwise, it would follow from the Jacobian definition of Lie
bracket that all the vector fields in £ vanished at xg and so dim £(zg) = 0.
The trajectory 74;'xzo, t € Vi = (0,€1), €1 > 0, forms a one dimensional
submanifold of X which we denote by 5.

We now claim that there is a ug € U such that the vector fields f,
and f,, are linearly independent at a point z; € S;. Otherwise, all the
vector fields in F would be tangent to the submanifold S;. As taking linear
combinations and Lie bracket of vector fields tangent to a submanifold gives
vector fields tangent to this submanifold, we would have that all the vector
fields in £ were tangent to S; which would contradict dim L(z9) = n (if
n>1).

Let fy, and f,, be linearly independent at x; = 72‘111’0 € 51,0 <t <e.
Define the map

u2

Va3 (t1,t2) — @ =7 0w, (20),

where V5 is an open subset of R?: V, = (0,€1) x (0,€2), €2 > 0. For e
sufficiently small the image of this map contains a submanifold of X of
dimension 2 (this follows from linear independence of f,, and f,,) which we
denote by 5.

By an argument analogous to the above there exists a ug € U and a point
x9 € S such that the vector field f,, is not tangent to S2 at xo. Thus the
image of the map

V3 3 (t1,ta,t3) — & = 7,.° 0,7 o vy (o)

(where V3 = (0,€1) x (0,€e2) x (0,€3)) contains a submanifold S5 of X of
dimension 3. Of course, S;, i = 1,2, 3 are subsets of the reachable set.
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After n steps of such a construction we obtain a submanifold S,, of X of
dimension n, i.e. an open subset of X, which is contained in the reachable
set R(xzo) and, more precisely, in the reachable set R<;(zg), where t =
€1+ -+ €,. Since €1,...,€, could have been taken arbitrarily small, it
follows that any attainable set Ry, ¢ > 0 has the nonempty interior.

Proof of (b). From the corollary to the orbit theorem it follows that the
tangent space to the orbit from zg is equal to L(zg). When dim £(z) < n,
it follows that this orbit is a submanifold of dimension smaller than n. Thus,
its interior is empty. As the reachable set is a subset of the orbit, its interior
is empty also. [ |

The analyticity assumption in statement (b) cannot be dropped. This
can be seen in the example presented after the orbit theorem in Section 2
(showing that in the smooth case we can have I'(x) # L(x)) by taking an
initial point with positive second coordinate.

If the dimension of the Lie algebra of the system is not full at some point,
still we have the following positive result.

Corollary 3.11 If the system Il is state analytic, then the interior in the
orbit Orb(zg) of the reachable set R(xg) is nonempty.

Proof. If dim £(z¢) = n, then this is simply statement (a) of our theorem.
When this dimension is smaller we can restrict our system to the orbit pass-
ing through the initial point. The corollary to the orbit theorem says that
dim £(xg) is equal to the dimension of the orbit. Thus, our system reduced
to the orbit satisfies the assumptions of statement (a) of our theorem and
our result follows. [

Example 3.12 Consider the system with the scalar control u € U = R
i =u, dy=2af, k>2.

It is easy to check that the Taylor linearization of this system, at the equi-
librium zg = 0 and ug = 0, is not controllable. Our system is control-affine
with f = (0,2%)7 and g = (1,0)7. Then

l9. /1= (0,k2f DT, g,[9. /) = (0,k(k — 2t ~*)T, adgf = (0, k)",

and so dim Lo(z) = dimL(z) = 2 for all z, in particular the system is
strongly accessible from the origin.
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There is an analogous relation between the Lie ideal £y and the attainable
set at time t which is established by the following theorem.

Theorem 3.13
(a) If the system is state smooth and dim Lo(xg) = n, then the attainable

set Re(xo) has a nonempty interior for any t > 0.
(b) If dim Lo(xg) < n, then int R¢(xg) = 0 for any t > 0.

Example 3.14 Consider the system on IR?
i1 =1, &y=u
and take zg = (0,0), and U = IR. We have
F={1uz)? |uecR}, G=span{(0,23)T}.
The Lie algebra £ contains the vector fields

fi=107 =02)T, fs=[f. ] =02)", [fi,f]=(0,2)7".

Therefore, dim £(z¢) = 2 and so the system is accessible from zg. (Note
that one gets the same result if the set U is restricted to two values U =
{0,1}). On the other hand Lo(xg) = span {(0,1)7} and so the interior of
the attainable set at time ¢, ¢t > 0, is empty. In fact, it can be proved that
the attainable set R(xg) is equal to the open right half plain including the
origin and the set R¢(xp) is equal to the set x1 =, 2 € R.

Example 3.15 Accessibility of linear systems without constraints.
As we computed earlier, for autonomous linear system A with unconstrained
control we have £(x) = Im [B, AB, ..., A" ' B] and L(z) = span {Az, L(x)}.
Thus, such a system is strongly accessible from x if and only if the control-
lability matrix

[B,AB, ..., A" 'B]

is of rank n (such linear systems are called controllable).

Noncontrollable linear system may be accessible from x. This happens
when dim £(z) = n but Az ¢ Im [B, AB, ..., A" 'B]. Then the system is
accessible from those x at which Az is not in the image of the controllability
matrix. The system is not accessible from the linear subspace of points at
which Az is in this image (this subspace is the counterimage under A of the
image of the controllability matrix).
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Exercise Analyse the orbits of the linear system without constrains on the
control. Show that this system may have one orbit, three orbits, or a con-
tinuum of orbits. (The Kalman decomposition theorem for linear systems is
helpful here.)

Example 3.16 Accessibility of linear systems with constraints.

Consider now a linear autonomous system with the constraints u(t) € U C
IR™. If the interior of U is nonempty, then the controllability rank condition
implies that the system is strongly accessible, as we have already established
in the section about linear systems. When U has the empty interior then
the situation is more complicated. One possibility is to use the principle of
convexification. We will use the above theorems on accessibility and strong
accessibility. It is more convenient to consider the system in the form

t=Ax+v, veV,

where V' is the image of U under the linear map B : R™ — IR"™. Let us
introduce the set
W={ =" | eV}

The one can easily compute that the Lie algebra of our system contains the
vector fields Az +v' — (Az+v") =o' —v" € W, i.e. all constant vector fields
f =w, w € W. Thus, it contains also the Lie brackets [w, Az + v] = Aw,
w € W, and by induction it contains all the constant vector fields A‘w, i > 0,
w € W. It follows then from the Cayley-Hamilton theorem that the linear
system with constraints is strongly accessible from x if and only if

dimspan{Aiw |0<i<n—-—1l,weW}=n.

It is accessible from xzg if and only if the same collection of vectors together
with any fixed vector Azg + v, v € V, span the whole space.

Example 3.17 Space-craft with two jets. Consider a spacecraft with two
pairs of jets placed so that they angular momenta are parallel to princi-
pal axes of the spacecraft. Then, the equations of motion for the angular
velocities take the form

w1 = a1wows + uq,
wo = asw3wi + u2,

(,ZJ3 = aswiwa.
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Here the constants are given by the principal momenta of inertia: a; =
(Io—1I3)/11, aa = (Is—I1)/I2, and a3 = (I1 — I2)/I3. Our system is control-
affine with

f = ((11(,:)2(4)3, a2wW3wsi, a3w1w2)T7 g1 = (17 07 O)Tv g2 = (05 17 O)T
We compute
[f,91) = —(0, asws, aswa)”, [f, g2) = —(a1ws, 0, azwr)?,

[gla [927 f]] - (07 07 a3)T'
It follows easily that
dim Lo(z) =3 <= dim L(z) = 3 <= a3 # 0,

for any = = (w1, w2, ws). It follows then that the above system is accessible
(equivalently, strongly accessible) if and only if the momenta of inertia of
the space-craft along the axes with two pairs of jets are different.

Example 3.18 Space-craft with one jet. The analysis of the space-craft
with one jet, with the equations

W1 = a1waws + U,
W = Aaw3wi,

w3 = a3wiwy,
gives a different result. We have that
f = (a1wows, aswswy, aswiws)’, g = (1,0,0)7,

[f, 9] = —(0, agws, azwa)” = —(w1) ' f + (w1) Laywawsg.

Computing the higher order Lie brackets does not give anything new:

l9,1f,911 =0, [f,[f, 9]l = (+,0,0)" = ¢y,
where ¢ is a function. It follows that
L(z) = span{g(z),[f, g](x)}

and these two vector fields span an involutive distribution. From the form of
g and [f, g] it follows that the orbits of the system consist of the Cartesian
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product of lines along the first coordinate and the trajectories of the vector
field (asws, azwz)” along the last two coordinates. In particular, if agy # 0 #
as, then there is one 1-dimensional orbit of the system (the first coordinate
axis) corresponding to the equilibrium of the vector field (asws, agcug)T7 and
continuum of 2-dimensional orbits. Our system is not accessible from any
x = (wi,w2,ws). We conclude that if there is only one pair of jets which
gives the angular momentum parallel to one of the principal axes of inertia
of the space-craft then, contrary to the case of two pairs of jets, the system

is never accessible.

4 Controllability and path approximation

4.1 Time-reversible systems

In general, the reachable set is a proper subset of the orbit. It is reasonable
to ask for which systems the reachable set coincides with the orbit. One
class of such systems is called time-reversible systems.

Below we will also consider piecewise continuous controls, as admissible
controls. By definition these will be functions u : [0, 7] — U defined on finite
intervals [0,7] and continuous, except at a finite number of points, having
left and right limits at such points (the set U will be assumed a subset of
IR™ or a metric space). We shall say that a function g(z,u) is of class C*°
(respectively, of class Ck7®) if U is a metric space and g is continuous as a
function of (z,u) together with all partial derivatives with respect to = of
order not exceeding k (respectively, U is any set and g(z,u) is of class C*
with respect to x, for any fixed u € U).

Definition 4.1 We will call a system ¥ : & = f(z,u) time-reversible if there
are a function U 5 v — v(u) € U and a positive valued function \(x,u) of
class C' such that

flx,u) = =Xa,u)f(zr,v(u)) for any (z,u) € X x U.

Similarly, ¥ is called feedback time-reversible if there are functions (x,u) —
v(z,u) € U and A(z,u) (the latter positive valued) of class C*? such that

f(z,u) = =Xz, u) f(z,v(z,u)) forall (z,u) € X xU.
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Example 4.2 The system & = Y ", u;g;(x) is time reversible if the set
U C R™ is symmetric with respect to the origin (then we can take A = 1
and v(u) = —u) or U contains a neighborhood of the origin.

Proposition 4.3 For any time-reversible system with f(x,u) of class ctl
and piecewise constant controls (respectively, for any feedback time-reversible
system X with f of class C*° and piecewise continuous controls) we have

R(zo) = Orb(zp).

Proof. In the definition of the reachable set it is not allowed to go backward
in time along trajectories of the vector fields f, = f(-,u), contrary to the
case of the orbit. This means that, for piecewise constant controls, we have
the inclusion R(zg) C Orb(zg) but, possibly, no converse inclusion. For a
time-reversible system going backward in time along a trajectory of f,, can be
replaced (up to time scale defined by \) by going forward with the control
v(u). Therefore, for a time-reversible system the points which are piece-
wise forward-backward reachable by trajectories of f,, u € U, (definition
of the orbit) are also forward reachable by such trajectories and the inclu-
sion R(xzo) D Orb(zg) follows. The same argument works for proving this
inclusion in the case of feedback time-reversible systems, where we use the
control 4(t) = v(x(t),u) in order to go backwards along the trajectory of f,.
In the case of piecewise continuous controls the inclusion R(z¢) C Orb(zg)
follows from the following proposition. [ |

Consider the system & = uz, with z € R and u € IR. It has three orbits:
the half-lines (—00,0), (0,00), and the point {0}. The (unbounded) control
u(t) = 1/(t — 1) produces the trajectory z(t) =t — 1, t € [0, 2], starting at
t =0 from xg = —1 in the first orbit and ending up at the point x(2) =1 in
the second orbit. This phenomenon cannot occur for piecewise continuous
controls (having left and right limits at points of discontinuity).

Namely, the following proposition says that, for piecewise continuous con-
trols, trajectories of ¥ starting from xp € X cannot leave the orbit Orb(zg).

Proposition 4.4 If U is a metric space and f(x,u) is of class C** then,
for piecewise continuous controls, we have the inclusion

R(xzo) C Orb(xp).
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In other words, any trajectory of ¥ corresponding to a piecewise continuous
control and starting from xg stays in Orb(xzg) for all times t for which it is
defined in X.

Proof. We shall first prove the following weaker statement. If zq is a point
in X, u:[0,T] — U is a piecewise continuous control and ¢y, € (0,7), then
there exists a neighborhood I of ¢y in [0, 7] such that the trajectory z(¢) of
¥ corresponding to u(-) satisfying x(t9) = xo is well defined, for ¢ in I, and
x(t) € Orb(zg) for t € I. To prove this statement notice that S := Orb(xg)
is a submanifold, by the orbit theorem, and f(x,u) € TS for any = € S
and v € U. This means that the system ¥ can be restricted to S =: X (in
suitable local coordinates S can be locally identified with an open subset of
R*, where k = dim S). The right-hand side f(Z,u) of the restricted system
is also of class C1?; so we have existence (in S) and uniqueness of solution
of the equation # = f(&,u), with the initial condition #(ty) = xo. This
solution coincides with the unique solution of & = f(x, ). This implies our
statement.

To prove the proposition assume that the converse holds, i.e., there exists
a piecewise continuous control u : [0,7") — U such that the corresponding
trajectory z(t) leaves the orbit S := Orb(zg) at time ¢t* € [0,7). This
means that [0,¢*) is the maximal right-open interval such that z([0,t*)) is
contained in the orbit S. Suppose that the point p* := z(¢*) is in S. Taking
p = p* and typ = t* in the statement proved above we see that z(t) € S
for t > t* sufficiently close to t*. This contradicts the maximality of the
interval [0,t*). Suppose thus that p* = z(t*) is not in S. Then p* is in
another orbit, namely in Orb(p*). Again, we choose p* as initial point of the
trajectory x(t), z(t*) = p*, corresponding to the original control. Then, by
the above statement, the trajectory stays in Orb(p*), for some ¢t < ¢*. Since
S = Orb(zp) and Orb(p*) are disjoint, this contradicts to the fact that x(¢)
isin S for all ¢t < t*. The proof is complete. [ |

Proposition 4.5 For any time-reversible system and piecewise constant
controls (or feedback time-reversible system and piecewise continuous con-
trols), with the vector fields f, of class C*°, we have

dimL(zg) =n = =z € int R(xp).

Proof. From our theorem on accessibility of systems and the Lie algebra rank
condition dim L£(xg) = n it follows that the reachable set corresponding to
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piecewise constant controls has a nonempty interior. Let x; be a point in
this interior, contained together with its neighborhood W in the reachable
set. Thus

T = W&k ° ...o,y?;“ll(xo)’

for some k > 1, uy,...,u € U and t1,...,t; € (0,00), where ~;* denotes
the flow of f,,. The forward time trajectories of fy,,..., fu, can be followed
backward using the controls v; = v(uy),...,vr = v(ug) (defined in our defi-
nition of time-reversible systems), choosing suitable positive times 7, ..., 7%
so that the point

— A1 Vg Uk ul — A1 Vi
Ty =7 0o oy, f ooy (W) = 5} 0oy (an)

coincides with zg. This point is also in the interior of the reachable set as
the composition of flows 77! o--- 0~k is a local diffeomorphisms and maps
the neighborhood W of x; onto a neighborhood V' of xo = xg. Since W
was contained in the reachable set R(x), V is also contained in R(zp). It
follows that xg lies in the interior of the reachable set from x.

In the case of feedback time-reversible systems the proof is similar. In
this case the flows of autonomous vector fields f, corresponding to constant
controls have to be replaced by the flows of nonautonomous vector fields
fu(t) corresponding to continuous controls ¢t — wu(t). ]

As a corollary we obtain another proof of the Chow-Rashevskii theorem
(this proof is independent of the orbit theorem).

Corollary 4.6 If the system is time-reversible, X is connected, f, are of
class C* and dim L(x) = n for all x € X, then any point of X is forward
reachable from any other by piecewise constant controls, i.e. R(x) = X for
any x € X.

Proof. From Proposition 4.3 it follows that the reachable set R(z) coincides
with the orbit. Moreover, it follows from Proposition 4.5 that R(z) is open
since, after reaching any point, we can also reach a neighborhood of this
point. Thus reachable sets coincide with orbits and are open subsets of X.
As X is a disjoint union of orbits, it is a disjoint union of open orbits. From
connectedness of X it follows that X consists of one orbit. Thus, for any x(
the orbit of xg is equal to X. As the reachable set of xy coincides with the
orbit, it is also equal to X. [ |
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Example 4.7 Our example of the motion of a car (Examples 1.3 and 1.10)
gives a time-reversible system if, together with the forward motions given
by the vector fields f and g we introduce also backward motions —f and
—g. It follows from the above result that the reachable set is the whole X,
which means that we can reach any position of the car. In fact, a much
stronger result can be proved. Namely, the car can “approximately follow”
any continuous curve in its state space. This will follow from the main result
of the following subsection.

4.2 Approximating curves by trajectories

In this section we will show other controllability properties of the system
which are related to its orbits. In particular, we will show that for a time-
reversible system any curve lying in a single orbit can be C? approximated
(up to time reparametrization) by trajectories of the system. We assume that
X C IR™. The same can be done for X a differential manifold, if we replace
the Euclidean distance used below by the distance defined by a Riemannian
metric on M.
Consider a continuous curve

c:[0,1] — X.
We denote by Im ¢ = ¢([0, 1]) the image of the curve in X and pg := ¢(0).

Definition 4.8 We say that c(-) can be C° approximated by trajectories of
Y if for any € > 0 there exist 7' > 0, an admissible control u : [0,7] — U,
and a strictly increasing continuous function 7(t), 7(0) = 0, 7(T") = 1, such
that z(T', po,u(:)) = ¢(1) and

12 (t, po, u(-)) — e(r(£))]] <€

for all t € [0, T], where x(t,pp, u(-)) is the trajectory starting at ¢ = 0 from
po and || - || denotes the Euclidean norm.

Relations between the following conditions will be discussed below.

(i) The image Imc lies in a single orbit of .
(ii) The curve c:[0,1] — X can be C° approzimated by trajectories of ¥.
(iii) The image Imc lies in the closure in X of a single orbit of .
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Theorem 4.9

(a) For f(x,u) of class C*° and piecewise continuous controls we have (ii)
= (iii), for any continuous curve c¢: [0,1] — X.

(b) If ¥ is time-reversible, the vector fields f, = f(-,u), u € U, are an-
alytic and the controls are piecewise constant then (i) = (ii), for any
absolutely continuous curve c: [0,1] — X. The requirement f, € C¥
can be replaced by f, € C*° and T,0rb(p) = L(p), for any p € Imec.

Proof. (a) Assume that Im ¢ does not lie in the closure of a single orbit. Then
there exists s* € [0, 1] such that p* := c(s*) € cl(S), where S = Orb(pg) —
the orbit of the point pg. This means that dist(p*, S) = € > 0. However, this
inequality implies that the curve ¢ cannot be approximated with accuracy
better than e by trajectories starting from pg (since all such trajectories stay
in S, by Proposition 4.4). This means that (ii) implies (iii).

(b) The implication (i) = (ii) will follow from the Chow-Rashevskii the-
orem stated in the preceding section. Choose ¢ > 0. We cover Imc with
open, connected sets V; in S, each contained in an e-ball in X with center
in Ime, such that V; N S are connected. By compactness of Imc¢ we can
choose a finite number of such open sets Vg, ..., V, ordered in such a way
that pg = ¢(0) € Vo, pry1 == ¢(1) € V;, and V;oy N V; NIme # (), for
i = 1,...,r (this is possible by connectedness of Imc and openess of V;).
Let us choose some points p; = ¢(s;) in VioyNV;NIme, i = 1,...,7, so
that 0 =: 5o < s1 < -+ < 8 < Spq1 := 1. From the assumption f, € C¥
and the orbit theorem it follows that 7,,S = L(p), for any p € S. Therefore,
the system X restricted to the open subset V; of the orbit S satisfies the
Lie algebra rank condition dim £(p) = dim X, where X = V;. It follows
from Corollary 4.6 that the point p; € V; can be joined to p;4+1 € V;, with
a trajectory not leaving V;. Each point on this trajectory is at a distance
not larger than 2¢ from any point of the piece ¢([s;, s;+1]) of Imc (since V;
has the diameter not larger than 2¢ and ¢([s;, s;+1]) is contained in V; by the
assumptions that p; = ¢(s;) € Vi, piv1 = ¢(si+1) € Vi and V; N Imc being
connected). Concatenating the consecutive trajectories joining pg = ¢(0) to
p1 in Vp, then p; to py in Vi etc., and finally p, to p,4y1 = ¢(1) in V, we
obtain a trajectory which approximates ¢ with accuracy 2e (we can define
the reparametrization of ¢, which appears in the definition of C° approx-
imation, as continuous piecewise linear function [0,7] > t — s(t) € [0, 1]
which is linear on the intervals [T;_1,T;] corresponding to the trajectories
joining p;—1 to p; and satisfies s(T;) = s;, i =0,...,7 +1). As € was chosen
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arbitrarily, we see that (ii) holds.

Note that, instead of using analyticity of f, in the above proof (which
implies 7,5 = L(p), for p € S) it is enough to use the assumption that
T,S = L(p) for p € Ime. Namely, this assumption implies the equalities
TS = L(p;), for i = 0,...,pr41, which in turn imply analogous equalities
in neighborhoods of p;, so that we can assume that 7},S = £(p) holds on V;.
(The equality T, S = L(p;) implies the analogous equality in a neighborhood
in S of p;. This follows from two facts: (a) we always have L(p) C T}, for
p € S; (b) the equality dim £L(p;) = dim S = k extends to a neighborhood in
S of p;, since L(p;) is spanned by some k linearly independent vector fields,
which remain linearly independent in a neighborhood of p;.) [ |

Example 4.10 Condition (ii) does not imply (i). An example of such a
system Y is the system with the state space X equal to the 2-dimensional
torus T2 = R? /Z*%, with all vector fields f, equal to the same “constant”
vector field with the “slope” irrational. Then the orbit of any point pg € T2
is a one dimensional immersed submanifold which is dense in T2. Its closure
is the whole of T2, however, any curve which is transversal to the orbit
cannot be CY approximated by the trajectories of X.

The conditions (i) and (iii) in the above theorem may be difficult to check.
However, given an absolutely continuous curve ¢ : [0,1] — X, the following
sufficient condition for C° approximation by trajectories is checkable.

(iv) There exists a neighborhood W of Imec in X such that dim L(p) =
const, forp € W, and

%(s) € L(c(s)) for almost all s € [0,1].
Theorem 4.11

(a) If fu, w € U, are of class C* then (iv) = (i), for any absolutely
continuous curve ¢ : [0,1] — X.

(b) If ¥ is time-reversible, the vector fields f, = f(-,u), u € U, are ana-
lytic and the controls are piecewise constant then (iv) = (ii), for any
absolutely continuous curve c:[0,1] — X. The requirement f, € C¥
can be replaced by f, € C* and T,0rb(p) = L(p), for any p € Imec.

Proof. (a) We have to show that Im ¢ is contained in S = Orb(pp). Assume
that the contrary holds and let s* be the infimum of s € [0, 1] such that
c(s) ¢ S. Define p* = ¢(s*). Since ¢(s) € S for all s < s*, we have



Geometric Nonlinear Control 161

p* € cl(S), by continuity of the curve. Consider a neighborhood V' of p* in
which dim £(p) = const = k. Then the distribution p — L£(p) is of constant
dimension on V' and involutive (since £ = Lie{f,}uev is a Lie algebra).
Applying the local version of the Frobenius theorem we can assume, after
a change of coordinates, that in a neighborhood V; of p* we have L(p) =
span{ey,...,er}, where e; denotes the i-th coordinate versor. This implies
that the k-submanifold of V; defined by {x € V] : zp11 = Drats - Tn = P},
with pf-coordinates of p*, is contained in Orb(p*) (by the Chow-Rashevskii
theorem applied to the system restricted to V7). Since the vectors in L(p)
have zero components along the last n — k versors, from the assumption
(de/ds)(s) € L(c(s)) it follows that the last n — k coordinates of the curve
¢ are constant, equal to the coordinates of p*, for s sufficiently close to s*.
This implies that c(s) is in S = Orb(p*) = Orb(pp), for s > s* close to s*.
But this contradicts our definition of s*, thus (iv) implies (i).

(b) From statement (a) it follows that (iv) implies (i). Using statement
(b) of Theorem 4.9 we see that (i) implies (ii). (Note that in the proof of the
latter implication we have shown existence of controls giving approximating
trajectories, but the controls were not constructed.) ]

The following result shows that, for any analytic, time reversible system,
a point p € X, and a given vector v € L(p), there is a piecewise constant
control producing an infinitesimal movement of the state “in the direction
v” from p.

Theorem 4.12 If X is time reversible and the vector fields f,, uw € U, are
smooth then, for any p € X and v € L(p), there ezists a 1-parameter family
of piecewise constant controls uc(t) such that for the corresponding trajectory
xc(t) starting from p we have

2 (T(€)) = p+ ev+ O(e VM)

for € > 0, where T'(¢) depends continuously on € and T(e) — 0, if € — 0.
The constant N is the smallest integer k such that v is spanned by the vector
fields f,, w € U, and their Lie brackets up to order k, evaluated at p.

The following corollary is an immediate consequence of the theorem.

Corollary 4.13 Under the assumptions of the above theorem the set of vec-
tors at p € X tangent to the curves of ends of 1-parameter families of tra-
jectories [0,T(e)] — X of X, starting from p, coincides with L(p).
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If we drop the assumption that the system is time reversible, the set K (p)
of vectors tangent to curves of ends of 1-parameter families of trajectories
is, in general, a proper subset of L(p). Its explicit description is of basic
importance. We state it as open problem.

A research problem
(a) Prove that K(p) is a cone (not difficult).
(b) Describe K (p) explicitly, assuming that the vector fields f, of the system
are analytic. (Lie bracket should play a basic role.) Consider the case
X =R? or R%.
(¢) Find conditions for path approzimation analogous to conditions in The-
orems 4.9 and 4.11.

The proof of Theorem 4.12 will follow from the following two basic propo-
sitions. The proofs of these propositions should give some insight to the
above problem.

Let ®!,..., ®F be families of diffeomorphisms of X which are of class C"
with respect to (z,€), 7 > 1, and are defined for € close to 0. Assume that

d)=id, ..., ®F =id.

For example, we can take as ®’ the flow of a time dependent vector field, with
e playing the role of time. (In fact, it will be enough to assume less, namely
that ®¢ are partial diffeomorphisms of X, i.e., each ®! is a diffeomorphism
of an open subset of X onto an open subset of X and the set of (x,¢) for
which ®! is defined is open in X x IR and contains X x {0}.) Note that
composition of such families gives a family of diffeomorphisms satisfying the
same conditions.

From ® = id it follows that € — ®i(p) is a C" curve passing through p,
for each 7 and p € X. Thus we can define

oo! OPF
hp) =50 g oo Fiulp) = 5= 0)] s
where fi,..., fi are vector fields on X of class C" 1.
Proposition 4.14 For any constants A1, ..., \r € R we have
0

De P}, 00 Qﬁke(p)‘gzo =Mfi(p) + -+ M fr(p).
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The above formula can be equivalently written in the form
P} 00 B (p) =p + eV (p) + O(e),

where
V(p) = Mfi(p) + - + A fr(p)

This means that the composition of such diffeomorphisms gives infinitesimal
movement along the vector A\ fi(p)+- - -+ A\efx(p). In particular, if we start
with vector fields fu,, ..., fu, and define ® = exp(ef,,) — the flows of f,,,
then we get f; = fu,.

Now we want to construct a family of diffeomorphisms which gives in-
finitesimal movement along the iterated Lie bracket of the vector fields
fi,.., fr. Given two diffeomorphisms ® and ¥ of X, we define their com-
mutator as the diffeomorphism

@, U] =0 toW lodol,

If © is another diffeomorphism of X and we denote xy = [®, V], we define
the third order commutator

[8,9),6] =y 100 1oy 00
U 1o loWodo® lod ol lodoVoo.

Analogously we can define higher order commutators of diffeomorphisms
and, in particular, commutators of our families of diffeomorphisms ®!, ..., <I>§.
The infinitesimal vector field corresponding to the iterated commutator of
such families of diffeomorphisms appears to be equal to the iterated Lie
bracket of the vector fields fi,..., fr. Note that if one of the diffeomor-
phisms is equal to identity then the commutator is also equal to identity.

Proposition 4.15 If ®! are of class C" with respect to (z,€) and r > k+1,
then

<86€>J' [ [@e, @2, ()

=0, for 1 <75 <k,

and

(5)’“ (00,82, 3 (p)

=0 = k! [fk7 "a[f27f1] o '](p)a

€

where the commutator of vector fields fi,. .., fx is of class C"7F.
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The above equalities are equivalent to the Taylor formula
[ [@L, 0], ®F](p) = p+ €V (p) + O("),
and, after reparametrization,
[ [@h e, @2l K (p) = p+ €V (p) + O(T1/H),

where
V(p) = [fr, -+ [f2, f1] -] (p)-

This means that the commutator of such diffeomorphisms gives infinitesi-
mal movement along the vector [fx,---, [f2, fi]-+-](p). (If we define ®! =
exp(efy;) — the flows of f,,, then we get f; = f,, and this infinitesimal
movement is along the iterated Lie bracket of the vectors fields f,, ..., fu,
defined by a control system X.)

Proof of Theorem 4.12. Since v € L(p), where £ = Lie{f,}ucv, we can
write
v=Av1 + -+ Ay,

where \; are real constants, v; = V;(p), and V; are some of the vector fields
fu, u € U, and their iterated Lie brackets. Since any iterated Lie bracket is
equal to a linear combination of left iterated Lie brackets (see Proposition
1.19), after possibly rearranging the above sum we can assume that

Vi= [fu?c(i), B [fué’ full] o ]
fori=1,...,r. We define the families of diffeomorphisms as iterated com-
mutators of the flows,
@ = [ explef, ) explefy)], -+ explefiy )

Define
1
y(e) = @y amay 0 0 @ 1w ()

Taking the derivative of dy/de at e = 0 and using Propositions 4.14 and 4.15
and the definitions of ®’ we obtain the formula

dy
de

It remains to show that in the above construction of the 1-parameter

0) = MVi(p) + -+ A\ Vi(p).

family of points y(e) we can use true forward-time trajectories of system X.
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Notice that the coefficients A1, ..., A, in the linear combination which gives
v can be taken positive. In fact, if \; is negative then we can change the
order of the vector fields fuﬁ and fu% and then V; and A; change signs. In the
definition of the diffeomorphisms ®¢ we use commutators of flows, where we
apply the flows exp(—ef,), with e > 0. We can replace such transformations
by “time-forward movements” by using the control v = v(u) given by the
definition of time reversible system (if the function A(z,u) in this definition
is not constant, the portion of time needed for obtaining the equivalent
of the transformation exp(—ef,) varies with trajectories). In this way we
can replace all time-backward steps by time-forward steps. This shows the
main formula in the theorem. The other statements are easy to see by our
construction. [ |

Proof of Proposition 4.14. Define the function h(e) = f(si(e€),...,sk(€))
where

f(s1,...,85) = @y, O"'O‘I’gk(ﬁ?)
and s;(€) = \je. Then the equality f(0,...,s;,...,0) = ®. (p) and the chain

8;
rule give

koo odl
Zasz 0) i —i:Zl)\z‘ De. (P)lsi=0 = M f1(p) + -+ + A fr(p)

)

which proves the proposition. [ |

Proof of Proposition 4.15. Consider the function h(e) = f(si(€),. .., sk(€))
where

f(slv"'vsk) [ [¢i1,¢§2]7-~-’¢§k](p)

and s;(e) = e. Then the chain rule gives

Jit+ik=J J1
Since the iterated commutator is equal to identity, if one of the diffeomor-
phisms CIJf% is identity, any term in the above sum is equal to zero if j; = 0,
for some ¢. This implies that the derivative is equal to 0 if 5 < k, which
shows the first equality in the proposition.
If j = k then only one term, with all j; # 0, can be nonzero and we get

d" 0 0
_ = | —
“h(0) B e g (0250)
0 0
= k. 1 ®271 ...
k 651 8Sk [ [(DS]j(pSg:I? (psk:l(p) 81:"-=Sk:0 .
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The above expression gives the second equality in Proposition 4.15 by
the following formula (we denote ®,f = Adg f, see Section 1.4).

Proposition 4.16

o0
&sk 881

0 0 -
g (@) (@) )

(I)l

519

2], 24 )(p)

= fr, -+ [fos fi] -] (D)

sg=+=5=0

Proof. The second equality follows by induction from the formula

0

For (@A) @) s [ - DO,

= ((@5) 1 (@0 ) foms - [f2 il D) (@),

which is a consequence of (9/3s)(®");1g = [fm,g]. The latter formula can
be verified directly in the same way as formula (3) in Section 1.4.
In order to check the first equality we use induction with respect to k.

Denote W5 := [---[®L @2 ],--- ®F1] where § = (s1,...,54—1). Then, at
sp=---=s, =0,
d 0 0 d
- 831[ L) = (0o (8h) 0 W o0k ()
0 0 0 0 1 0

A (®F,) o W0 @ (p) =

=5 - k

where the middle equality follows from the fact that ¥z|s,—¢ = id, so dif-
ferentiating with respect to s; appearing in (\Ifg)_1 gives a term indepen-
dent of s, and its derivative 0/0sy vanishing. The derivatives 0/30s;, i =

2,...,k— 1, commute with (q)’;k); L thus the required equality follows from
the inductive formula, at 51 = =5,1 =0, 0/0sp_1-+-0/051¥35(p) =
9/0sp—1 - -8/832((<I>’;k et (@) ) (). u
Exercises

Exercise 1 For vector fields

0 0 0 0 0 0

f1:$37_$27 f2:$17_7537 f3:$27_1'7
81‘2 ailfg’ 81‘3 81‘17 0:131 a:EQ

on R?, with z = (1, z2, 3), show that:
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(a) the flow of fi is the rotation around the first axis:

fy[l (z) = (21,2 cost + xgsint, —wysint + z3cost)’;

(b) the Lie bracket [f1, f2] is equal to fs.

Exercise 2 Using a result stated in lecture notes justify the property: the
motion along the vector field f3 in Problem 1 can be approximated by a
composition of motions along the vector fields f; and f;. How this com-
position should be chosen? (This property can be stated as follows: “the
Sequence .......... of small rotations along the xq-axis and xo-axis produces,
approximately, a rotation along the xz-axis”.)

Exercise 3 Show that the following system is accessible, but not strongly
accessible, at any point p € IR? different from the origin:

T1 = X2 + ury, To9 = —x1 + uxs,
where the control set U = IR. Find the reachable sets R(p) and R¢(p).

Exercise 4 Consider three vector fields on IR? given in coordinates by
f = (x27_$170)T7 g = (07$37x2)T7 h = (x3707x1>T-

(a) Compute the Lie brackets [f,g], [f, k], |9, h] and show that the Lie al-
gebra Lie{f, g, h} generated by f, g, h is a linear subspace of dimension
3, in the linear space of all smooth vector fields on IR3. Show that it
spans a subspace L£(x) of dimension 2 of tangent vectors at any point
x # 0.

(b) Show that the orbits of this family of 3 vector fields are hiperboloids
2?3 + 23 — 3 = const (or cones of revolution) and they are all of di-
mension 2, except of one orbit (which one?). Show that the partition
of X = R?\ {0} into orbits forms a foliation of X of dimension 2.

Exercise 5 Solve the research problem given in the text of Lecture 4.

For further reading the reader is referred to the contributions of Kawski,
Respondek and Agrachev in this volume. The reader may also find useful
the textbooks [3] and [5], as well as the collections of expository papers
[7] and [4]. A brief account of problems and results in nonlinear geometric
theory is given in [2].
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Abstract

These notes are devoted to the problems of linearization, observ-
ability, and decoupling of nonlinear control systems. Together with
notes of Bronislaw Jakubczyk in the same volume, they form an in-
troduction to geometric methods in nonlinear control theory. In the
first part we discuss equivalence of control systems. We consider vari-
ous aspects of the problem: state-space and feedback equivalence, local
and global equivalence, equivalence to linear and partially linear sys-
tems. In the second part we present the notion of observability and
give a geometric rank condition for local observability and an algebraic
characterization of local observability. We discuss uniform observabil-
ity, decompositions of nonobservable systems, and properties of generic
observable systems. In the third part we introduce the notion of invari-
ant distributions and discuss disturbance decoupling and input-output
decoupling. Many concepts and results are illustrated with examples.
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1 Introduction

These notes, together with notes of Jakubczyk [26] of the same volume,
form an introduction to geometric nonlinear control. Section 2 has an el-
ementary and introductory character. We formulate the problem of feed-
back linearization, show why the concept of Lie bracket appears naturally,
and give necessary and sufficient conditions for feedback linearization in the
single-input case. In Section 3 we introduce two concepts of equivalence of
control systems: state space equivalence and feedback equivalence. We also
state a result that any nonlinear control system is (locally) determined by
iterated Lie brackets of vector fields corresponding to constant controls. In
Section 4 we discuss various aspects of the feedback linearization problem.
In particular, we consider the multi-input as well as non control-affine sys-
tems and the problems of global feedback linearization, restricted feedback
linearization, and partial linearization. Section 5 is concerned with the con-
cept of observability. We introduce observability rank condition and then
discuss Kalman-like decomposition of nonlinear non observable systems, uni-
form observability, and generic properties of observable systems. Finally, in
Section 6 we introduce te concept of invariant and controlled invariant dis-
tributions and, based on it, discuss solutions to the disturbance decoupling
and input-output decoupling problems.

We do not provide proofs of the presented results and send the reader to
the literature on geometric control theory (see the list of references) and, in
particular, to monographs [18], [23], [29], [37]. As a small “recompense”, we
illustrate many notions, concepts, and results by simple, mainly mechanical,
examples.

2 Feedback linearization: an introduction

The aim of this preliminary section is to introduce the concept of feedback
linearization and a fundamental geometric tool of nonlinear control theory,
which is the Lie bracket. Feedback linearization is a procedure of transform-
ing a nonlinear system into the simplest possible form, that is, into a linear
system. Necessary and sufficient conditions for this to be possible will be
expressed using the notion of Lie bracket, which is omnipresent in very many
nonlinear control problems.

The problem of feedback linearization is to transform the nonlinear con-
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trol system
into a linear system of the form
i = A% + Bi
via a diffeomorhism
(Z,a) = (P(x), (x,u)),

called feedback transformation. We will start with an introductory example.

Example 2.1 Consider a nonlinear pendulum (rigid one-link manipulator)
consisting of a mass m with control torque wu.

The evolution of the pendulum is described by the Euler-Lagrange equa-
tion with external force

mi%6 + mglsinf = u .
We rewrite it as

= w
. _ 9 u
= lbln0+ml2.

g .

Denote z1 = 0 and x92 = w and consider the evolution of the pendulum
on the state space R?, that is z = (z1,22)” € R2. We get the system %

.i‘l = X9
ig = —Tsinxl—k#.

I

Replace the control u by
w = ml*u +mlgsinz,

which can be interpreted as a transformation in the control space U depend-
ing on the state x € X. We get the linear control system

il = X9

To = 1.
Using a simple transformation in the control space we thus brought the
system into the simplest possible form: a linear one. Notice that the families
of all trajectories of both systems coincide although they are parametrized
(with respect to the control parameters u and @, respectively) in two different
ways.
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Now fix an angle 3. The goal is to stabilize the system around zy =
(w10, 220)", where z19 = 0y and 299 = 0. Introduce new coordinates

1 = x1— T
52'2 = X9.

and apply the control

where k1, ko are real parameters to be chosen. We get a closed loop system
described by the system of linear differential equations

T1 = T9
To = k121 + koo,

whose characteristic polynomial is given by
p(N) = A% = Nky — K.
Let A1, A2 € C be any pair of conjugated complex numbers. Take

kK = =X\
ky = A1+ A,

then the eigenvalues of the closed loop system are A\; and Ao. In particular,
by choosing A1 and Ao in the left half plane we stabilize exponentially the
pendulum around an arbitrary angle 6 and a stabilizing control can be taken
as

U= k‘lmlz(ml —x10) + komi?xo + mglsinxy.

Now fix for the system ¥ an initial point zg = (210, 220)7 € R? and a
terminal point zp = (z17, xQT)T € R? and consider the problem of finding a
control u(t), 0 < ¢ < T, which generates a trajectory z(t), 0 < t < T, such
that x(0) = zp and z(T) = xp. This is the controllability problem, called
also motion planning problem. Due to the above described linearization,
we get the following simple solution of the problem. Choose an arbitrary
C2-function p(t), 0 <t < T, such that

(0) = =
¢'(0) = x20
o(T) = xir
¢'(T) = zar.
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and apply to the system the control
u(t) = ¢"(t)

or, equivalently,
u(t) = mi*¢" (t) + mlgsinx(t).

Clearly, the proposed control solves the motion planning problem producing
a trajectory that joins xg and x7p. O

Now consider a single-input linear control system of the form
A: &= Az + bu,
where x € R™, u € R and assume that A is controllable, that is
rank (b, Ab, ..., A"ilb) =n.
Choose a linear function h = cx, where c is a row vector, such that
chb=cAb=---=cA" % =0

and
cA" b =d #0,

whose existence follows immediately from the controllability assumption.
Introduce linear coordinates

1 = cx
T9 = cAx
Tn = =cA" gz
n = = i
We have

1 = cI = cAx+ cbu = Iy

Tog = cAzx = cA%x + cAbu = I3

Tno1 = cA" 2 = cA" x4+ cA" %y = 7y,

Tn = cA" i = cA"z+ cA" by = >, 6%+ du,

for some a; € R, for 1 < ¢ < n. By introducing a new control variable

n
U= g a;T; + du,
i=1
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which can be viewed at as a state depending transformation in the control
space U, we bring any single-input controllable linear system into the n-fold
integrator
T = Fo, B9 =03, .., Tno1 = Tn, In = 1.
We will consider the problem of whether and when such a transformation
is possible in the nonlinear case. Consider a single-input control affine system

of the form

Y@= f(z) +g@)u,
where x € X, an open subset of R™, and f and g are C'°°-smooth vector
fields on X.

Recall that L,¢ denotes the derivative of a function ¢ with respect to a
vector field v, that is

Fix a point g € X and assume that there exist a C°°-smooth function ¢ on
X such that (compare the linear case)

and
Lyl () = d(x),

where d(z) is a smooth function such that d(zg) # 0. If around the point
xo, the functions ¢, Lep,. .. ,L;}_lcp are independent (in the sense that their
differentials are linearly independent around zg), then in a neighborhood V/
of xy the map

i‘l = @
Tg = Lfcp
En = LY
defines a local diffeomorphism, or, in other words, a local coordinate system.
In the local coordinates (%1, ...,%,)’ we have
T = <dp,i> = Lyp+uLgyp = 2o
Tn = <dL} i > = Ly lo4ul i e = i,

T, = <dL?_1g0,j:> = L}ch—l—uLgL?_lgo = L} +ud(z).
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By introducing a new control variable
u=Ltp+ uLgL}l_lcp,

which can be viewed at as a transformation in the control space U, depending
nonlinearly on the state z, we bring our single-input nonlinear system into
the n-fold integrator

Ty =2, L2 =23, ..., Tp—-1 = Lp, Tn = U.

The proposed method works under two assumptions. Firstly, we assumed
the existence of a function ¢ such that Ly = LyLyp = --- = LgL}‘*Qcp =0.
Secondly, we assumed that the functions ¢, Lsep,.. ., L}L_lap are independent
in a neighborhood of xy. The former is a system of n — 1 first order partial
differential equations. In order to see it, let us consider the two first equations
Lyp =0 and LyLsp = 0, which imply that

LyLyp— LyLsp = 0.

Although the expression on the left hand side involves a priori partial deriva-
tives of order two, it depends on partial derivatives of ¢ of order one only
and a direct calculation shows that we can represent it as

LiLgp — LgLgp = Lis g,

where the vector field [f, g] is given by

[f,9)(x) = Dg(x) f(x) — Df(z)g(x),

where Dg(z) (resp. Df(x)) stands for the derivative at z, that is, the Jacobi
matrix of the map g : X — R™ (resp. f: X — R"). We will call [f, ¢]
the Lie bracket of the vector fields f and g. We would like to emphasize two
important aspects of the nature of Lie bracket. Firstly, it is a vector field,
because if we change coordinates then the Lie bracket is multiplied on the
left by the Jacobi matrix of the derivative of the coordinate change. This
shows its vector, i.e., contravariant, nature. Secondly, a Lie bracket [f,g]
acts on a function ¢ by the formula L; ¢, that is, acts as a first order
differential operator. Notice that, as we have already said, the expression
L¢Lyp — LyLyp involves, a priori, second order derivatives of ¢ but all of
them are mixed partials that mutually cancel due to Schwarz lemma.
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Introduce the notation
adyg = [f, 9]
and, inductively, ' 4
ad}™g = [f,ad}g],
for any integer j > 1. Put ad(}g = ¢g. It can be shown by an induction
argument that the existence of a function ¢ such that Loy = LyLyp = --- =

LgL}Z_Qgp = 0 is equivalent to the solvability of the following system of first
order partial differential equations

Lyp = 0
Ladfg@ = 0
) (2.1)
Lad'?ngSD = 0,
which in coordinates is expressed as
n
0 ; .
' a—i( dicg)l-:0, for 0 <j<n-—2,
i=1
where (adgcg)i denotes the i-th component, in the coordinates (z1,...,z,)7,

of the vector field adi;g.

It can be shown that the requirement that the differentials dL?cgo, for
0 < j < n—1, where ¢ is a nontrivial solution of the system (2.1), are
linearly independent at zq is equivalent to the linear independence of ad?cg
at xg, for 0 < j <n—1.

We will show that a necessary condition for the above system of first
order PDE’s to admit a nontrivial solution is that for any 0 <i4,5 <n —2
the Lie bracket [ad;g,adicg](x) belongs to the linear space generated by
{ad?g(ac), 0 < g <n—2}. In view of the linear independence of the ad;ig’s,

this is equivalent to the existence of smooth functions azj such that
) n—2
[adécg, adzcg] = Z af]jad(j]cg.
q=0
To prove it, assume that there exists a vector field v of the form v =

[ad}g, adgcg], for some 0 < 4,5 < n — 2, and a point x € X, such that
v(z) ¢ span {ad?g(x), 0<g<n-—2} Wehave

L,ng = L[ad}g,adi;g](p = Lad}gLad;ggp — Lad]f'gLad}g(p = O
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The n vector fields v and ad(}g, for 0 < g < n — 2, are linearly independent
in a neighborhood of x € X and therefore the only solutions of the system
of n first order PDE’s

Ly 0
Lad}gsa = 0, for0<j<n—2

are  =constant.
It turns out that the two above necessary conditions are also sufficient
for the solvability of the problem. Indeed, we have the following result.

Theorem 2.2 There exist a local change of coordinates T = ¢(x) and a
feedback of the form u = a(x) + B(z)u, where B(x) # 0, transforming,

locally around xg € X, the nonlinear system

Nood=f(x) +g(x)u

into a linear controllable system of the form

if and only if the system X satisfies in a neighborhood of xq:
(C1) g(x),adrg(z), ... ,ad?_lg(x) are linearly independent;
(C2) for any 0 <1i,j <n—2, there exist smooth functions aflj such that

[ad fg, adj Z a” adq

The condition (C2), called involutivity, is discussed in the general context
in the section devoted to Frobenius theorem of [26] in this volume and in the
context of feedback linearization in Section 4. It has a clear geometric inter-
pretation. If the above defined system of PDE’s Lyp = --- = Lad?_zggp =0

admits a nontrivial solution then for any constant ¢ € R the equation ¢ = ¢
defines a hypersurface in X. The vectors g(z),adsg(x),..., ad}l*Zg(az) form
at any = € {¢(x) = ¢} the tangent space to that hypersurface. In general,
such a hypersurface need not exist; the involutivity condition (C2) guaran-
tees its existence.

Especially simple is the planar case, that is, n = 2, in which the involu-
tivity follows automatically from the linear independence condition.
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Corollary 2.3 A control-affine planar system

&= f(x) + g(x)u,

where x € R?, is locally feedback linearizable at xo if and only if g and adyg
are independent at x.

Example 2.4 (Example 2.1 cont.) We have f = 3528%1 and g = #8%2.
Thus the vector fields g and adfg = _#6%1 are independent and hence,

by Corollary 2.3, we can conclude feedback linearization of the pendulum, a

property which we have established by a direct calculation in Example 2.1.
0

3 Equivalence of control systems

The question of feedback linearization discussed in Section 2 is a subproblem
of a more general problem of feedback equivalence. In this section we study
equivalence of control systems. We start with state space equivalence in
Section 3.1 and then we define feedback equivalence in Section 3.2. Various
aspects of the problem of feedback linearization will be discussed in Section 4.

3.1 State space equivalence

Two systems are state-space equivalent if they are related by a diffeomor-
phism (and then also their trajectories, corresponding to the same controls,
are related by that diffecomorphism). A question of particular interest is that
of when a nonlinear system is equivalent to a linear one. If this is the case
the nonlinearities of the considered system are not intrinsic, they appear
because of a "wrong” choice of coordinates, and the nonlinear system shares
all properties of its linear equivalent.
Consider a smooth nonlinear control system of the form

¥ = f(x,u),

where z € X, an open subset of R” (or an n-dimensional manifold) and
u € U, an open subset of R™ (or an m-dimensional manifold). The class
of admissible controls U is fixed and PC C U C M, where PC denotes the
class of piece-wise constant controls with values in U and M the class of
measurable controls with values in U.
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Consider another control system of the same form with the same control
space U and the same class of admissible controls U

S &= f(%u),

where 7 € X , an open subset of R™ (or an n-dimensional manifold) and
u € U. Analogously to the transformation ®.g of a vector field g(-) by a
diffeomorphism ®, we define the transformation of f(-,u) by ®. Put

(©.f)(B,u) = DO(®(H)) - f(D(P),w).

We say that control systems ¥ and Y are state space equivalent (respec-
tively, locally state space equivalent at points p and p) if there exists a dif-
feomorphism ® : X — X (respectively, a local diffeomorphism & : Xy — X,
®(p) = p, where X is a neighborhood of p) such that

o.f=1.

Put
F={fulueU} and F={f,|ueclU},

where f, = f(-,u) and f, = f(-,u), that is, F (resp. F) stands for the
family of all vector fields corresponding to constant controls of ¥ (resp. of
Y)). (Local) state space equivalence of ¥ and ¥ means simply that

O, fu=fu for any ue U,

i.e., that ® establishes a correspondence between vector fields defined by
constant controls.

Recall the notion of the Lie algebra £ of the system, see the section on
controllability and accessibility of [26] in this volume. Assume dim £(p) =
dim Z(ﬁ) = n, which implies that ¥ and Y are accessible at p and p, respec-
tively.

The following observation shows that (local) state space equivalence is
very natural.

Proposition 3.1 ¥ and ¥ are (locally) state space equivalent if and only if
there exists a (local) diffeomorphism ® which (locally, in neighborhoods of p
and p) preserves trajectories corresponding to the same controls u(-) € U,
1.€.,

(' (p)) =3 (D)
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for any u(-) € U and any t for which both sides exist, where v{*(p) (resp.
4(p)) denotes the trajectory of ¥ (resp. X) corresponding to the control
function u(-) € U and passing by p (resp. by p) for t = 0.

Introduce the following notation for left iterated Lie brackets

f[u1u2...Uk] = [fula [fuza ) [fukfp fuk] o H

and analogous for the tilded family. In particular fj,,; = fu,-
The following result was established by Krener [32] (see also Sussmann [42]).

Theorem 3.2 Assume that the systems ¥ and ¥ are analytic and that
dim £(p) = n and dim L(p) = 7.

(i) X and Y are locally equivalent at p and p if and only if there exists a

linear isomorphism of the tangent spaces F' : T, X — Tﬁf( such that

Ff[uluguk](p) - f[uluguk](ﬁ)7 (31)

for any k> 1 and any uy,...u € U.

(ii) Assume, moreover, that X and X are simply connected and that the
Lie algebras £ and L of ¥ and 3, respectively, consist of complete
vector fields and satisfy Lie rank condition everywhere. If there exist
points p € X and p € X and a linear isomorphism F T,X — Tﬁf(
satisfying (3.1) then ¥ and Y are state space equivalent.

This theorem shows that all information concerning (local) behavior is
contained in the values at the initial condition of Lie brackets from £. In a
sense (iterative) Lie brackets form invariant (higher order) derivatives of the
dynamics of the system and in the analytic case they completely determine
its local properties as (higher order) derivatives do for analytic functions.

Consider a control-affine system of the form

Saf 1 &= f(z)+ Y gila)us.
=1

Denote gg = f. Using the above theorem we obtain the following lineariza-
tion result (compare [38], [42]).

Proposition 3.3 Consider a control-affine analytic system X.g.
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(i) The system Y.g is locally state space equivalent at p € X to a linear
controllable system of the form

m
A ijAx—l—c—i-Bu:Al‘—i-C—l-Zbiui, reR", wueR™,

=1

at g € R™ if and only if
(El) [giu [giw T [gikflhqik] - H(p) =0
for any k > 2 and any 0 < i; <m, 1 < j <k, provided that at least
two 1;’s are different from zero and
(E2) dim span {adz;gi(p) |1<i<m, 0<j<n—1}p)=n.

(il) The system Yog is locally state space equivalent at p € X to a linear
controllable system of the form

m
A a%:Aac—i—Bu:Aac—i—Zbiui, reR”, welR™,

=1

at 0 € R" if and only if ¥ satisfies (E1), (E2) and f(p) = 0.

(iii) The system Log is globally state space equivalent to a controllable linear
system A on R™ if and only if it satisfies (E1), (E2), there exists p €
X such that f(p) = 0, the state space X is simply connected and,
moreover,
(E3) the vector fields f and g1, ..., gm are complete.

Recall that a vector field f is complete if its flow vf (p) is defined for any
(t,p) e R x X.

3.2 Feedback equivalence

The role of the concept of feedback in control cannot be overestimated and
is very well understood, both in the linear and nonlinear cases. We would
like to consider it as a way of transforming nonlinear systems in order to
achieve desired properties. When considering state-space equivalence the
controls remain unchanged. The idea of feedback equivalence is to enlarge
state-space transformations by allowing to transform controls as well and to
transform them in a way which depends on the state: thus feeding the state
back to the system.

Consider two general control systems 3 and ) given respectively by © =

f(z,u), z€ X,ueUand Z = f(&a), z € X, & € U. Assume that U and
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U are open subsets of R™. We say that ¥ and ¥ are feedback equivalent if
there exists a diffeomorphism y : X x U — X x U of the form

(xvu) = X(l‘,u) = (CD(x),\I/(x,u))

which transforms the first system into the second, i.e.,

DO (x) f(x,u) = f(2(x), U(z,u)).

Observe that ® plays the role of a coordinate change in X and ¥, called
feedback transformation, changes coordinates in the control space in a way
which is state dependent.

When studying dynamical control systems with parameters and their
bifurcations, the situation is opposite: coordinate changes in the parameters
space are state-independent, while coordinate changes in the state space may
depend on the parameters.

For the control-affine case, i.e., for systems of the form

m
Sat 1 &= (@) + Y gil@)u = f(x) + g(x)u,
i=1
where ¢ = (g1,...,9m) and u = (u1,...,un,)", in order to preserve the

control affine form of the system, we will restrict feedback transformations
to control affine ones

i = U(z,u) = alx) + Be)u,

where 3(z) is an invertible m x m matrix and @ = (i, . .., @mn)’. Denote
the inverse feedback transformation by v = a(z) + B(x)t. Then feedback
equivalence means that

f=®.(f +ga) and g§=P.(98),

where g = (g1, ..., Jm)-

For control linear systems of the form & = g(z)u = >_" | gi(x)u;, (local)
feedback equivalence coincides with (local) equivalence of distributions G
spanned by the vector fields g;’s.
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4 Feedback linearization

Since feedback transformations change dynamical behavior of a system they
are used to achieve some required properties of the system. In Sections 6.2
and 6.3 we will show how feedback transformations are used to synthesize
controls with decoupling properties. In this Section we will study the prob-
lem of when a nonlinear system can be transformed to a linear form via
feedback. A particular case of feedback linearization of single-input control
affine systems has been discussed in Section 2. The interest in feedback
linearization is two-fold. Firstly, if one is able to compensate nonlinearities
by feedback then the modified system possesses all control properties of its
linear equivalent and linear control theory can be used in order to study it
and/or to achieve the desired control properties. This shows possible engi-
neering applications of feedback linearization, compare Example 2.1. From
mathematical (or system theory) viewpoint, if we would like to classify non-
linear systems under feedback transformations (which define a group action
on the space of all systems) then one of the most natural problems is to
characterize those nonlinear systems which are feedback equivalent to linear
ones. In Section 4.1 we will study feedback linearization of multi-input and
general nonlinear systems. In Section 4.2 we will consider linearization using
feedback which changes the drift vector field only. Finally, in Section 4.3 we
will study the problem of finding the largest possible linearizable subsystem
of the given system.

4.1 Static feedback linearization

A general nonlinear control system
Xk = fa,u),

is (locally at (zg,up)) feedback linearizable if it is (locally at (z, up)) feedback
equivalent to a controllable linear system A, of the form

Ae: 7= A% + ¢ + Ba.

Recall the notation

F={fu | uelU}.

For any u € U, define the following distributions on X which will play the
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fundamental role in solving the feedback linearization problem.

Ai(z,u) = Im g—f(m,u)
U
AQ(JJ,U) = Al(ﬂf,U) + span [f’Al] (SC,U)
= Az, u) +span {[fu, 9] (z,u) | fu € F, g € Ar}
and, inductively,

Aj(z,u) = Aj_i(z,u) +span [F,Aj_1] (z,u)
Aj_q(xz,u) +span {[fu, 9] (z,u) | fu € F, g € Aj_1}.

Remark 4.1 For the linear system A. we have

Ay=ImB Aj;=Im (B,...,A7"'B), j>0.

In the control-affine case, the feedback linearization problem was solved
by Jakubczyk and Respondek [27], and independently by Hunt and Su [22]
(see Theorem 4.5 below). In the general case we have the follwing result.

Theorem 4.2 ¥ is locally feedback linearizable at (xo,wuy) if and only if it
satisfies in a neighborhood of (xg,ug) the following conditions

(A0) Ay does not depend on u,

(A1) dim Aj(z,u) =const, j=1,...,n,
(A2) A; are involutive, j =1,...,n,
(A3) dim A, (o, ug) = n.

Remark 4.3 One can show that if A; is involutive, of constant rank, and
does not depend on u then the successive distributions A;, for j > 2, do not
depend on w either. Thus we can check the involutivity condition (A2) for
them for a single value u only (for example for ug).

In applications, one is often interested in points of equilibria. Denote by
A a linear system of the form

A : Z= A%+ Ba,

that is, the system A, with ¢ = 0.
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Corollary 4.4 Y.g is locally feedback equivalent at (xq,ug) to a controllable
linear system A at (0,0) if and only if it satisfies the conditions (A0)-(A3)
and moreover f(xo,up) € A1(xo,up).

Consider feedback equivalence of linear controllable multi-input systems
A of the form & = Az + Bu (in this case the diffeomorphism ®(z) and feed-
back ¥(z, u) are taken to be linear with respect to the state and control). As
shown by Brunovsky [5], complete feedback invariants are the dimensions m;
of Im M/, where the map M7 : R™ — R" is defined as [B, AB, ..., A7"'B].
Put ng = 0 and n; = m; —m;_1, for 1 < j < n. Define

kj = max{n; | n; > j}. (4.1)

Observe that k1 > -+ > Kk, and Zgl ki = n. The integers k;, called
controllability (or Brunovsky) indices, form another set of complete invari-
ants of feedback equivalence of linear controllable systems.

Every controllable system A with indices k1 > --- > K, is feedback
equivalent to the system

Tij = Tijr1, for 1 <j <k —1, (4.2)

Tiw, = Ui, '

where 1 < ¢ < m, called Brunovsky canonical form, which consists of m
independent series of k; integrators.

Very often we deal with control-affine systems >,g. To state a feedback

linearization result for ¥,g, we define the following distributions

Dl (z) = span{gi(z), 1 <i<m}
Di(z) = span{ad;]c_lgi(:v), 1<g<yj, 1<i<m},

for j > 2. If the dimensions d;(z) of D’(z) are constant (see (A1)’ and (B1)
below) we denote them by d; and we define indices p; as follows. Define
do =0 and put r; = dj —d;j—1 for 1 <j <n. Then (compare (4.1))

pj = max{r; | r; > j}. (4.3)

If the distributions A; defined earlier in this section are involutive, then
they are feedback invariant. If, moreover, the system is affine with respect to
controls then, clearly, A; = DI, for j > 1 and, in particular, p; > --- > pp,
are feedback invariant. In this case the indices p; coincide with s;, the
controllability indices of the linear equivalent of .

The following result (see [27] and [22]) describes linearizable control-affine
Systems.
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Theorem 4.5 The following conditions are equivalent.
(i) X s locally feedback linearizable at xo € R™.
(ii) X satisfies in a neighborhood of xg
(A1)’ dim D’(x) =const, for 1 < j < n,
(A2)" D7 are involutive, for 1 < j < n,
(A3)" dim D™ (zp) = n.
(iii) X satisfies in a neighborhood of
(B1) dim D’(x) =const, for 1 < j < n,
(B2) DPi~! are involutive, for 1 < j < m,
(

B3) dim D' (xg) = n, where py is the largest controllability index.

In the single-input case m = 1, the condition (A3) (or, equivalently,
(B3)) states that g(xo),. .. ,ad?‘lg(xo) are independent, which implies that
all distributions Dj, for 1 < j < n, are of constant rank. In the following
Corollary of Theorem 4.5 we thus rediscover Theorem 2.2.

Corollary 4.6 A scalar input system X is feedback linearizable if and only
if it satisfies
(C1) g(zo),. .. ,ad’}_lg(:co) are independent,

(C2) D1 is involutive.

Example 4.7 Consider the following rigid two-link robot manipulator (dou-
ble pendulum); compare, e.g., [6] or [37].

it = 2?

P2 = —M_l(ml)(C(xl,w2)+k(a:1))—i—M_l(acl)u,

where 01 and 6y represent the angles (between the horizontal and the first
arm and between the arms) and z! = (01,60;), 22 = (01,05). The con-
trol torques applied to the joints are u = (u1,u2) and the positive definite
symmetric matrix M (x!) is given by

mll% + mgl% + mgl% + 2malyls cos Oy mgl% + malyls cos O
mglg + T)’LQlllQ COS 92 mgl% '

The term k() represents the gravitational force and the term C(8, ) reflects
the centripetal and Coriolis force.
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We have that D! = span{8 s} = span{ae 90 21 is involutive and

dim D?(z!, 2%) = 4. Hence the double pendulum is feedback linearizable. A
linearizing feedback is given, e.g., by u = C(z!, 2?) + k(z!) + M(2V)a. O

Example 4.8 Consider the following model of a permanent magnet stepper

motor [46]

1 = —Kijz1+ Kexgsin(Kszy) + up

t9 = —Kijzo+ Koxzcos(Kszg) + us

i3 = —Karysin(Ksry) + Kzracos(Ksry) — Kyrs + Kesin(4Ksas) — 11/
Ty = w3,

where x1, x9 denote currents, xs denotes the rotor speed and x4 its position,
J is the rotor inertia, and 77, is the load torque We see the distributions
D' = span{ 2 Tor 82:2} and D? = span{2- 5o 812, am } are involutive and that
dimD?(z) = 4 and thus the system is locally (and even globally!) feedback
linearizable. O

Example 4.9 The goal of this example is to show how to solve nonlinear
problems by transforming the system to an equivalent linear system and
solving the linear version of the problem for the linear system. Consider the
following system

T = y+uyz
y = =z
Zz = wu+sinz,

where (z,y,2) € R3. We want to stabilize it exponentially globally on R3.
Firstly, we show that the system is feedback linearizable. To simplify calcu-
lations, replace f by f = f+ag = f — (sinz)g = (y + yz,2,0)T. We have

= (0,0, 1)T, adfg = —(y,1,0)7, and [g,adfg] = 0. Thus the distributions
D = span{-Z 2} and D? = span{y-2 5 T By’ 8Z} are involutive. We seek for a
function ¢ whose differential anihilates D? which means to find a solution
of the following system of 1-st order partial differential equations (compare
Section 2)

99 _

5 = 0
O¢ | Op _
Yor t5 = 0
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We conclude that ¢ can be an arbitrary function of  — % and we choose
Y=z % Therefore we put, see Section 2, ¥ = x — 742—2, y=Lrp=uy,
zZ = L?ccp = z and, finally, v = @ — sinz. This yields the following linear

system

- e

ISITN-S
I
Sy X

)

which we stabilize on R? globally and exponentially via a linear feedback of
the form @ = kx + ly + mZz, where the matrix

01 0
00 1
k'l m

is Hurwitz. Therefore the nonlinear feedback

2

u:k(x—%)—l—ly—i-mz—sinx

stabilizes globally and asymptotically on R? the original system. O

Example 4.10 Consider the following model of the rigid body whose gas
jets control the rotations around the two first principal axes.

w1 = ajwows +ug
dJQ = awiws =+ uo
w3 = agwiws.

We have f = (a1waws, agwiws, aswiws)’, g1 = (1,0,0)” and g» = (0,1,0)7.
We calculate adfg; = —(0,0, azws)’ and adsge = —(0,0,asw;)?. We thus

see that the distribution D! = span {g1, g2} = span {821 , 8%2} is always in-

volutive and of rank two everywhere while D? = span {g1, g2, ad f91,adrga}
is of rank three if and only if as # 0 and either w; # 0 or ws # 0. In the
first case we put @1 = agwiws, U1 =

2 2 ~
a2 (—a1a3wiws — apawiws + azwita),

and uy = —aowiws + e and we get the linear system
W = U
wo = g
w3 = .

In the second case we we put &0y = agwiws and define 47 and %o in an
anologous way. ([l
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Example 4.11 Consider the following model of unicycle

1 = wupcosb
Tog = ugsinf
0 = wuo ’

where (z1,22,0) € R? x S'. We have
g1 = (cos,sin6,0)T, go = (0,0,1)7,

thus [g1, g2] = (sinf, — cos 6, 0)” and hence D! is not involutive: the unicycle
is not static feedback linearizable. ]

4.2 Restricted feedback linearization

Consider a control-affine system X, and a feedback transformation v =
a(z) + f(x)t which can be interpreted as an (affine) change of coordinates,
depending on the state, in the input space. The term 3 allows to choose
generators of the distribution D' = span{gi,...,gmn} whereas the term «
changes the drift f. Restricted feedback allows to transform the drift f only
and keeps the g;’s unchanged. More precisely, two control affine systems Y,¢
and Y,q are restricted feedback equivalent if there exist a diffeomorphism ®
between their state spaces and a restricted feedback of the form u = a(x)+a
such that

f=®.(f+g9a) and g = D.g;, (4.4)
for 1 <i<m.

We will be interested in equivalence to liner systems under such feedback
and we will call it restricted feedback linearization.

The three main reasons to discuss restricted feedback linearization are as
follows. Firstly, it was Brockett’s restricted feedback linearization result [3]
which begun an increasing interest in various kinds of feedback linearization
problems for nonlinear systems. Secondly, there is a nice stochastic inter-
pretation of the restricted feedback linearization [3]. Thirdly, it is relatively
easy, as we will show it, to proceed from local results to global ones.

Consider single-input systems of the form

Yaf ¢ = f(x)+g(@)u, xe X, uel,



Linearization, Observability, Decoupling 193

and study their equivalence to linear single-input systems of the form
Ao : 2=Ai+c+bi, 2R aeR.
We have the following result [1].

Theorem 4.12 X.5 is locally restricted feedback linearizable at xq if and
only if it satisfies in a neighborhood of xq the following conditions

(RC1) g(zo),---, ad}l_lg(xo) are independent.
(RC1) [ad‘}g, ad’g] C D2 forany 0 < q,r <n—1,

Remark 4.13 Like in the case of feedback linearization (compare Corol-
lary 4.4), Y.¢ is restricted feedback equivalent at xg to A., with ¢ =0, at 0
if and only if f(z¢) € D! (x0).

In the single-input case all linearizable systems are equivalent to the
Brunovsky canonical form (compare (4.2))

i’i = $i+1,f0r1§i§n—1,
Tp = U.

(4.5)

If ¥o¢ is (locally) feedback linearizable, then there are many pairs (o, [3)
and many (local) diffeomorphisms which transform ¥,g into its Brunovsky
canonical form. However, if we allow for restricted feedback only, then «
transforming X,g into the canonical form is unique and is given by

a=(=1)""1L} Yy, (4.6)

where Ly stands for the Lie derivative along f and the smooth function
is uniquely defined by

n
f=2 madiy.
=1

This observation is crucial for establishing the following result on restricted
feedback linearization [9], [39].

Theorem 4.14 Y is restricted feedback globally linearizable, that is, globally
equivalent via a restricted feedback to a linear system on R™, if and only if
it satisfies the conditions (RC1),(RC2) and, moreover,

(RC3) the vector fields f and g are complete, where f = f+ga and a is
defined by (4.6),

(RC4) the state space X is simply connected.
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Example 4.15 (Continuation of Examples 2.1 and 2.4). We have f =
w% — %sin@(f,% and g = #é%. Therefore [adfg,g] = 0 and since g and
adyg are independent everywhere, the system is restricted feedback lineariz-
able. Indeed, it is immediate to see that the feedback u = mglsinf + @

brings the system to a linear form (no action of diffeomorphism is needed).
O

The nonlinear pendulum defined on S! x R! is globally equivalent to a linear
system evolving on S' x R'. If we enlarge the class of linear systems to
include systems of the form & = Az + Bu, where each component z; of z is
either a global coordinate on R! or a global coordinate (angle) on S', then
Theorem 4.14 remains true if we drop the assumption (RC4). This includes
many mechanical control systems.

4.3 Partial linearization

The linearizability conditions are restrictive (except for the scalar input affine
systems on the plane, compare Corollary 2.3). Given a nonlinearizable sys-
tem it is therefore natural to ask what is its largest linearizable subsystem.
Consider a partially linear system Apar of the form

AL A+ e+ 300 bid
part - 562 — f2(£f1,f2)+E?;1§Z-2(3?1,352)ﬂi,

S
Il

with #', 2 being possibly vectors. Recall the notion of the Lie ideal L of the
system (see [26] of this volume), which is defined as the Lie ideal generated
by g1,...,9m in L, or, in other words, Ly = Lie {ad‘}gi |1<i<m, ¢g>0}.
With the help of £y we define another Lie ideal by putting

L2 =[Lo, Lo] = {[fr. fo] | f1,f2 € Lo}.

It is £2? which contains all intrinsic nonlinearities not removable by the action
of diffeomorphisms as the following result [40] shows.

Theorem 4.16 Consider a control affine system Y.
(i) If Zag s locally state space equivalent at xg to a partially linear system
Apart then dim L2(x) < n in a neighborhood of xq.
(ii) Assume that Y.g satisfies dim Lo(zg) = n and that dim L£3(z) =
o=const. in a neighborhood of xrog. Then .5 is locally state space
equivalent to a partially linear system Apare, such that the dimension
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1

of the linear subsystem is dim & = n — o and, moreover, the linear

subsystem is controllable.

Corollary 4.17 Let an analytic system Y. satisfies dim Lo(z) = n. It is
locally state space equivalent at xo to a partially linear system Apare if and
only if

dim £%(xg) < n.

Moreover, there exists a system Apary, with n— o-dimensional linear control-
lable subsystem, where o = dim L2(xzo), which is state space equivalent to
Saff-

Now we consider the problem of transforming a nonlinear system to a par-
tially linear one via feedback. This problem has been studied and solved
in the scalar-input case in [33] and in the multi-input case in [34] and [40].
Recall that for a smooth distribution D we denote by D its involutive clo-
sure, that is, the smallest distribution containing D and closed under the Lie
bracket.

Theorem 4.18 Consider a single-input system ..
(i) If Sag is locally feedback equivalent at xo to a partially linear Apart
with p-dimensional linear controllable subsystem then X.g satisfies the
following conditions:

(PC1) g(xo),. .. ,ad?il(aco) are independent,
(PC2) dim 5p71($) < n in a neighborhood of xg,
(PC3) ad} 'g(x) ¢ D" (a).

(ii) Assume that there exists an integer p such that dim@pil(l‘):const.
and that (PC1), (PC2), (PC3) are satisfied. Then X,g is locally feed-
back equivalent to a partially linear system Apary with p-dimensional
linear controllable subsystem, that is dim &' = p. Moreover, the largest

p satisfying the above conditions gives the largest dimension of linear
subsystem among all possible partial linearizations.

Example 4.19 Consider a symmetric rigid body (two inertia momenta are
equal) with one pair of jets

(,Jl = awows + e1u
Wy = —awiws + esu
a)g = €e3u
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Compute g = (e1,e2,e3)T | adrg = a(eaws + eswa, —e1ws — eswi, 0)L.
Hence for D? to be involutive, that is, [g,adrg] = 2aes3(—e2,e1,0) € D? =
span{g,adsg}, we need either e3 = 0 or e; = e3 = 0. In the former case,
w3 remains constant, in the latter, the symmetric spacecraft is controlled in
a symmetric way: the angular momentum of the jet is parallel to the third
principal axis. Notice that for all values of the control vector e = (e1, ez, e3)7,
the system is not feedback linearizable. Indeed, either D? is not involutive or
the system is not accessible. On the other hand, for all values of the control
vector field e # 0, the system contains a 2-dimensional linear subsystem for
an open and dense set of initial conditions. [l

5 Observability

In this chapter we consider briefly the concept of nonlinear observability. We
start with geometric approach to the observability problem and in Section 5.1
we state a sufficient condition, called observability rank condition, based on
successive Lie derivatives of the output along the dynamics. In Section 5.2 we
discuss (local) decompositions into observable and completely unobservable
parts which generalize the classical Kalman decomposition. Then in Section
5.3 we consider the problem of uniform observability, which means that we
can observe the system for any input. In Section 5.4 we give a necessary
and sufficient condition for local observability. Finally, in Section 5.5 we
discuss generic properties: we give normal forms for generic systems and
recall results concerning genericity of observability.

5.1 Nonlinear observability

Consider the class of nonlinear systems with outputs (measurements) of the
form
Y o T = f (x,u),
y = h(z),
where z € X, u € U,y €Y. Here X, U, and Y are open subsets of R", R™,
and RP, respectively (or differentiable manifolds of dimensions n, m, and p,

respectively)!. The map h : X — Y represents the vector of p measurements
(observations), where h; € C®(X), for 1 < i < p, and h = (h1,...,hp)L.

'Except for the second part of Section 5.5, where we assume U to be J™, with J being
a compact subinterval of R.
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Throughout this section, 3 will denote the above described nonlinear system
with output.

The class of admissible controls I/ is fixed and PC C U C M, where PC
denotes the class of piece-wise constant controls with values in U and M the
class of measurable controls with values in U.

Let Y denote the space of absolutely continuous functions on X with
values in Y. For the system ¥ we define the response map, called also input-
output map,

Ry : X xU —),

which to any initial condition ¢ € X and any admissible control u(-) € U
attaches the output of the system

?/q,u(t) = y(t7Q7u(')) = h(‘r(tv Q7u(')))7

where x(t,q,u(-)) denotes the solution of & = f(xz,u), for u(-) € U, passing
through ¢, that is x(0,q,u(-)) = ¢q. The control u(:) being defined on an
interval I,, C R, such that 0 € I,,, we consider the output y(-) on the maximal
interval I, C I, C R on which it exists.

Roughly speaking, the problem of observability is that of the injectivity,
with respect to the initial condition, of the response map.

We say that two states q1,q2 € X are indistinguishable, and we write
qilge, it

thu(t) = yQ2,u(t)’

for any u(-) € U and any ¢ for which both sides exist.

Definition 5.1 We call the system 3 observable if for any two states ¢, s €
X we have

@l = q1 = q2,

that is, if there exists an admissible control u(-) € ¢ and a time ¢ > 0 such
that

Yagr,u(t) 7# Ygo,ull)-

meaning that the states g1 and g9 are distinguishable.

Definition 5.2 ¥ is called locally observable at ¢ € X if there is a neighbor-
hood V of ¢ such that for any ¢ € V, the states ¢ and ¢ are distinguishable.
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Given a system X and an open set V' C X, by the restriction Xy we will
mean a control system with the state space V', defined by the restrictions of
fand h to V x U and V, respectively.

Definition 5.3 . is called strongly locally observable at a point ¢ € X if
there exists a neighborhood V' of ¢ such that the restricted system Xy is
observable.

We would like to emphasize some features of the introduced concepts of
observability. Strong local observability is a local concept in two aspects.
Firstly, strong local observability means that, in general, we are able to dis-
tinguish neighboring points only. Secondly, we are able to do so considering
trajectories which stay close to the initial condition. Of course, observability
implies strong local observability at any point (we can take V' = X)), which,
in turn, implies local observability at any point (for each point we take the
neighborhood V' existing due to the strong local observability). In general,
the reversed implications do not hold, see Examples 5.6 and 5.7 below.

Example 5.4 Consider a mechanical system evolving according to New-
ton’s law .

T1 = T2

.%"2 =u,
where z1 denotes the position, xo the velocity, and w is the control force.
We observe the position

Yy=x1.

This system is clearly observable. Indeed, let y,,(t) and §4.(f) be the
outputs of the system initialized, respectively, at ¢ = (210, 220)7 and at
G = (T10,720)T and governed by a control u(-). Assume that y, . (t) = Jg..(t)
for any t. Then comparing at ¢ = 0 both sides of the above equality as well
as derivatives at ¢ = 0 of both sides, we get x19 = T19 and x99 = Zog, which
proves the observability.

Now assume that, for the same control system, we observe the velocity

Yy = 2.

The system is not observable. Indeed, the initial conditions ¢ = (219, z20)"
and § = (#19,%20)7, such that x19 # F19 but x99 = 29, produce the same
output y(t) = fot u(s)ds + x99. Mechanically, this is obvious: we cannot
estimate the position if we observe the velocity only. ([l
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Example 5.5 Consider the linear oscillator (linear pendulum) given by

T1 = T2
:'t'2 = i,

where x1 denotes the position and x5 the velocity. Assume that we observe
the position
Yy=2a.

Then the system is observable and, given the output function y(-), we can
deduce the initial condition (219, 20)” by taking, like in Example 5.4, the
output and its first derivative with respect to time at ¢ = 0.

Now assume that we observe the velocity

Yy =x2.

This system is also observable and once again we can deduce the initial
condition by looking at the values at ¢ = 0 of the output and its first time
derivative. The reason for which observing the velocity renders the system
observable is that the evolution of the velocity zs depends on the position
x1, which is not the case of the system of Example 5.4. ]

Example 5.6 Consider the unicycle

1 = wuicosb, Y1 = I1
To = wupsinb, Yo = T2
0 = uz,

where (z1,22)7 € R x R is the position of the center of the mass of the
unicycle and § € S! is the angle between the horizontal and the axis of the
unicycle. We observe the position of the center of the mass.

The unicycle is observable. To see it, consider the outputs yq.(t) and
77.u(t) of the system controlled by u(t) = (uy(t),u2(t))T, such that ui (t) = 1,
passing for t = 0 by ¢ = (210, 720,00)7 and § = (:%10,5:20,50)T
Assume that yg.(t) = Jgu(t). Thus z19 = Z10, £20 = T20, and moreover
sinO(t) = sin0(t) and cos 0(t) = cosO(t). Hence we conclude that 6y = 0,
where 6, 6, € S*.

Now consider the unicycle, with the same observations y; = x; and

, respectively.

Y2 = xg, evolving on R3, that is, we consider § € R. It turns out that
the system is not observable. To see this, we will show that the outputs

Ygu(t) and §g.,(t) of the system coincide for ¢ = (219, 220,6p)7 and § =
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(i‘lo, 5720, QN(])T such that Tr10 = .flo, Tog = .%20, and 9~0 = 90 + 2kmw. We have
0(t) = fg ug(s)ds+0y and 0(t) = fg ug(s)ds+ 0y and hence 0(t) = 0(t) + 2kn.
Thus sin A(t) = sin #(t) and cos A(t) = cos A(t) implying that y,..(t) = Jz..(t),
for any control u(-) € U and the initial conditions as above. In other words,
)T )T such that 10 = CElo,

the pOiIltS q = (IE10,$20,90 and (j = (1‘10,.%20,91)

Tog = Tog, and Ay = Oy + 2k7 are indistinguishable. Of course, the system is
strongly locally observable at any ¢ € R3. O

Example 5.7 Consider the system

where x € R and y € R . The system is not observable because the initial
conditions g and —x( give the same output trajectories. This system is
strongly locally observable at any xg # 0. Notice that it is locally observable
at any point, in particular at 0 € R?, although in any neighborhood of 0 there
are indistinguishable states. This shows that local observability is indeed a
weaker property than strong local observability. O

We will give now a sufficient condition for strong local observability. To
this end, we will introduce the following concepts.

Definition 5.8 The observation space of ¥ is defined as
H:spanR{quk---qulhi | 1<i<p, k>0, uy,...,ux € U},

where fy.(-) = f(,u;) and Lyp stands for the Lie derivative of a smooth
function ¢ with respect to a smooth vector field g, i.e.,

Lgp(z) = dp(z) - g().

Observe that H is the smallest linear subspace of C*°(X) containing the
observations hi,...,h, and closed with respect to Lie differentiation by all
elements of F = {f(-,u),u € U}, i.e., all vector fields corresponding to con-
stant controls. Using functions from H we define the following codistribution

H =span {dp : ¢ € H}.

Notice that, in general, H is not of constant rank.
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In the case of control affine systems of the form

o = )+ X gi@)u,
Eaﬂ . y = h(:U), 1

we have
‘H = span {dngk"'Lghhi 1 <i<p, O§jl§m},

where gy = f.
The following result of Hermann and Krener [21] gives a fundamental
criterion for nonlinear observability.

Theorem 5.9 Assume that the system X satisfies
dim H(q) = n. (5.1)
Then 3 is strongly locally observable at q.

The condition (5.1) will be called observability rank condition. It can be
considered as a counterpart of the accessibility and strong accessibility rank
conditions (see, e.g., the survey [26] of this volume), although the duality is
not perfect, as we will see in the next example.

Example 5.10 The converse of Theorem 5.9 does not hold (even in the
analytic case) as the following simple example shows. Consider

where x € R, y € R. Of course, the system is strongly locally observable at
any = € R (even observable on R) but it does not satisfy the rank condition
at 0 € R, since we have H = span { 22dz }. This shows also that the rank
of H need not be constant. This is to be compared with the accessibility
rank condition, which, in the analytic case, is necessary and sufficient for
accessibility. O

Example 5.11 Consider a linear control system with outputs of the form

& = Ax -+ Bu,

A y = Cz,
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where x € R", u € R™, y € RP. We have f = Ax, g, = b, for 1 < k < m,
and h; = C;z, for 1 < i < p, where C; denotes the i-th row of the matrix C.
We calculate A ‘

Lgch,- = (C;A’x and LgkL;hi = C;Aby,.

Thus H(q) = span{C;A7 | 1 <i<p, 0<j<n-—1} and dim H(q) =
rank O, where O is the Kalman observability matrix

C
A
0= ¢
C An—l

Therefore a linear system satisfies the observability rank condition if and
only if it satisfies Kalman observability condition rank O = n. In this case,
as it follows from Theorem 5.9, the system is strongly locally observable.
Moreover, we know from the linear control theory, see e.g. [30], that the
system is observable. Indeed, the response map Rp of the linear system A
given by

t
y(t) = Cx(t) = CeMag +/ Ce =% Bu(s)ds
0

and associating to an initial condition xzg the output trajectory, is affine with
respect to the initial condition xy and thus local injectivity implies global
injectivity. Notice that observability properties of a linear system do not
depend on the chosen control; indeed, they depend only on the injectivity of
the map

zo — Cettay.

In the next example we will show that this no longer true in the nonlinear
case. g

Example 5.12 The aim of this example is to show that, contrary to the
linear case, controls play an important role in the nonlinear observability. In
general, there may exist controls which do not distinguish points nevertheless
the system can be observable if other controls distinguish. To illustrate that
phenomenon, consider the bilinear system

T1 = Tog—ToU, Y=x
iy = 0,

where (21, 22)7 € R2. This system is observable, because if we put u(t) = 0
we get an observable linear system. Notice, however, that the constant
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control u(t) = 1 does not distinguish xy and Z( such that z19 = Z19 and
o0 # Too (we will come back to this phenomenon in Section 5.3). Of
course, we can deduce strong local observability at any point from the rank
condition. Indeed, we have h = z1, f = mga%l, and Lyh = 2. Hence
H = span {dz,dxa}. O

Example 5.13 Consider the unicycle, see Example, 5.6, for which we ob-
serve y; = x1 and yo = x2. We have hy = x1, ho = 29, g1 = (30896%1 +
sin@%, and g9 = %. Hence Ly hy = cost and Lg hy = sinf. Thus
H = span{dzi,dx2,dsinf,dcos @} implying that dim H(q) = 3, for any
q € R? x S'. Therefore the unicycle satisfies the observability rank condi-
tion at any point of its configuration space. O

5.2 Local decompositions

Let us start with linear systems of the form

& = Ax+ Bu,

A y = Cz,

where x € R, u € R™, y € RP. Denote by W, the kernel of the linear map
defined by the Kalman observability matrix O (see Example 5.11). If A is
not observable then we can find new coordinates (x!,z?%), with 2! and 22
being possibly vectors and dim z' = k, where dim W = n — k, such that

x € W if and only if # = (0,22). Then A reads

= Alal4 + Blu, y=Cl,
P2 = A%zl 4 A2 4+ B%u,

where the pair (C!, A!) is observable.

As a consequence, any two initial states whose difference is not in W are
distinguishable from each other, in particular, by means of the output pro-
duced by the zero input. Contrary, if their difference is in W, then they are
indistinguishable. The factor system A7, where I is the indistinguishability
equivalence relation, is observable and is given by

Al it =AYt + By, y = Ot

Geometrically, A! is obtained by factoring the system through the subspace
W and the factor system is well defined since W is invariant under A. A
natural question is whether we can proceed similarly for the nonlinear system
37
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Theorem 5.14 Consider the nonlinear system . Assume that the distribu-
tion 'H is of constant rank equal to k locally around q. Then we have.

(i) The codistribution H is integrable and there exist local coordinates

(z1,22)T defined in a neighborhood V of q, with x', x% possibly be-

ing vectors, such that H = span{dzi,...,z}}.
(ii) In the local coordinates (:Ul,:cQ)T, the system X takes the form
it = Yzt ), y = h(z'),

(iii) By taking V sufficiently small, two pints q,q € V are indistinguishable
for Xy if and only if ¢ € Sy, where Sy is the integral leaf, passing
through q, of the codistribution H restricted to V.

(iv) In'V, factoring the system through the foliation of the integrable codis-
tribution H, produces the strongly locally observable system X' which,

L)

in (x,x coordinates, is given by

SUral o= fiatu),  y=hlah).

This result says that locally and under the constant rank assumption,
the leaves of the foliation of the integrable codistribution H consist of in-
distinguishable points and that, on the other hand, we can distinguish the
leaves.

From Theorem 5.14 we immediately get the two following corollaries.

Corollary 5.15 If H is of constant rank in a neighborhood of q then the
following conditions are equivalent.

(i) X is locally observable at q.

(il) X is strongly locally observable at q.

(iii) dim H(q) = n.

Corollary 5.16 IfX is locally observable at any point of X then dim H(q) =
n, for ¢ € X', an open and dense subset of X.

An important case when the observability rank is constant is given by the
following.

Proposition 5.17 Assume that an analytic control system X satisfies the
accessibility Lie rank condition everywhere on X. Then H is of constant rank
on X. In particular, the system is locally observable at q (or, equivalently,
strongly locally observable at q) if and only if dim H(q) = n.
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To illustrate the decomposition result of this section we consider the
following example.

Example 5.18 Consider the unicycle, see Example 5.6, for which we mea-
sure the angle 6 only, that is h = 6. We have Ly h = Lg,h = 0. Thus
H = span {df} defines the foliation

{6 = const.},

whose leaves consist of indistinguishable points. Indeed, if 6y = 6y then
the points ¢ = (210, 720, 00)" and § = (Z10, #20,00)" are indistinguishable.
The obvious reason for this is that the evolution of the observed variable
y(t) = 0(t) is independent of that of z1(¢) and xo(t). O

5.3 Uniform observability

In Example 5.12 we pointed out that for observable nonlinear systems there
may exist controls that render the system unobservable. In this section we
describe a class of systems, for which all controls distinguish points.

Definition 5.19 The system X is called uniformly observable, with respect
to the inputs, if for any two states ¢1,q2 € X, such that ¢; # ¢o, and any
control u(-) € U

Yaq1,u (t) # Ygo ,u (t).

3 is uniformly locally observable at g € X, if there exists a neighborhood V
of ¢, such that X restricted to V is uniformly observable.

Example 5.20 Example 5.12 illustrates the existence of nonlinear systems
that are not uniformly observable. Another example is the unicycle, see
Example 5.6, for which we observe y; = x9 and ys = x9. The system
is observable, nevertheless, for the control ui(t) = 0, any two points ¢ =
(%10, 220, 00)T and G = (Z10, Z20, 00)”
indistinguishable. ([l

, such that x19g = 219 and x99 = Zog are

Of course, linear observable systems are uniformly observable. We will
describe now a class of nonlinear uniformly observable systems. Consider a
single-input single-output control-affine system of the form

oz = fz)+g@)u
Pt o R,
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where z € X, u € R, y € R and f, g are smooth vector fields on X.
The following result is due to Gauthier and Bornard [14].

Theorem 5.21 For the system X, we have:

(i) If Zag is uniformly locally observable at any q € X, then around any
point of on an open and dense submanifold X' of X there exist lo-
cal coordinates (x1,...,x,)T in which the system takes the following
normal form

T = X9 + ugl(xl), Y=
Ty = 3 +  uga(wy,2)
(UO)
Ip-1 = In + U9n71(9€1, cee awnfl)
Tp = fn(x17"‘7xn) + Ugn($1,...,xn).

(ii) If Xag admits, locally at q, the form (UO) then it is uniformly locally
observable at q.
(iii) A necessary and sufficient condition for Y.g to admit locally at q the
normal form (UQO) is that dim span {dh, . .. ,dL;}_lh}(q) =n and that
in a neighborhood of q
[Djag] - Dj ’

for any 1 < j <n, where Dj = ker {dh, ..., dLgflh},

5.4 Local observability: a necessary and sufficient condition

Recall that the Hermann-Krener observability rank condition gives only a
sufficient condition for (strong) local observability (compare Example 5.10).
Following Bartosiewicz [1] we will provide in this section a necessary and
sufficient condition for local observability.

Consider a nonlinear system Y and assume that it is analytic, that is, X
is an analytic manifold, the vector fields f, are analytic and h is an analytic
map.

We start with the following simple observation.

Proposition 5.22 The points q1 and qs are indistinguishable if and only if
for any 6 € H we have 6(q1) = 6(qs).

Introduce now the observation algebra of . It is the smallest subalgebra
over R of C¥(X), the algebra of analytic functions on X, which contains h;
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and is closed under Lie derivatives with respect to f,, u € U. We denote it
by Ha. Observe that H 4 consists of all elements of H and of all constant
functions.

For x € X, by O, we denote the algebra over R of germs of analytic
functions at z. Denote by m, the unique maximal ideal of O,. It consists
of all germs that vanish at . For x € X we define I, to be the ideal in
O generated by germs of those functions from H4 which vanish at x. Of
course, I, C mg. The real radical of an ideal I in a commutative ring R is

VI={acR|a® +b2+...b} € I for somem >0, k>0, by,...,b € R}.
Clearly, the real radical is an ideal.
Theorem 5.23 The system % is locally observable at x if and only if

R
I, = my,.

Example 5.24 We can easily see that for the system ¢ = 0 , y = 22

(compare Example 5.10), which is clearly locally observable at any = € R,
we have /I, = m, for any = € R, in particular, for z = 0. [l

5.5 Generic observability properties

In this section we discuss the problem of what observability properties are
shared by generic control systems. We consider C°°-Whitney topology for
smooth systems. Recall that a sequence of smooth function ¢, on a manifold
X converges in C*°-Whitney topology to a smooth function ¢ if there exists a
compact subset C C X such that the all derivatives cp,(f ), for 4 > 0, converge
uniformly on C' to the corresponding ¢ and ¢, = ¢ on X \ C, for all
n sufficiently large. In the case of a compact state space X, it is just the
topology of C*° uniform convergence on X. We start by presenting results
of Jakubczyk and Tchon [28] who classified uncontrolled observed dynamics
of the form

o E o= )

y = hz),

where z € X and y € R, f is a smooth vector field and h is a smooth R-
valued function. Let = denote the family of all systems ¥ of the above form
equipped with the C'°°~-Whitney topology.
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Theorem 5.25 There exists an open and dense subset =9 C = such that
any X € 2y s locally equivalent at any q € X to one of the following normal
forms.

(i) If f(q) # 0 then X is equivalent to

h(z) = iL'I-H + ach’{_l + -+ zexy +n(ze,. .. x,), (5.2)
0
flx) = fi(xq,... ,xn)a—ml, (5.3)

where 0 < r < n, and fi and n are C*°-functions of the indicated
arguments such that f1(0) > 0.
(ii) If f(q) =0 then X is locally equivalent to

h(x) = x1+c, (5'4)
0 0 0

where ¢ is a constant and f, is a C*°-function such that f,(0) = 0.

In the item (i) above, if r = 1 we can always take h = x? 4+ 7 while for
r=0wetake h=1x1 +¢

Observe that in the case (i), for the “time-rescaled” system z—f = ﬁ f(x),
where dr = fi(x(t))dt, we have x;(7)=constant, for 2 < ¢ < n, and thus in
the new time scale

y(1) = h(z(r)) =7 faor™ 4 m 4o g

where xo = ¢3,...,2, = ¢, and c are constants. It follows that, firstly,
responses are polynomial with respect to the new time 7, with at most r
different local extreme points. Secondly, there are always initial conditions,
close to ¢, producing y(7) with r different local extrema.

For systems which are not generic but satisfy the observability rank con-
dition, an analogous normal form can be established.

Theorem 5.26 If X satisfies the observability rank condition at q then it is
locally equivalent either to the form (5.4)-(5.5) if f(q) = 0 or, otherwise, to
one of the following normal forms

hz) = 27+ giai 4+ pran + o+, (5.6)
f(l') = fl(‘rla"'amn)azla (57)
where r > 0, and ¢; are C®-functions of xo,..., Ty, for 0 < i < r —1,

satisfying ¢;(0) =0, and f1 is a C*°-function such that f1 > 0.



Linearization, Observability, Decoupling 209

If » = 1 we can always take h = 22 + ¢o, while for r = 0 we take h = z1 + c.

We end up this chapter by stating some results of Gauthier and Kupka
devoted to the genericity of uniform observability. Consider an observed
smooth control system of the form

. T = f(xau)a
>y = b

where x € X, u € U, and y € Y. Notice that we assume the output
y = h(x,u) to depend explicitly on the control wu.
Recall that for the system > we define the response map, called also
input-output map
Ry : X xU — Y,

which to any initial condition 29 € X and any admissible control u(-) € U
attaches the output of the system

y(tv Zo, u()) = h(x(t, 20, u())v u(t>)

The control u(-) being defined on an interval 0 € I, C R, we consider the
output y(-) on the maximal interval I, C I, C R on which it exists.

In the remaining part of this section, we will assume that the state space
X is a compact manifold and U = J", where J is some compact interval of
R. We denote by = the class of such systems equipped with the topology of
C®° uniform convergence on X x I™.

For any C*-function w(t) of time we will denote w*(t) = (w(t),w'(t),.. .,
w®)(t)). For the system X, for any integer k and for a C*-differentiable input
u(t), we define the k-prolongation of the response map as

R (wo, a* (1)) = (y(1), 5/ (), - ..y ™ (1)) = 5" (),

that is, as the vector formed by the output and its first k£ derivatives with
respect to time t.

For an open subset W of RY (or a differential manifold), and for a C*-
differentiable function w of I C R into W, such that 0 € I, we denote by
j*w the k-jet at 0 € R of w. We will denote by J*WW the space of k-jets at
0 € R of maps from I into W. Now we consider the k-jet

¥Ry, : X x JFU — JFY
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of the map Ry defined by
7* R (0, *u) = j*y,

where j*y = §%(0), 7*(t) = R&(z0,@"(t)), and u(t) is any C*-control such
that @*(0) = j*u.

The following fundamental result has been proved by Gauthier and Kupka
[16], [17], [18].

Theorem 5.27 Assume p > m, that is, the number of outputs is greater
than that of inputs. Fix a sufficiently large positive integer k.
(i) The set of systems X such that j*Rx(-, j*u) is an immersion of X into
RPKHD) - for all j5u € JFU, contains an open dense subset of Z.
(i) The set of systems ¥ such that j* Rx.(-, j*u) is an embedding of X into
RPEHD) - for all j¥u € J*U, is a residual subset of =.
(iii) For any compact subset C of J*U, the set of systems ¥ such that
ijg(-,jku) is an embedding, for all j*u € C, is open dense in =.

The above result implies that, in the case p > m, the set of systems
that are observable for all C* inputs is residual, that is, it is a countable
intersection of open dense sets. If a bound on the derivatives of the controls is
given a-priori, that is | u(?(¢) |< M, for some constant M and any 0 < i < k,
then this set is open dense. If the number of outputs is not greater than
that of controls all statements of the above theorem are false.

6 Decoupling

In this section we show how static feedback allows to transform the dynamics
of a nonlinear system in order to achieve desired decoupling properties. In
Section 6.1 we will introduce a crucial concept of invariant distributions. In
Section 6.2 we consider disturbance decoupling while in Section 6.3 we deal
with input-output decoupling.

6.1 Invariant distributions

Consider a smooth nonlinear control system of the form

m

S:od=gole) + Y gi@)ui = go(x) + g(2)u,
=1
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where 2 € X, u € R™, g = (g1,...,9m) and u = (u1, ..., un)’. Notice that
for simplicity we denote the drift of the system by f = gg.
A distribution D is called invariant for X if

l9:;, D] € D, for 0 < i< m.

If a distribution is not invariant for ¥ it may become invariant under a
suitable feedback modification. A distribution D is called controlled invari-
ant if there exists an invertible feedback of the form

u=afx)+ p(z)u, [(-)— invertible,

such that D is invariant under the feedback modified dynamics

that is,
[gh D] cD,

for 0 < i < m, where
9o =9go+9a,  g=gp.
Example 6.1 In the case of a linear system of the form
A: ©t=Ax+ Bu, zeR" wueR™

a subspace V' C R" is said to be invariant for A if AV C V. We say that V
is controlled invariant (or (A, B)-invariant) if there exists a linear feedback
of the form v = Fx + Gu such that

(A+BF)V C V.

Observe that in the linear case (A, B)-invariance does not depend on G so
one can take G = Id or G-noninvertible.
One can check by a direct calculation that (A, B)-invariance is equivalent
to
AV CcV +ImB. (6.1)

We refer to [45] for an extensive treatment of the concept of invariance in
the linear case.
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Put G = span{gi,...,gm}. Inthe nonlinear case, controlled invariance of
a distribution D implies the following property of local controlled invariance
(compare (6.1))
[9;, D] C D+ G, for 0<i<m.

For involutive distributions the converse holds locally under regularity as-
sumptions, see [20],[25],[35].

Proposition 6.2 Assume that the distributions D, G, and DN G are of
constant rank. If D is involutive and locally controlled invariant then it is
controlled invariant, locally at any point x € X.

6.2 Disturbance decoupling

In this Section we apply the concept of controlled invariant distributions to
solve the nonlinear disturbance decoupling problem. Consider the following
nonlinear system with output affected by disturbances d = (di,...,dx)7,
which are assumed to be bounded measurable R¥-valued functions of time.

m k
Spy . ©= %@+ > gi(@)ui+ Y ai(x)di = go(x) + g(a)u + g(x)d
i=1 i=1

y = hiz),

where z € X, u € R™, y € RP, and d € RF. All data are smooth, i.e.,
01, 9m € V®(X), h; € C®(X) , where h = (h,...,hy)T, and
qi,---,qx € V°(X). We denote ¢ = (q1,...,q;) and call them disturbance
vector fields.

We say that the disturbance decoupling problem, shortly DDP, is solvable,
if there exists an invertible feedback of the form u = a(z) + 3(z)a such that
the output y(t) = h(z(t)) of the feedback modified system

does not depend on the disturbances d(t). By the latter we mean that

y(t7 q, ﬂ()? d()) = y(tv q, ﬂ(), d~())7

for any initial condition ¢ € X, any control 4(-) € U, and any disturbances
d(-) and d(-).
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Put Q@ = span{qi,...,qrx}. The following result has been proved by
Isidori et al [25].

Theorem 6.3 If DDP is solvable then there exists an involutive controlled
invariant distribution V such that

Q CV Ckerdh.

This result suggests the following approach to DDP. Look for the maxi-
mal controlled invariant distribution in ker dh and check whether it contains
Q. In general, however, such a maximal distribution may not exist. More-
over, even if it exists and contains the disturbance vector fields it is not
necessarily true that DDP is solvable. On the other hand there always ex-
ists V*, the maximal locally controlled invariant distribution in ker dh, which
leads to the following solution of DDP (see [20] and [25]).

Theorem 6.4 Assume that the distributions V*,V* NG, and G are of con-
stant rank. If
QCV,

then DDP is solvable, locally, around any point of X.

The structure of the decoupled system can be described as follows. Let
(a, B) be an invertible feedback which locally renders the distribution V*
invariant (it always exists under the regularity assumptions of Theorem 6.4,
see Proposition 6.2). Let x = (2!, 2?) be local coordinates, with x!, 22 being
possibly vectors, such that V* = span{%}. Then the feedback modified
system reads as

Bo= g+ g (e a
Ydist it = g%(ibl,l‘Q)+§2($1,$2)1~L+q2($1,x2)d
y = hl(a"),

where f = f+ga and g = gB. Now it is clear, compare Section 5.2, that the
output y(¢) of the system does not depend on d(t) since the latter affects the
x2-part of the system only which, in turn, is not observed by the output y.

Example 6.5 Consider the linear system with disturbances

t = Ax+ Bu-+ Ed

Agist - O
- )
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where z € R”?, v € R™, y € RP, d € R¥, and d denotes the disturbances.
DDP is solvable if and only if Im £ C V*, where V* is the largest controlled
invariant subspace in ker C' (compare [45]). O

Example 6.6 Consider a particle of unit mass moving on the surface of a
cylinder according to a potential force given by the potential function V' (see
37])

@i = p @2 = p2

p1o= —g—x(m,qg) +u pp = —%(Qh(]z) +d,

where (q1,q2,p1,p2) € T(S1 x R). Let the output be given as y = ¢;. We

can see that V* = span { 6%2, aim} . Moreover, the disturbance vector field

3%2 € V* and hence DDP is solvable by the feedback u = g—;/l(ql, q2) +u. O

6.3 Input-output decoupling

Consider a smooth nonlinear control affine system with outputs of the form

i o= @)+ wga)
Bty o,

where x € X, v € R™, and y € RP.

We say that the input-output decoupling problem (called also I-O de-
coupling problem or noninteracting problem) is solvable for ¥ if there ex-
ists an invertible feedback of the form u = «a(x) + [(x)u such that the
feedback modified system & = f(z) + S, @gi(x) with y = h(z), where
f=Ff+ga, §=gp, satisfies

y*) = @, for 1 <i<p, (6.2)

for suitable nonnegative integers k;. Observe that we assume that the input-
output map of the modified system is linear. Therefore there is no lose of
generality in assuming the form (6.2) because if the transfer matrix of the
input-output response is diagonal (which is the usual definition of noninter-
acting) we can always achieve (6.2) by applying a suitable linear feedback.

Fix an initial condition z¢g € X. For each output channel we define its
relative degree p;, called also characteristic number, to be the smallest integer
such that for any neighborhood V;,, of z¢

Ly, L hi(z) # 0,
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for some 1 < 57 < m and for some z € V,,. By L;h we will mean the vector
of p smooth functions whose ¢-entry is L?i h.
Define the (p x m) decoupling matrix D(z), denoted also by LgL;h,
whose (i, j)-entry is
Ly, L5 hi(x).

Theorem 6.7 Consider a control affine system Y.

(i) The system X,g is input-output decouplable at xo via an invertible
feedback of the form u = a(x) + B(x)u if and only if

rank D(zo) = p.
(ii) Moreover, for the square system, i.e., m = p, the feedback
u=—(LyLf~ h) " Lhh + (LyLf~'h) i (6.3)

(ks)

yields ;""" = u;, where k; = p;, for 1 <i <p.

Remark 6.8 Inverting formula (6.3), we get the following expression for
the new controls -

~ i i—1

U; = Lfc h; + ZUngjL? hi,

j=1

for 1 <14 < m = p. An analogous formula holds also in the non-square case.
Indeed, if the system satisfies the decoupling condition rank D(z() = p, then
we can assume after a permutation of controls, if necessary, that the first p

columns of the matrix D(zg) are independent. Then a decoupling feedback
can be taken as

i o= Lhi+ Y0 uiLg LY hy, for 1<i<p,

6.4
U = U4, forp+1<i<m. (6:4)

Example 6.9 Consider the following rigid two-link robot manipulator or,
in other words, double pendulum, (see [37], compare also Example 4.7)

it = 22

i = —M@EH) Y C@ 2?) + k(2Y) + M(zh) T,

where ! = 0 = (01,67)7, 2% = 0 = (91,92)T, u = (u1,u)”. The term k(6)
represents the gravitational force and the term C(6, 0) reflects the centripetal
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and Coriolis forces, and the positive definite symmetric matrix M (z') is
given by
mll% + mgl% + mglg + 2malils cos 09 mglg + molily cos By
mgl% + malyly cos Oy mzl% '

As the outputs we take the cartesian coordinates of the endpoint
N = h1(01, (92) = [1sinf + 1o sin(91 + 92)
Yo = h2(01, (92) = l1cosf + 1y COS(91 + (92)
By a direct computation we get p; = p2 = 2 and rank D(x) = 2 if and only
if l1lasinfy # 0. Thus the system is input-output decouplable if 8y # k7,

that is, we have to exclude configurations at which the two robot arms are
parallel. 0

Example 6.10 Consider the unicycle (compare Examples 4.11 and 5.6) and
assume that we observe the xi-cartesian coordinate and the angle 6

1 = wuicosf y1 = x1
.%"2 = U sin 6
0 = U2 Y2 = 0.

The control us has a direct impact on the second component s of the output
as well as, through cos#, on the first component. Thus the system is not
input-output decoupled but it can be decoupled via a static feedback. We
obviously have p; = po = 1 and the decoupling matrix is

cosf 0
D_< : 1).

Therefore the system is input-output decouplable at all points such that
0# 5 +kn. O

Example 6.11 Consider the same dynamics of the unicycle and suppose
that this time we observe x1 and x9

1 = wuicosf y1 = x1
ij = U sin 0 Y2 = X2
0 = Uus.

Obviously, we have p; = p2 = 1 but this time the decoupling matrix
cosf 0
D= ( sinf 0 >

is of rank one everywhere and thus the system is not I-O decouplable. U
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If the system is I-O decouplable then it is straightforward to calculate
V*, the maximal locally controlled invariant distribution in ker dh (compare
Section 6.2 and, consequently, solve the DDP problem.

Proposition 6.12 Consider the system Ygist. Assume that the undisturbed
system, that is, when d; = 0, for 1 < i < k, is input-output decouplable.
Then ‘
(i) V* =Pt where P = span {dL;hi, 1<i<p, 0<j<p;—1}
(i) If, moreover, Q@ C P+ then the DDP problem is solvable and the feed-
back (6.4) simultaneously decouples the disturbances and renders the
system input-output decoupled and input-output linear.

Example 6.13 To illustrate this result let us consider the following model
of the unicycle. We suppose that the dynamics is affected by a disturbing
rotation (of un unknown varying strength d(t)) and that we measure the
angle and the square of the distance from the origin:

1 = wuicosf+xod Yy = x% + x%
l"z = U sin 6 — I‘ld
0 = U2 Ya = 0.

The decoupling matrix is

D < 2x1c0s0 + 2x98inf 0 )

0 1

and is of rank two at any point away from N = {(z1,z9,0) | z1cosf +
x9sinf = 0}. Notice that N consists of points where the direction of the
unicycle is perpendicular to the ray from the origin passing through the
center of the unicycle. At points of (R? x S')\ N, the system is input-
output decouplable and, moreover, P = span{xidz; + xadze,df}. The
vector field ¢ = xza%l - :1:13%2 is annihilated by P and thus the feedback
uy = (221 cos 0+ 2x4 sin 9)_1111 and uo = U9 decouples the disturbances from
the output yielding an I-O decoupled and I-O linear system expressed, in
(R, ¢, 0)-coordinates, where R = r? = 22 + 23, 21 = 7 cos ¢, x3 = 7sin ¢, by

R = i y1 = R
¢ = #ﬂl tan(f — @) — d
0 = fLQ Yz = 6.

The disturbance d does not affect the output (y1,y2) = (R, ). O
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Abstract

These notes accompany four lectures, giving an introduction to new
developments in, and tools for problems in nonlinear control. Roughly
speaking, after the successful development, starting in the 1960s, of
methods from linear algebra, complex analysis and functional analysis
for solving linear control problems, the 1970s and 1980s saw the emer-
gence of differential geometric tools that were to mimic that success for
nonlinear systems. In the past 30 years this theory has matured, and
now connects with many other branches of mathematics.

The focus of these notes is the role of algebraic combinatorics for
both illuminating structures and providing computational tools for
nonlinear systems. On the control side, we focus on problems con-
nected with controllability, although the combinatorial tools obviously
have just as much use for other control problems, including e.g. path-
planning, realization theory, and observability.

The lectures are meant to be an introduction, sketching the road
from the comparatively naive, bare-handed constructions used in the
early years, to the elegant and powerful insights from recent years.
One of the main targets is to develop an explicit, continuous analogue
of the classical Campbell-Baker-Hausdorff formula, and of a related
exponential product expansion. The purpose of such formulae is to
separate the time-dependent and control-dependent parts of solution
curves from the invariant underlying geometrical structure inherent in
each control system.

The key theme is that effective tools (including effective notation)
from algebraic combinatorics are essential, for both theoretical anal-
ysis and for practical computation (beyond some miniscule academic
examples). On a practical level we want the reader to take home the
message to never write out complicated iterated integrals, as it is both
a waste of paper and time, as it obscures the underlying structure. On
the theoretical level, the key object is the chronological algebra iso-
morphism from the free chronological algebra to an algebra of iterated
integral functionals, denoted by T in our exposition.

Reiterating, these notes are meant to be an introduction. As such,
they provide many examples and exercises, and they emphasize as much
getting a hands-on experience and intuitive understanding of various
structural terms, as they are meant to establish the need for, and ap-
preciation of tools from algebraic combinatorics. We leave a formal
treatment of the abstract structures and isomorphism to future lec-
tures, and until then refer the reader to pertinent recent literature.
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0 Organization and objectives

These notes contain the background information and the contents (in roughly
the same order) of four 75 minute lectures given during the 2001 summer
school on mathematical control. They shall provide an introduction to non-
linear controllability and the algebraic-combinatorial tools used to study it.
An effort is made to keep the level elementary, assuming familiarity primar-
ily with the theory of differential equations and knowledge from selected
preceding lectures in this summer school that addressed geometric methods
in control, and an introduction to nonlinear control systems. Consequently,
in several places a comparatively “pedestrian approach” is taken which may
not be the cleanest or most elegant formulation, as the latter may typically
presume more advanced ways of thinking in differential geometry or alge-
braic combinatorics. However, in most such places comments point to places
in the literature where more advanced approaches may be found.

Similarly, proofs are given or sketched where they are illuminating and of
reasonable length when using tools at the level of this course. In other cases
comments refer to the literature where detailed, or more efficient proofs may

be found.

Several examples are provided, and revisited frequently, both in order to
provide motivation, and to provide the hands-on experience that is so im-
portant for making sense of otherwise abstract recipes, and to provide the
ground for further developments. In this sense, the exercises imbedded in
the notes are an essential component and the reader is urged to get her/his
hands dirty by working out the details.

Aside from providing an introductory survey of some aspects of modern
differential geometric control theory, the overarching objective is to develop
a sense of necessity, and an appreciation of the algebraic and combinatorial
tools, which provide as much an elegant algebraization of the theory as they
provide the essential means that allow one to carry out real calculations that
without these tools would be practically almost impossible.
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1 Nonlinear controllability

1.1 Introductory examples

The problem of parallel parking a car provides one of the most intuitive in-
troductions to many aspects of nonlinear control, especially controllability,
and it may be analyzed at many different levels. Here we introduce a simpli-
fied version of the problem, and use it to motivate questions which naturally
beg for generalization. The example will be revisited in later sections as a
model case on which to try out newly developed tools and algorithms.

Figure 1. Parallel parking a car (exaggerated parallel displacement)

Example 1.1

Think about driving a real car, and the experience of parallel parking a car
in an empty spot along the edge of the road. If the open gap is large, this
is very easy — but it becomes more challenging when the length of the gap
is just barely larger than the length of the car. For the sake of definiteness,
suppose the initial position and orientation of the car as indicated in the
diagram (with much exaggerated parallel displacement, and an exaggerated
length of the gap), with steering wheels in the direction of the road.

Everyday experience says that, while it is impossible to directly move the car
sideways, it is possible to do so indirectly via a series of careful maneuvers
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that involve going back and fourth with suitably matching motions of the
steering wheels.

One may consider different choices as possible controls. In this case let us use
the forward acceleration of the rear wheels as one control, and the steering
angle as a second control.

Exercise 1.1 Develop different possible series of maneuvers that result in
a car that is in the same location, with zero speed, but rotated by 5 of by .
Describe the maneuvers verbally, and sketch the states as functions of time

\

X

Figure 2. Defining the states of the system

To obtain a mathematical model consider the simpler (less controversial case
as it does not require differentials to adjust for the different speeds of inside
and outside wheels) of a bicycle! In particular, let (z,y) € R? denote the
point of contact of the rear wheel with the plane (center of rear axle in the
case of a car). Let # € S! be the angle of the bicycle with the z1-axis, and
by ¢ € S! the angle of the front wheel(s) with the direction of the bicycle.
An algebraic constraint captures that the distance between front and rear
wheel is constant, equal to the length L. Thus the position of the front wheel
(point of contact with plane) is (x + Lcosf,y+ Lsinf). The conditions that
the wheels can slip neither forward nor sideways, each can only roll in the
direction of the wheel is captured in

0 = cosfdy—sinf dx (1)
0 = sin(@+ ¢) d(z+ Lcosf) —cos(f + ¢) d(y + Lsinb)

Introducing the speed v = |42 + 42| of the rear wheel (or of the center of
the rear axle), write & = vcos# and y = vsin 6.
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Exercise 1.2 Discuss what happens in this model when the forward speed
of the rear wheel is zero and the angle of the steering wheel is ¢ = w/2. Can
the bicycle move?
Develop an alternative front-wheel drive model, i.e. with controlled speed v
of front wheel. Continue working that model in parallel to the one discussed
here in the notes.

Using the first constraint, solve the second constraint for

vdt cosf-tan(f + ¢) —sinf v tanddt ©)

db = =
L  cosf+tan(0 + ¢)sind L

(The last step is immediate from basic trigonometric identities after multi-
plying numerator and denominator by cos(6 + ¢).) Write the model as a
system of controlled ordinary differential equations (for simplicity we choose
units such that L = 1)

¢ = w

Vv o= U2

& = wcosf (3)
6 = vtan 10)

y = wvsind

Exercise 1.3 Using your practical driving experience, suggest specific con-
trol functions uy,uy (e.g. piecewise constant or sinusoidal, with switching
times as parameters to be determined) such that the corresponding solution
steers the system from (¢,v,x,0,y)(0) = (0,0,0,0,0) to (¢,v,x,0,y)(T) =
(0,0,0,0,H) for some T >0 and H # 0.

Sketch the graphs of the states as functions of time (compare figure 3).

Figure 3. One possible, very symmetric, parallel parking maneuver

Exercise 1.4 In figure 3, identify which curve represents which state or
control.
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Another well-studied [3] introductory example is that of a rolling penny in
he plane.

Example 1.2

Consider a disk of radius a and negligible thickness standing on its edge
that may roll without slipping in the plane, and which may rotate about its
vertical axis. Denoting by (z1,x2) € IR? its point of contact with the plane,
by § € S! its angle with the z;-axis, and by ¢ € S! its rolling angle from a
fixed reference angle, the non-slip constraints may be written as:

sin @ dxy — cos @ dxs 0 (4)

{costa:1+sin9dm2 = ado

Equivalently, considering the angular velocities as controls the system is
written as

o = u
0 = U2

5
1 = aujcosb (5)
Tog = auysin®

Alternatively, considering the accelerations, or rather the torques as controls
(suitably scaled), the system is described by

w'1 = Ul

Wo = up

0o (©)
0 = w2

1 = aujcosl

Tog = auyisin®

One of the more intriguing question is whether it is possible to roll, and turn
the penny in such a way that at the end it is back at its original location with
original orientation but rotated about a desired angle about its horizontal
axis.

Moreover, one may ask if it always possible to achieve such a reorientation
without moving far from the starting state. Alternatively, one may ask
whether one can in any arbitrarily small time interval achieve at least a
small reorientation.
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Exercise 1.5 Develop an intuitive strategy that results in such a reorienta-
tion. l.e. describe the maneuver in words, and sketch the general shapes of
the states as functions of time.

Exercise 1.6 Develop an intuitive strategy that results in such a reorienta-
tion. l.e. describe the maneuver in words, and sketch the general shapes of
the states as functions of time.

Exercise 1.7 Find an analytic solution using piecewise constant controls
defined on an arbitrary short time-interval [0, T that rotates the penny by a
given angle ¢ € R.

Exercise 1.8 Repeat the previous exercise using controls that are piecewise
trigonometric functions of time, or that are trigonometric polynomials.

With such mechanical examples as there is no question about the model
and we concentrate on the analysis and geometry. But the methodology
developed in sequel is just applicable to controlled dynamical systems that
arise in electric and communication networks, in biological and bio-medical
systems, in macro-economic and financial systems etc.

1.2 Controllability

For a given control u(t), a control system & = f(x,u) with initial value z(0)
is simply a dynamical system, which is straightforward to analyze and solve
using basic techniques from differential equations. What makes control so
much more intellectually challenging is the inverse nature of most questions
— e.g. given a target xz(7T), find a control u that steers from z(0) to z(T).
The first step, before one may start any construction or optimization, is to
ask whether there exists any solution in the first place. This is the question
about controllability.

Exercise 1.9 Review the examples and exercises in the previous section,
and relate the notion of controllability to the questions raised in that section.

One may well say that the study of controllability is analogous, and just
as fundamental as the questions of existence and uniqueness of solutions of
differential equations. In further analogy, the study of controllability actually
leads one to algorithmic constructions of more advanced problems such as
path planning, much in the same way as proofs for existence and uniqueness
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of solutions of differential equations yield e.g. recipes for obtaining infinite
series and numerical solutions.

Recall the case of linear systems & = Az + Bu (with state and control
vectors x and u and matrices A and B of appropriate sizes). Using variation
of parameters one quickly obtains a formula for the solution curve

z(t) = 2(0)e + /Ot =4 Bu(s) ds (7)

It is readily apparent that the set of points that can be reached from z(0) = 0
(via piecewise constant, measurable controls or any similar sufficiently rich
class) is always a subspace of the state space. Moreover, scaling of the control
u +— cu immediately carries over to the solution curve z(t,cu) = cx(t,u)
(assuming z(0) = 0). Consequently, the size of the control is no major
factor in the discussion of linear controllability, and neither is the time T
that is available. The scaling invariance implies that most local properties
and global properties are the same. Finally, the solution formula (7) also
quickly yields (e.g. via Taylor expansions and the Cayley-Hamilton theorem)
a simple algebraic criterion for linear controllability:

Theorem 1.1 (Kalman rank condition) The linear system & = Az +
Bu with x € R™ is controllable (for any reasonable technical definition of
controllable) iff the block-matriz (B, AB, A?B, ... Aln —1)B) has full rank.

In the case of nonlinear systems almost everything is different: There are
many, many equally reasonable notions of controllability which are not equiv-
alent to each other. Local and global notions are generally very different.
The class of admissible controls has to be very carefully stated — e.g. bounds
on the control size can make all the difference. Assumptions about regular-
ity properties of both the vector fields (e.g. smooth versus analytic) and the
controls (e.g. measurable versus piecewise constant) are critically impor-
tant. Similarly, a system may be controllable (in a reasonable) sense given
sufficiently much time, but may be uncontrollable for small positive times.
In these lectures we shall concentrate on one of the best studied notions,
and which is of significant importance for a variety of further theories (e.g. a
sufficient condition for some notions of feedback stabilizability, and duality to
optimality). Thus from now on, unless otherwise stated the following blanket
assumptions shall generally apply: We consider affine, analytic systems that
are of the form

z(t) = folz(t)) + Z u;(t) fi(xz(t)) usually initialized at z(0) =0  (8)
i=1



234 M. Kawski

where f; are (real) analytic vector fields, and the controls u are assumed to
be measurable with respect to time, and assumed to take values in a compact
subset U C R™, often taken as [—1,1]™. The vector field fy is called the
drift vector field, while f; for i« > 1 are called the control (or controlled)
vector fields. In the case that fy =0 (i.e. is absent) the system (8) is called
“without drift”.

Much different techniques are needed when allowing more general depen-
dence of the dynamics on the control & = f(x,u), compare the lectures by
Jacubczyk in this series. One may also demand less regularity, e.g. only
Lipschitz-continuity of the vector fields associated to fixed values of the con-
trols. A mature theoretical framework for that case provided by differential
wnclusions, compare the lectures by Frankowska in this series.

Revisit the parking example of the first section and introduce standard,

uniform notation by defining = = (x1,z2,x3, x4, T5) def (¢,v,2,0,y), and

write the system (3) in the form (8)

0
0
folx) =] zocosxy |, filz)=
T9 tan
To Sin x4

, and fo(x) = (9)

OO O O
o O O = O

This is a system with drift — which corresponds to the unforced dynamics of
the car, and with two controlled vector fields which correspond to forward
acceleration/deceleration, and to changing the steering angle.

Exercise 1.10 Rewvisit the second example, the rolling penny, from the first
section. Again write the states as © = (x1,2,...) and write the systems (5)
and (6) in the form (8) (i.e. identify the controlled vector field(s), and the
drift vector field.

Ezxplain in practical terms how the choice of controls as acceleration or as
velocities effects the presence of a drift. (Note, these are models for the
kinetic versus dynamic behaviours).

Definition 1.1
The reachable set R, (T') of system (8) at time T > 0, subject to the initial
condition x(0) = p is the set

Rp(T) = {x(T,u):2(0) =p and u:[0,T] — U measurable } (10)



Combinatorics of Nonlinear Controllability and Noncommuting Flows 235

Definition 1.2 The system (8) is accessible from z(0) = p, if the reachable
sets Ry(t) have non-empty interior for all t > 0.

The system (8) is small-time locally controllable (STLC) about x(0) = p, if
x(0) = p is contained in the interior or the reachable sets R, (t) for allt > 0.
Consider

Accessibility and controllability (STLC) are generally different from each

other.
{:i“l = u z(0) (11)

oy = af lu()] <

0
1
with measurable controls u(-) bounded by [ju(-)] < 1 and k € Z* fixed.
Using e.g. piecewise constant controls with a single switching one easily
that the reachable sets Ro(¢) have two dimensional interior for all ¢ > 0

while z(0) & Ro(t) for all ¢ > 0 if k is even.

Exercise 1.11 Using methods from optimal control, one may show that the
boundaries of the reachable sets at time T' > 0 of the system (11) are con-
tained in the set of endpoints of trajectories resulting from bang-bang con-
trols with at most one switching, i.e. controls of the form uy_4 (t) =1 if
0<t<tiandusi_y(t)=—-1ift <ty <T, oru_y4,(t)=11f0<t <t
and u_y 4, (t) = =1 if t <ty <T. Calculate these curves of endpoints (as
curves parameterized by t1 ). Rewrite these as (unions of ) graphs of functions
x9 = f(x1), and sketch the reachable sets.

Exercise 1.12 Continuing the previous exercise in the case of k an even
integer, identify all pairs of switching times t1, ta such that x(1;uy_4, (t) =
(L5 p.0)(0):

A few further remarks about controllability: Clearly, controllability is a geo-
metric notion, independent of any choice of local coordinates. While for cal-
culations it often is convenient to choose and fix a set of specific coordinates,
it is desirable to obtain conditions for controllability that are geometric, too
(compare the Kalman rank condition which involves the geometric property
of the rank). In these notes we are concerned only with local properties. Con-
sequently, we generally may assume that the underlying manifold is IR". In
particular, when working with approximating vectors we shall conveniently
identify the tangent spaces T,IR" to R"with IR". Nonetheless, occasionally
we may phrase our observations and results so as to emphasize that they
really also apply to general manifolds.
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In the linear setting there is a very distinctive duality between controllability
and observability. In the nonlinear case this moves more to the background.
However, STLC is dual to optimality: Controllability means that one can
reach a neighborhood, whereas optimality means that a trajectory lies on
the boundary of the funnel of all reachable sets. Consequently, necessary
conditions for STLC translate immediately into necessary conditions for op-
timality, and vice versa.

Also the implication that controllable systems are feedback stabilizable car-
ries over to the nonlinear framework when using the notion of STLC and
time-periodic static feedback as shown by Coron [7]. Note, that a simple
reversal of time, i.e. replacing each f; by (—f;) makes the obvious concep-
tual transition from controllable from an equilibrium p, to stabilizable to an
equilibrium p.

1.3 Piecewise constant controls and the CBH formula

A natural first approach to studying controllability is to start with the analy-
sis of trajectories corresponding to piecewise constant controls. As illustrated
in the explorations in the parallel parking example in the first section, it is
the lack of commutativity that is the key to obtaining new directions by con-
jugation of flows corresponding to different (constant) control values. This
section further explores piecewise constant controls and their connection to
Lie brackets, which measure the lack of commutativity.

Consider a collection of switching times 0 = tg < t] < ta < ... < ts_1 <
ts = T and fixed control values ¢, cs,...cs € U, and define the control u =
Uty b, teicrsconncs: 0, T = U by u(t) = ¢ ift;1 <t <t;(and e.g. u(0) =0).
As a piecewise constant control, u is measurable and thus admissible. The
endpoint z(7T,u) of the trajectory starting at z(0) is obtained by concate-
nating the solutions of s differential equations @ = fo(x) + >_7L; ¢i;fj(z). In
other words, x(7',u) is obtained from x(0) by composing the flows for times
(t; — t;—1) of the vector fields F; = fo + Z?Ll ¢ijfj, i =1...s and evaluat-
ing the composition at x(0). It is customary to write this as a product of
exponentials

.%’(T, u) _ e(ts*ts*l)Fs . e(t3*t2)F1e(t2*t1)F1 etlle(O) (12)

Here the exponential is just a convenient shorthand notation for the flow

(t,p) — X p for the flow of the vector field X, i.e. defined by ¢"*Xp = p and

%etx p equals the value of the vector field X at the point pe!X for every t

(in the domain of the flow).
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A word of caution:

While practices vary around the world, and change with time, it is
customary in geometric control theory to adopt the convention of
writing x f for the value of a function f at a point = (replacing the
traditional f(z). In particular, one writes %petx = pe!X X for the
value of the vector field X at the point pet™.

In more generality, in an expression peX YeZ¢ it is understood that
p is a point (on a manifold M), e¥ the flow of the vector field X at
time 1, Y is a vector field on M, eZ is the tangent map of the flow of
the vector field Z at time 1, and ¢ is a function on M. Particularly
nice is that there is no need for parentheses, or a need to write
additional “stars” for the tangent maps (see below). E.g. peXY is
a tangent vector at the point pe”, while e.g. Y¢ is a function on
M, po and pY ¢ are numbers.

It is important to remember at all times that these exponentials de-
note flows, and thus they are manipulated exactly as flows are ma-
nipulated. In particular, in general e?Xe®Y = e5Y e!X . However, with
careful attention to the legal rules of operation, this proves to be
very effective notation for many calculations. For some impressive
examples of substantial calculations see [35]. For an extension of this
symbolism to time varying vector fields see Agrachev [1, 2]. We note
on the side, that in the differentiation rules £pe!¥esY = pe!XesYY
and %petx e’y = petX Xe®Y exponentials to the right of a tangent
vector (like pXe'Y') stand for the tangent maps of the flows, which
in classical differential geometry is often denoted by a lower star: If
®: M — N is a map between differentiable manifolds, and p € M
then ®.,: T, M — Ty,)N and ®,:TM — TN denote the tangent
map in classical notation. In our case, the position of the exponen-
tials will always make it clear which map it stands for, i.e. there is
no need to write stars.

In these introductory notes we shall not follow this convention.
There are just too many examples and calculations from areas other
than geometric control where a consistent application of these rules
would look very awkward (just think of xy/ sin). However, we
note that the reversal of the order in which certain expressions are
to be interpreted will cause the (dis)appearance of sign correction
factors (—)* in many places, i.e. one has to be very careful when
combining formulas from different sources.
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One major advantage of the exponential notation is that it not only matches
the symbols used in the study of Lie groups and the symbolism used in formal
power series, but that the properties and rules for manipulating them are
often identical, making it very easy to mentally move back and fourth.

Rather than directly constructing a control that steers to any given point
in a neighborhood of x(0), the first simplification results from using the
implicit or inverse function theorem. The basic idea is to construct a com-
paratively simple control, parameterized e.g. by a finite number of switching
times (and/or control values) that returns the state to the starting point. If
these data are interior (i.e. not extreme values of U), one can to conclude
STLC if the Jacobian matrix of this endpoint map has full rank. This basic
construction is applicable to much more general settings, compare e.g. the
discussion of controllability of partial differential equations in the lectures
by Coron. (However, for daily computations in finite dimensional systems
we now know simpler tests that will be discussed in the sequel).

Example 1.3 (Stefani [59], 1985)

By = 1 lu()] < 1 (13)
.’i‘3 = (L':fxg

Consider the piecewise constant controls that take values +1,—1,41,—1,0
on the intervals [0,a], (a,a + 0], (a+b,a+b+¢|, (a+b+c,a+ b+ c+d,
and (a+ b+ c+d, T], and calculate the endpoint (using a computer algebra
system)

(T, g —t—sapea) = atc—b—d,
(T Up—t—sabed) = %az +ab — %bQ —be+ac+ %02 +ad + cd — bd — %dQ,
23(Tus—y—aped) = —2bed*+ %a6 + %a5b + 2ab3cd — 4a®bed — 9abcd

—3a%bcd? — 8abc?d + 6ab*c?d + 6ab?cd? + 6abed® — %oz‘lb2 — §a3b3
+a?b* — %ab5 + b3t + %b5c + %cﬁ + %dﬁ + 4a?b3c — 2a3b%c — %ab4c
+ab3c? + 2ab%c3 — 2bact — %ba‘lc — 2ba’c? — 3ba?c® + %b‘s + 2acd?
—2ac?d® 4 Sactd — ac®d? — %abd4 — Bab?d® — gab‘ld — Bab3d?
+2bc2d3 — 2bctd + be3d? — %1)402 — %b:‘c3 — %bc‘r’ + %azc4 + %a5c
—l—%a‘lc2 + §a3c3 + %ac5 — %ad5 +a?d* + %a5d — %a‘ld2 — §a3d3
+50d° + 302d* + 30°d° + 30°d + Sb*d? — a’bd + Sa’cd — 20°b7d
—2a3bd? 4 5a3c2d — aed? + 4abd? + 4a2b3d + 6a2b*d? — 2a’cd?
+5a2c3d — 3/2a**d* 4 4b*Pd — Fbted — 2b3cPd — 2bPcd® — 3b*cd?
—%cd5 + c2d* — %c3d3 + %csd — %c‘ldz.

(14)
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It is easy to check that z(10,u, _ .1, 5,,.3,) = (0,0,0), and that

9 (10, uy—4 —iabc,d)

8(0’7 b, c, d) (1,14v2,14+/2,1)
Thus, by the implicit function theorem, there exists some open neighborhood
W of z(0) = x(lO,u+_+_;(171+\/§71+\/§71) = 0 such that for every p € W,
there exists some values (a,b,c,d) near (1,1 + /2,1 4+ v/2,1) such that
2(10,u4 4 _qpeq) = p- Thus the system is locally controllable about 0,

and via some simple arguments using homogeneity (see the next sections),
also STLC about 0.

ank

=3 (15)

Challenge exercise 1.13 (use CAS!). Consider the slightly modified sys-
tem

iy = a? lu()] < 1 (16)
T3 = T1T9

Find a piecewise constant, bang-bang control u:[0,T]| — {—1,41} (for some
T > 0) such that corresponding trajectory of (16) returns to 0, and such that
the Jacobian matriz of partial derivatives of the endpoint x(T', w) with respect
to the switching times has rank 3 at your choice of switching times. (Use a
computer algebra system.)

Challenge exercise 1.14 (use CAS!). Repeat the previous exercise, but
now with the values of the piecewise constant control considered as variables,
while the switching times are considered fized. I.e. find a piecewise constant
control u: [0,T] — (—=1,1) (for some T > 0) u;(t) = ¢; if ti-1 <t <t; such
that corresponding trajectory of (16) returns to 0, and such that the Jacobian
matrixz of partial derivatives of the endpoint x(T,u) with respect to the values
¢; of the control has rank 3 at your choice of control values. Use a computer
algebra system.

In terms of compositions of flows or products of exponentials the previous
example employed

2(10,u) = e10-a-b=e=d)foedlfo=fi) celfotfi) b(fo=Fr) galfotf1) () (17)

and found that in particular
x(lo’u*) _ e(8—2\/§)foe(fo—fl)6(14—\/5)(fo-&-f1)6(1-&-\/5)(f0—f1)e(fo-i—ﬁ)(0) -0
(18)
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Differentiation of (17) with respect to the times a,b,c,d then was used to
establish controllability. (Compare exercise 4.12 for manual symbolic ma-
nipulations.) For many systems this approach is impractical as e.g. exact
switching times which return the system to the starting point may be diffi-
cult or practically impossibleto find. Thus it is natural to look for alternative
methods. In particular, the key is to study the lack of commutativity.

Recall that the Lie bracket [Fy, F5] of two smooth vector fields F; and Fy on
a manifold M is algebraically defined as the vector field [Fy, F»]: C*°(M) —
COO(M) via [Fl, Fg]gb = Fl(F2¢) - Fl(F2¢)

In coordinates, with vector fields written as column vectors, and denoting the
Jacobian matrix by D, one calculates the Lie bracket as [F1, Fy| = (DFy) F1—
(DF1)F;.

Example 1.4

Consider fy(x) = 3318%2 and fi(z) = % Then

[fo, f1](2) = <$1c?ix2> ° (%) - (%) ° (xlaiw>

2 2
~ (ot~ )~ B e

81‘181‘2 B 81‘23231 B 871'1({“)332 _87.%'2

In matrix / column vector notation the same calculation reads

() G=() () -(2s) (5) (%)

Exercise 1.15 For the vector fields fo(z) = x‘llaim and fi(z) = 8%1 calcu-

late the iterated Lie brackets [fo, f1], [fo, [fo, fi]], and [[fo, f1], f1].
Find an iterated Lie bracket fr (of higher order) such that fr(0) = 2.

Oxo
Geometrically,the Lie bracket is defined by the limit (for ¢ € C*°(M))

[f1, folo(p) = thino 1 (¢(e—tf2€—tfletf2€tflp) _ (b(p)) (21)

i.e. as the infinitesimal measure of the lack of commutativity of the flows of
f1 and fo at the point p. It is very instructive to calculate these flows in a
simple explicit example, and see how the limit gives rise to a new direction.
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Back to example 1.4. Staring at p = (p1, p2), calculate

p=elp) = (p1,p2+tp1)
P = eth (') = (p1+t,p2+tp1) (22)
p=ethp’) = (p+tp—t?)
pr=e ") = (p1,p2 —t?)
and thus
1 1 o1 2 0¢
[fo, F1lé(p) = lim -5 (¢(»™") =6 (p)) lim -5 (¢ (p1, p2—17) —d(p1, p2)) = _8—932(p)

(23)
which is in agreement with the earlier algebraic calculation that yielded

[fo, fi] = — %

Exercise 1.16 Check the calculations in (22). (Note, a common source of
confusion is the very questionable use of the same symbol ¢ for both the
length of each interval and also as integration variable along each piece.).
Sketch the curves, and repeat all with the order of f1 and fo reversed. Work
out the special case of p = 0 — this is a useful case to remember as it helps
to recover the sign-convention used in any locality.

One of the major goals of these lectures is to develop methods and tools
that allow one to more easily work with the compositions of noncommuting
flows. One of the oldest such tools is the classical Campbell Baker Hausdorff
formula which asserts that

X oY — plog(eXeY) _ L XHY+3 XY+ 5 [X, XY - 5 [V [X Y ]+... (24)
One of the nice features of this formula is that it is just as correct in the
sense of formal power series in noncommuting indeterminates X and Y, as it
is correct for analytic vector fields X and Y (as long as all flows are defined).
This is no accident! It is easy to informally verify this identity by simply
using the standard Taylor expansion for exponentials, formally expanding
both sides and recursively using the definition [V,W] = VIWW — WV. A
rigorous justification that one can indeed go easily back and fourth between
geometric/analytic and algebraic/combinatorial interpretations can be made
in many ways — indeed, manipulations of analytic objects are by nature often
purely algebraic. Arguably one of the more elegant ones starts with the
classical identification of points on a manifold with multiplicative functionals
on the algebra of smooth functions on a manifold, and then proceeds with
identifying flows with formal partial differential operators of infinite order,
compare e.g. [19, 35].
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Exercise 1.17 Repeatedly use the CBH-formula to write the end point of 4
flows corresponding to bang-bang controls as a single exponential:

(T, gy 4y 05) = 0 - eti(fotf1) | g(t2—=t1)(fo—f1) | o(ta—t2)(fo+f1) | (T—t3)(fo—f1)

25
é ePo () fo+p1(t) fr+por (t) [fo,f1]+por1 () [fo,[fo, 1]l +Pro1 (B) [f1, [fo, S]]+ (0) ( )

Find explicit formulas for polynomial expressions pr(t) = pr(ti,te,ts,ts)
(in the switching times) for I = 0,1,01,011,110.

The following lectures aim at obtaining similar formulas that are easier to
use, and that also allow for controls that are not necessarily piecewise con-
stant! The starting point will be the Chen Fliess series expansion.

1.4 Approximating cones and conditions for STLC

Instead of constructing controls that steer exactly to a specific point, which
generally is very hard, analysis is about building arguments that use approx-
imate directional information obtained from derivatives. This discussion also
establishes a close link between STLC and optimal control.

The key idea is to develop a tangent, or derivative object for the reachable
sets that is easy to constuct/compute, that has reasonably nice convexity
properties, and that nicely approximates the reachable sets. While prior
efforts in control largely focused on constructing specific kinds of control
variations and then created arguments why these control variations can be
combined especially, Frankowska [16, 17] pioneered a different approach that
provides a very general open mapping principle under very general hypothe-
ses, which then may be applied to many special cases after simply checking
that the specific tangent vectors satisfy some mild conditions. Its general
theory applies in Banach space settings, and requires only minimal smooth-
ness (thus the name nonsmooth analysis. In these notes we generally follow
the original definitions and constructions of [16, 17]. The open mapping the-
orem stated below is a very special case of the general results in [16, 17], and
we use its simple language as it is meets exactly the needs of our systems.
The following is one of the most simple possible notions of tangent vectors,
yet in the special case of affine smooth systems these vectors are automat-
ically in the contingent cone and thus Frankowska’s general open mapping
principle [17] applies.

Definition 1.3 ([17,29]) Consider systems of form (8) on R™with fu(0) =0
and 0 € intU. A wvector £ € R" is called a k-th order tangent vector to



Combinatorics of Nonlinear Controllability and Noncommuting Flows 243

the family {R+(0)}i>0 at O if there exists a parameterized family of control
variations us: [0,s] — U, s > 0, such that

(s, us) = 0+ s°¢ 4 o(s"). (26)

The set of all k-th order tangent vectors (to {R4(0)}¢>0 at zero) is denoted
by C*, while Ck = |Jy~o ACF is the set of tangent rays to {R;(0)};>0 at zero.

The parameterization s — ug is not required to be smooth. Indeed, it suffices
to require sequences s \, 0.

Exercise 1.18 Find 6 families of control variations uF': [0, s] — [—1,1] that
generate the tangent vectors + % o i=1,2,3, for the system (13).

Exercise 1.19
Repeat the previous exercise using the control sizes, as in exercise 1.14, as
parameter s.

The following properties are easy to establish:

Proposition 1.2 ([16, 17, 29])
(a) If \¥ € [0, 1], then \kCF C C*.
(b) If k < ¢ then C* C C*.
(c) If v1, va € CF and N¥ € [0,1] then \evy + (1 — A\)Fuy € CF.

Thus the sets C* form an increasing sequence of truncated convex cones.
The approximation property of these cones is established by:

Theorem 1.3 ([16, 17, 18, 29])

If C7 is a closed convex cone (with vertex 0 € R™) such that C'\ {0} C intC*
for some k < oo, then there exist ¢ > 0, T > 0 such that C'NB(0, ct*) C A(t)
forall0 <t <T.

In [29] an explicit constructive proof is given for the theorem in the special
case for systems of form (8), which has subsequently used as a starting
point for feedback stabilization. But analogous results hold in much more
generality, see. Frankowska [17, 18] for infinite dimensional versions only
requiring minimal regularity.

Corollary 1.4 Ifm = R" then there are constants ¢ > 0, T" > 0 such that
B(0,ctF) C A(t) for all0 <t < T.
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These approximating cones are just as useful for obtaining high-order ver-
sions of the maximum principle of optimal control as basically the dichotomy
is the same: Does the reference trajectory (here = 0 lie in the interior or
on the boundary of the reachable sets?

The preceding discussions, examples, and exercises suggest that there should
be universal families of control variations that generate specific Lie brackets
as tangent vectors to the reachable sets. This is indeed the case — and much
research in the 1980 focused on developing the following conditions, which
really emanate from arguments why certain families of control variations
generate some Lie brackets. First introduce the following notation:

For smooth vector fields f and g define recursively define (ad’f,g) = g
and (ad**'f, g) = [f, (ad*(f,g)]. For smooth vector fields fo, f1,... fm let
L(fo, f1,- .. fm) denote the Lie algebra spanned by all iterated brackets of
the vector fields f;.

For any multi-index r = (rg,r1,...7m) € ZT™tD let L™(fo, f1, ... fm) be the
subspace spanned by all iterated brackets with r; factors f;, ¢ =0,1,...m.
Also write S¥( fo, f1,. .. fm) for the subspace spanned by all iterated brackets
exactly k factors from fi,,... f;, and any numbers of factors fp. For a set
S of vector fields and a point p, we write S(p) for the set {v(p):v € S}.
Note that it is possible to have e.g. 0 # [f1,[f1, fo]] € LOY(fo, f1) as
[f1,[f1, fo]] = f1 is possible, e.g. if f1 = 8%1 and fo = %x%a%l. See the next
chapter for more elaborate language that carefully distinguishes binary la-
beled trees (or formal brackets from Lie brackets. Since all our considerations
are local, we identify the tangent space ToIR"™ with R".

Recall that for nonlinear systems in general accessibility and controllability
are not equivalent. For analytic systems, accessibility is comparatively easy
to decide.

Theorem 1.5
The system (8) initialized at x(0) = 0 is accessible if and only if
dim L(fo, f1, .- fm)(0) = n.

If the system is reversible, e.g. if U is symmetric about 0 and the system
has no drift (fo = 0), then accessibility implies STLC. (Consequently, the
controlled kinematics are comparatively easy to deal with as opposed to the
full dynamic model. Compare (5) versus (6).)

The closest analogue of the Kalman rank condition (theorem 1.1) for linear
systems is the following condition, which basically says that if the Taylor
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linearization is linearly controllable, then the original system is controllable
(STLC) in the sense of nonlinear systems.

Theorem 1.6 (Linear Test) If S'(0) = R" then the system (8) is STLC.

A complementary necessary condition for single-input system is a special
case of the Clebsch-Legendre condition of optimal control:

Theorem 1.7
If m =1 and the system (8) is STLC then [f1,[fo, f1]](0) € S*(fo, f1)(0).

The exercises in the preceding section and above, aimed at generating tan-
gent vectors via families of control variations should have suggested that for
certain brackets their negatives are generated by the negatives of the con-
trols. On the other hand system (11) shows that at least some even powers
may be obstructions to STLC. The correctness of this intuition is formally
established in:

Theorem 1.8 (Hermes [22], Sussmann [62]) If m = 1 and (8) is accessible,
and S*(fo, f1)(0) C S%~1(fo, f1)(0) for all k € ZF then (8) is STLC.

A complementary necessary condition is:

Theorem 1.9 (Stefani [60]) If m = 1 and the system (8) is STLC then
(ad® fo, f1)(0) € S (fo, /1)(0) for all k € Z*.

Finally, the most general sufficient condition known today allows one to
weight the drift and the controlled fields differently when counting the order
of a bracket.

Theorem 1.10 (Sussmann [65]) If the system the system (8) is accessible
and there exists a weight 6 € (0,1] such that for all odd k and even {1, ... 0y,

Lt (fo, . fn)(0) € 30 LE (fo, L fn)(0)  (27)
(k#,67)

where the sum extends over all (k*, %) such that
Ok 408+ 0 <Ok 4+l + .+l (28)

then the system (8) is STLC.
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Loosely phrased, this theorem singles out brackets of type (odd,even,. .. even)
as potential obstructions to STLC, and it describes a way how these may be
neutralized so that the system is STLC. The commonly used term bad brack-
ets[??] for the potential obstructions is unfortunate since the obstructions
should be identified with supporting hyperplanes of the the approximating
cones, and thus are elements of the dual space of a free Lie algebra, compare
[39]. (It is also possible to also use different weights for the controlled fields.
The best notation uses weight 1 for fy and weights o; = 6% € [1,00) for the
fields f;.) Several small extensions, and specific examples that explore the
region between the necessary and sufficient conditions can be found in the
literature, see e.g. [32] for an overview.

Example (1.3) revisited. Extract the vector fields fy andf; from (13) and
calculate iterated Lie brackets.

0 1 0 0
fo(x):( T ) ’ f1($):(0) y [anfl](x):( -1 ) ) [f07[f07f1]](x):( 0 )
370 0 3x3wy 623

0 0
[flv[flafOH(z)_( 0 ) ) (a’dgflvfo)(x)_( 0 ) ’ (ad4f1,f0)(a:):() (29)

—6x1T2 —6xq
0 0
[an[fla[flafOH(x)[fla[an[flafO]](x)( 03) s [flaf(ﬂ?(ad:ifl?fo)}(x)( 0 )
1227 —6

Note that (ad®fy, f1)(#) = 0 when k > 2. Since dim L(fy, f1)(0) = 3 the
system is accessible, but is not linearly controllable due to dim S (fo, f1)(0) =
2 < 3. Since [f1, [f1, f0]](0) = 0 € S'(fo, £1)(0) and similarly (adf;, fo)(0) =
0 € S3(fo, f1)(0), Stefani’s necessary conditions are satisfied. The only
brackets which give the % direction have 4 factors of fi, and thus the
Hermes’ condition does not apply. However, since all brackets with an even
number of factors f; and an odd number of factors fy vanish at 0, Suss-
mann’s condition affirms STLC — something which we proved earlier by a
brute-force construction.

Historical note: This example by Stefani was first shown to be STLC using
the method we exhibited in the previous section. It clearly shows that the
Hermes condition is far from necessary, and it served as a substantial mo-
tivation for the eventual sharpened version of Sussmann’s general theorem

that was proven in [65].
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With a computer algebra system such calculations are very easy and quickly
executed — but the big question is: Which brackets does one have to cal-
culate? For very short brackets it is quite obvious that e.g. only one of
{[fo. Lfo, fulls [fo, U, foll, [fy, [fos foll, [Lfo, fol, fals [[fos fuls fol, [[f1s fol, fol}
needs to be computed (due to anticommutativity [X,Y] = —[Y, X| and the
Jacobi identity [X, [Y, Z]|+[Z, [X,Y]]+[Y,[Z, X]] = 0 for all XY, Z in a Lie
algebra). But as the length increases, the number of a-priori possible brack-
ets sky-rockets, yet it is apparent that there will be lots of duplication. The
subsequent lectures on combinatorics and algebra will provide nice answers
by providing bases that are very easily constructed. The question “when
can one stop?” is also answered in the next lecture (for nilpotent systems).

Exercise 1.20 Determine whether the car model (9) from example (1.1) is
STLC.

Exercise 1.21 Determine whether the models (5) and (6) for the kinematics
and the dynamics of the rolling penny example (1.2) are STLC.

2 Series expansion, nilpotent approximating sys-
tems

2.1 Introduction to the Chen Fliess series

Much classical work investigated the whether the sets of points reachable by
piecewise constant controls agree with those reachable by means of arbitrary
measurable controls, see e.g. [15] Grasse (late 1980s). But one may expect
that in general one may need very large numbers of pieces in order to well
approximate measurable controls. The subsequent very large number of
repeated applications of the CBH-formula is even less attractive. Thus one
is led to look for expansions that do not rely on piecewise constancy, and

which allow one to combine a large number of pieces in one step.

One of the most basic formulas is obtained by simple Picard iteration. For
an analytic output function ¢:IR"™ — IR (especially, for ¢ = z; a coordi-
nate function) first rewrite the system of differential equations with initial

condition
n

%Gﬁ(w(t)) =D w®)(fid)(x(t), &(x(0)) = o(p) (30)

=0

as an equivalent integral equation, and then iterate the analogous rewriting for the
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subsequently appearing Lie derivatives (f;. ... fi, fi,®) of ¢

o(x(t)) = d(p)+ / Sty (1) (i ) (1)

i1=0
t m t1 m
o) [ 3wt Gt [ Y ) (fn i) o)) dia )
i1=0 19=0

(31)

ot [ 3w uorr [ 3 e (s

i1=0 19=0

/2 ZU15 t3 f73f12f11¢)( (tB)) dt3> dtQ) dtq

230

and so on. Note that each of these is an ezact equation, where the last term

to be considered an error term in a finite series approximation. The useful-
ness of this expansion is that it separates the time- and control dependence of
the solution from the nonvarying geometry of the system which is captured
by the vector fields f; (or in the iterated Lie derivatives (f;, ... fi, fi; ) which
may be computed off-line, and only once). For compatibility with later for-
mulas, we reverse the names of the integration variables and indices used,
e.g. rename 71 to become i3 and vice versa, and expand the sums

S(t) = o)+ ( / w(0)dt ) (5,0)0)

210

305 ([ [ wtos wana ) o0

12 =01 11 = =0
(32)

YT Y ( / / . / % ), (1) unm)dtldtzdts) (Fir fia f1s ) (2 (t3)

7,3 07,2_0 11 = =0

Note that the indices in the partial derivatives and in the integrals are in
opposite order. The pattern emerges clearly, and this procedure may be
iterated ad infinitum, yielding a formal infinite series. (In a later lecture we
shall repeat this derivation using the very compact notation of chronological
products, without writing any integrals.)

Definition 2.1 (Chen-Fliess series) For any measurable controlwu:[0,T] —
R™* and a set of (n+ 1) indeterminates Xg, X1,... X, define the formal
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series
T rtp-1 ty rta . .
Scr(T, U):Z/ / - / / u'(tp) .. u(ty)dty ... dty Xy, ... X, (33)
7 J0 J0 0 JO
1 u)(1) =
where the sum ranges over all multi-indices I = (i1, ...1is), s > 0 with each

Z'j E{O,l,...m}.

This series originates in K. T. Chen’s study [6] in the 1950s of geometric
invariants of curves in IR™. In the early 1970s Fliess recognized its utility for
the analysis of control systems. Using careful analytic estimates one may
prove (compare [62]) that this so far only formal series actually converges

Theorem 2.1 Suppose f; are analytic vector fields on R"™, ¢: R"™ — R is
analytic and U C R™*! is compact. Then for every compact set K C R",
there exists T > 0 such that the series (with ! and the range of the sum
as above)

Scr,f(T,u) ZTT[ (f19)(p) (34)

converges uniformly to the solution x(t,u) of (30) with x(0) =p forp € K
and u: [0,T] — U.

This series solution is not just good for piecewise constant controls, but for
all measurable controls. To get a better feeling for the terms, revisit example

13 with 5 9 9
fO—331a +$1$28—3 and f1 = B

and consider the Chen-Fliess series for the coordinate functions ¢ = x; about
p = 0. As usual we use ug = 1 and write u; = u. Obviously, for ¢ = z1,
the series collapses to a single term, yielding z1 (T, u)(u)(T) = T (u)(T) =
fOT u(t)dt. For ¢ = x4, the series collapses to the single term corresponding
to the multi-index (1,0)(or “word” 10)

(35)

zo(Tyu) = YO (T) = [ [ ulto)uo(ty) dty dta = [y [3> u(ty) dty dts
(36)
As expected, the series just returns the integral form for the linear, double
integrators part of the system 13.
For ¢ = x3 note that fizz = 0 and fozz = x329. (Meticulous attention
to the two slots of differential operators and careful notation are advised: A
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differential operator X acts on a function ® and is evaluated at a point p — the
usual identification of points with their coordinates causes the appearance
of the same symbol z in both slots!) Next, e.g. fifors = 3x3x9, while
fofoxs = a:‘ll. We leave further calculations to

Exercise 2.1 (Important!) Continuing this example, find all partial deriva-
tives frxs which are not identically zero. What is the highest order non-zero
derivative (length of the word I)? How could you have found that length by
inspection, without calculating any partial derivatives? Find all words I for
which (frz3)(0) # 0 and calculate the values of these derivatives at p = 0.
Write out the corresponding iterated integrals and explicitly write out the
Chen-Fliess series expansion for xz(T,u).

The previous exercise, and the following challenge are excellent motivation
for all later work. It really helps to first get one’s hands dirty with com-
paratively naive and messy hand-calculations. This way the later elegant
combinatorial and algebraic simplifications will be much more appreciated!

Exercise 2.2 (Important!) Compare the resulting expression of the pre-
vious exercise with the obvious integral formula

23(T ) :/UT ((/;5 u(tg)dtg))3- (/Ot“’ /OQ u(ty) dty dt2>> dts.  (37)

Reconcile these expressions via repeated integration by parts and suitably
combining terms.

The example considered above is apparently very special, yielding finite,
polynomial series expansions in terms of iterated integrals. This property is
easily traced to the triangular nature of the (Jacobian matrices of the) vector
fields f; together with their polynomial entries. Such very desirable structure
is indeed the objective of nilpotent approximations, to be discussed in after
we introduce some technical tools in the next section.

2.2 Families of dilations

For (nonconstant) polynomials of one variable, each derivative lowers the
degree by one — something similar clearly is happening in the iterated Lie
derivatives in the examples considered in previous sections. This is comple-
mented by the degree with respect to the switching times in the responses
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(T, u) in the explicit constructions of the previous chapter. The formal def-
initions of families of dilations are useful to capture the apparent patterns,
and for e.g. to identify leading terms allowing one to construct approximat-
ing systems. Working with fixed coordinates (x1,x9,...x,) it is convenient
to make the following definition which is a special case of the general geo-
metric, coordinate free, notion of homogeneity of [33]:

Definition 2.2 Consider R"with fized coordinates (x1,x3,...xy,) and ri,
ro,...Tn > 1. A one-parameter family of dilations is a map A:IRT x R"
defined by

As(z) = (s" a1, 8@, ..., s wy). (38)

A smooth function ¢:R"™ — R and a smooth vector field F' on R™ are
homogeneous of degrees m and k (with respect to A), written ¢ € Hy, and
F € ny, respectively, if

poAg=5"¢p and Fry € Hysy, fork=1,2,...,n. (39)

The Euler vector field of this dilation is the vector field

0 0 0

viz) =rixi=— +roxo—+ ...+ rprp—. 40

(z) R PRy g (40)

For example consider n = 3, » = (1,2,6). The practical meaning of the

exponents r; are as weights of the coordinate functions, i.e. x1 € Hy, x2 € Ho

and w3 € Hg. With these weights e.g. ¢(z) = z123 — 2] + 1123 € H7 is
homogeneous of degree 7.

0

Similarly, the coordinate vector fields are homogeneous of degrees z- €

n_1, 3%2 € n_o, and 8%3 € n_g. The Lie derivatives of the homogeneous
polynomial ¢ in the directions of the coordinate fields are again homogeneous
92-¢ € He, 72-¢ € Hs, and z2-¢ € Hg.

The following properties hold also for more general, geometric dilations as
defined in [33].

Proposition 2.2

Let A be a one-parameter family of dilations on R™ with coordinates (1, ... xy).
If € Hyp, and Y € Hy, then ¢y € Hopt-

If F en,,, and G € ny, then [F,G| € n,, -

If p € Hyy, and F € ny, then F¢ € Hypak.

If m < —ry, then n,, = {0}.
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Together with the obvious properties for sums, these properties provide the
algebras of polynomials and of polynomial vector fields with graded struc-
tures: E.g. every polynomial can be uniquely written as a sum of homoge-
neous polynomials, and every polynomial vector field can be uniquely de-
composed into a sum of homogeneous vector fields. This is used e.g. in
nilpotent approximating systems and for high-order analogues of linear sta-
bility (if the leading term of a dynamical system is asymptotically stable,
then the system is locally asymptotically stable, compare e.g. [23, 56]

Exercise 2.3 Prove the assertions made in proposition (2.2).

The Euler vector field v is (up to rescaling by a logarithm) the infinitesimal
generator of the dilation group A, and it allows for particularly elegant
characterizations of homogeneity.

Proposition 2.3 [33]

Let A be a one-parameter family of dilations on R™ with coordinates (z1, ... xy).
A smooth function ¢ on R™is homogeneous ¢ € Hy, iff v = mao.

A smooth wvector field on R™is homogeneous F € n,,, and G €€ ny iff
[v, F] = mF.

Actually, one may start with a vector field v such that & = —v(z) is globally
asymptotically stable, and then define a dilation A associated to v via the
properties in proposition 2.3 [33].

Exercise 2.4 Prove the assertions made in proposition (2.3).

A typical use of the last property in proposition (2.2) is to justify stopping to
compute Lie brackets of vector fields after reaching a certain maximal length.
E.g. suppose that the vector fields fy and f; have polynomial components
and for a some choice of exponents (r1,...7,) they are sums of homogeneous
vector fields all of which have negative degrees. Then every bracket of length
larger than —r, is identically zero.

Reconsider the vector fields fo = (0,71, 2322)T and fi = (1,0,0)T from
example (1.3). These are homogeneous of degrees fy € ny and f; € n_; with
respect to the dilation defined by r = (1,1, 4), while they are homogeneous
of degrees fo, f1 € n_; with respect to the dilation defined by r = (1,2, 7).
Using the second dilation we conclude that any Lie bracket involving more
than 7 factors fp or f1, in any order, with any bracketing is identically zero.
Recall:
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Definition 2.3 A Lie algebra L is called nilpotent if there exists a number
s such that every iterated Lie bracket of elements of L of length greater than
s 18 zero.

Thus in the example, we conclude that L(fo, f1) is nilpotent. It can be
shown [31] that if the Lie algebra L(fo, f1,... fn) is nilpotent, then the con-
trol system (8) can be brought into a strictly lower triangular form with
polynomial vector fields (with well-defined maximal degrees) via a change of
local coordinates: In the new coordinates each component f;z; is a polyno-
mial in 21, x2,...2j_1 only! Consequently, solution curves corresponding to
any control u(t) can be found by simple integrations of functions of a sin-
gle variable, no nontrivial differential equations need to be integrated! This
makes nilpotent systems a very attractive class to work with, and predes-
tined to serve as a class of approximating systems — to be discussed in the
next section.

The examples, and especially exercises 1.18 and 1.19, using piecewise con-
stant controls also illustrated that, at least in the case of homogeneous sys-
tems, the length of each Lie bracket corresponds to the degree of the the
polynomial expression in the data (switching times, control values). This is
made precise using the notion of homogeneity.
Fix a control uw: [0,7] — U. For ¢, € [0,1] define the families of rescaled
controls

Uz 5:10,0T) — eU CU by wu.s(0t) = cu(t) (41)

For the scaling by amplitude, using €, to make sense, assume that the set U
is star-shaped with respect to zero, i.e. [0,1]U C U (meaning Ac € U for all
ceUandall0 < A<1).

Proposition 2.4 Suppose A:(s,x)— Ag(x) = (s™x1,...8™xy) is a family
of dilations on R™. If the system is homogeneous such that fi € n_; and
fo €n_g for some 6 € [0,1] then

z(s°T, ugi—o ) = Ag((T,u)) for all s € [0,1]. (42)

Of particular importance are the special cases § = 0 and # = 1 which yield,
respectively:

if fo € ng, f1 € n_y then z(T,u.1) = A (z(T,u)) for all €€ [0,1] (43)

if fo,f1€n_y then (6T, u1s) = As(x(T,w)) forall § €[0,1] (44)
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Many control systems, especially free nilpotent systems, admit several differ-
ent dilations so that with respect to one dilation one may e.g. have fy € ny
while w.r.t. another dilation one has fy € n_;. In such case one may directly
use separate scalings for time and size:

(0T, uz 5) = Agl)(A?) (x(T,u))) for all €,6 € [0,1]. (45)

A simple proof uses uniqueness of solutions of initial value problems, showing
that both the right and left hand side of (45) are solutions of the same
dynamical system, see e.g. [32].

This proposition is at the heart of many classical sufficient conditions for
STLC as it basically allows one to construct control variations that will gen-
erate a specific tangent vector to the reachable sets, and which in some sense
singles out the lowest order term or bracket according to some weighting
scheme. The classical needle variations are built around arguments involv-
ing basically the dilations Aj s (i.e. # = 1), while a Taylor expansion in the
control sizes, and Hermes’ sufficient condition is built around the dilation
A1 (i.e. # =0). Sussmann’s general sufficient condition allows a trade-off
between the time-scale and amplitude.

Exercise 2.5 If possible find a one-parameter family of dilations so that
the following system, considered by Jakubczyk in the 1970s, is homogeneous.
Find all values of %, or of “9” for which the term x3 is of lower order
than the definite term % (which appears a potential obstruction to STLC)
(compare theorem 1.10). Also, compute all nonzero Lie brackets of the vector
fields fo and f1 defining this system.

i1 = u lu(-)| <c
.C‘CQ = I a;(O) =0 (46)
iig = l‘% —|—1’i{’

2.3 Nilpotent approximating systems

When a nonlinear control system of form (8) is controllable by virtue of the
linear condition (theorem (1.6)), then it makes sense for many applications
(that involve only/primarily the local behaviour near the equilibrium) to
approximate the system (8) by the linear system & = Az + Bu where A =
(Dfp)(0) equals the Jacobian matrix of partial derivatives if the drift fo,
and where the i-th column of B equals the value of f;(0),i=1,...,m. (Of
course, this can be (but rarely is) formulated in a coordinate-free geometric
way that does not mix up the state space and its tangent spaces.)
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Exercise 2.6 Calculate the standard linearized systems for the models (9) of
a car/bicycle (example (1.1)) and for the models (5) and (6) for the dynamics
of a rolling penny (example (1.2)). Discuss the (linear) controllability prop-
erties of the linearized systems, and contrast these with the earlier findings
from the first sections.

The exercises make it clear that for some nonlinear systems that are reason-
ably “realistic” the standard linearization causes a dramatic loss of infor-
mation. Thus one asks for alternatives: Reasonable demands are that the
approximating systems are elements of a reasonably rich class of systems that
allows for the preservation of controllability or stabilizability properties, that
systems in this class are amenable to reasonable analysis and computation,
and that the approximation is algorithmic and allows for explicit computa-
tion. At this time no such ideal approximating scheme is known — the main
culprit being the lack of conditions for STLC that are both necessary and
sufficient. However, a very good solution is known that preserves STLC for
virtually all systems that are known to be STLC by virtue of Sussmann’s gen-
eral sufficiency condition, theorem 1.10. However, there exist STLC systems
for which the standard algorithms yield a nilpotent approximating system
that is not STLC. But such systems are considered to be quite exotic — the
most simple case is the system (54) considered at the end of this section.

We give a crude outline of an algorithm attributed to Hermes (compare the
review [23]) (very similar constructions were employed at almost the same
time by Stefani and others), omitting some technical steps that are not
central and not essential here. See the review [23], or the original references
for more details, especially Stefani [59] for details about adapted charts.)
Assuming that the original systems of form (8) is STLC by virtue of theorem
1.10, the objective of this procedure is to construct a nilpotent approximating
systems, on the same state space IR", of the same form

() = 90(0) + > u®) 3(0) (47)

(together with coordinates y1, ..., y,) such that not only L(go, g1,-..,9n) is
nilpotent, but so that in addition the vector fields g; are polynomial and
(their Jacobian matrices of partial derivatives w.r.t. y; are) strictly lower
triangular. Recall, that for any such system the solution curves for any given
function wu(t) are obtained explicitly via simple quadratures (no solution of
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nonlinear differential equations is needed). Thus, one considers nilpotent ap-
proximations as the natural nonlinear analogue of linearizations for systems
that exhibit truly nonlinear behaviour, i.e. are more than just nonlinear
perturbations of linearly controllable systems.

Start with calculating iterated Lie brackets of the vector fields of increasing
length until their values at xg = 0 span the tangent space ToIR". If necessary,
continue further until brackets are found that neutralize possible obstructions
to STLC as defined in theorem 1.10 for a suitable weight 6 € (0,1]. (It may
happen that one can choose among different weights, and thus construct
many different nilpotent approximating systems.) It is always possible to
choose all weights to be rational. Determine the Lie brackets fr, such that

span{fm (0)7 Jra (0)7 ooy Jrn (0)} = ToR" (48)

and they are of lowest possible weight, defined as the weighted sum of 6 times
the number of factors fy plus the number of factors of the controlled fields
fi, @ > 1in fr,. (This is very sloppy, see the discussion of formal brackets
in the next section.) Define the exponents 7; to equal these weighted sums.

If necessary, perform a linear coordinate change such that fr, (0) = Bixi
for ¢ = 1,2,...n. Commonly one thrives to have 1 < r; < ro < ... 1.

(If homogeneity of the new vector fields is needed, e.g. as for feedback
stabilization techniques, a strictly triangular polynomial coordinate change
may have to be performed, see [59] for “adapted charts”.) Using the new
coordinates, again called (z1,...,z,), define a group of dilations by Ag(x) =
(s a1, ..., 8" xy).

Expand each component f;x; in a Taylor series in the new coordinates, and
truncate each expansion keeping only polynomials p;j(x) of order less or
equal to r; — 1 for ¢« > 1, and 7; — 0 for © = 0. Define the vector fields
95 = > j=1 pij(x)a%j. These are easily checked to be (sums of) homogeneous
vector fields of negative degree of homogeneity and thus, they generate a
nilpotent Lie algebra. The preservation of STLC properties follows from
the observation that if g, is an iterated Lie bracket of the g;, and f, is the
corresponding bracket of the f;, then their components g;x; and f;x; agree
up to a well-defined degree, and in particular,

fx,;(0) = gx,(0) forall i=1,...n. (49)

Note that this is only a rough outline of the procedure as a precise description
requires a few more technical details and symbols. See the original references
of the survey [23] for details.
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For illustration consider the model (9) of a car/bicycle (example 1.1). Recall:

0

0
To COS T4
T9 tan xq
To Sin x4

fo(z) =

) fl(x)

One readily computes [f1, fo] = 0. Selected other brackets are:

0

0

[f1, fo] = 0
i) 8602 X

0

and finally

) [f27f0] =

[[f07f2]a [[f07f1]7f2H =

1 0
0 1
=1 0|, and fo(z)=| O
0 0
0 0
(50)
0 0
0 0
coszy |, [[fo, fil, fo] = 0
tan sec? T
sin x4 0
0
0
—sec? ry sinay (51)
0
2

Sec” r1 CoS T4

In principle there is a large number of other brackets that should be calcu-
lated, too. However, advanced knowledge from the next lectures (Hall bases)
allow one to calculate only a minimal number of brackets. And once Suss-
mann’s theorem 1.10 applies one always can stop. Note that at the origin
these vector fields have the values:

1

f1(0) =

o O o o

) f2(0) =

f7r4(0) =

, [f2, fol(0) =

SO = OO

» fns(0) = (52)

_ o oo OO o ~O

_ o O O O

)

where fr, = [[fo, fi], fo] and fr. = [[fo, f2l, [[fo, f1], f2]]- These iterated
brackets span the tangent space at the origin, thereby guaranteeing accessi-
bility. Clearly the system is not linearly controllable (it does not satisfy the
conditions in theorem 1.6).
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Exercise 2.7 Ezplain why no matter how many brackets one uses that con-
tain any number of factors fo, but only a single factor fi or fo, their values
at 0 will never span ToR?.

While technically one needs to verify that indeed no lower order possible
obstructions are nonzero at 0, it is quite apparent that no surprises can
happen. (For a rigorous argument, use Hall bases from the next section, and
check ALL brackets of length at most 5 that appear in such a basis.) Define
fri = f1, fay = f2, and fry = [fo, f2].

As no potential obstructions to STLC had to be neutralized, we are free to
choose any weight 6 € (0, 1], e.g. # = 1. Thus the weight of each of the five
selected brackets agrees with its length (see next chapter for more precise
language), and we obtain r = (1,1,2,3,5). There is no need to perform any
linear coordinate change as already fr,(0) = 8%1 . fori=1,2,3,4,5.
Expanding the components of f;z; into Taylor series and keeping in each
component f;x; only the terms A-lowest term of degree no larger than r; —1

(and for fy, in general, no larger than r; — ) one obtains the approximating
fields

0 1 0
0 0 1
go(@)=| a2 |, q(@)=filz)=] 0 |, and ga2(z)=fa(x)=| 0
T1T2 0 0
ToX4 0 0
(53)

Exercise 2.8 Verify directly, i.e. using the theorem 1.10 that this nilpotent
approximating system (53) is indeed STLC about 0. Moreover verify that
the corresponding brackets f, and g, have the same values at 0.

Exercise 2.9 Give a (counter)example of a system that illustrates that the
choice of the weight 8 = 0 may yield an approrimating system that is not
necessarily nilpotent. (Remark: However, the Lie algebra will be solvable,
and thus still allow for a choice of coordinates in which the approximating
vector fields are polynomial and triangular, thus allowing for still compara-
tively simple calculations of trajectories, compare Crouch [8]).

Exercise 2.10 Calculate an STLC nilpotent approximating systems for the
models (5) and (6) for the dynamics of a rolling penny (example (1.2)).
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Finally consider the following system

"L: — €T ul - < 13
.’Eg - .Il
Ty = x% + a:g

which has been shown to be STLC in [30]. However, for every weighting

0 € [0 1] of e = s'7% and 6 = s, the definite term fésT 23(t, ues)dt =

569 [ CL‘3(7§,’U,171)dt is of lower order in s than the term ngJ:g(t,u&g)dt =

g7old Jo T$2 (t,u1,1)dt which provides controllability! As a consequence, none

0
81‘4 0

tangent vector to the reachable sets in order to conclude STLC, and different
kinds of families of control variations were invented [30].

of the traditional control variations can be used to generate — as a

Exercise 2.11 Calculate all iterated Lie brackets for the fields in system
(54) that are nonzero at 0 and recover the scaling exponents (6,9) and (7,15).
Verify that for no choice of 0 € (0,1] the system (54) satisfies Sussmann’s
sufficient conditions in theorem 1.10.

3 Combinatorics of words and free Lie algebras

3.1 Intro: Trying to partially factor the Chen Fliess series

This section shall serve as the final motivation to get rid of all excessive
symbols, such as iterated integrals, when facing either large computations
or deeper theoretical analysis. While the sample calculations may appear
rather simple and naive, past experience shows that for many a reader of
the subsequent abstract material, they are an essential guide that connects
the combinatorial structures with control.

Consider a single input system of form (8), i.e. with m = 1 and uy = 1,
u = u. Write out the first few terms in the Chen Fliess series (34)

Scrs(Tou)(é) = 1-6(0) + / Lt (fo0)(0) + / w(t)dt - (£16)(0)

//lldtldtg Fofod)(0 // (ta)u(tr)dtrdta-(f1 f16)(0)

/ / u(ta) 1 dtydte-(fof19)(0 / / L-u(ty)dtydta-(f1fo$)(0)



260 M. Kawski

T pts pto
+/0/0 /0 1-1-1dt1 dtadts-(fo fofod)(0)

T pt3 pto
+/O /0 /0 u(ts)-1-1dty dtadts-(fo fof16)(0)
T pts pto
+/0 /0 /0 Lu(ts)-1dtydtadts-(fo f1fod)(0)
/ /3/ 1-1-u(ty)dty dtadts-(f1.fofod)(0)
T pts pta
+// u(ts)-ultz) 1dtydtadts-(fofi1f1¢)(0)
0 Jo Jo
T pts pto
+/0/0 /0 u(ts)-1-ulty)dtrdtadts (f1fof19)(0)
/ /3/ T-u(te)u(ty)dty dtadts-(f1f1fo0)(0)

+/0 /O3/02“(753)1'(152)1(751)dtldtgdtS-(f1f1f1¢)(0)

+ higher order terms

This is just the beginning, and one never should manually manipulate such
a huge expression. Indeed, each of the summands is identified by a simple
word such as 101 or 10 (to be read as finite sequence, like (1,0,1) or (1,0).
The identification is captured in form of the two maps

Fw=aiay...as+— (qb = (fw®)(0) = (fa, © fay 0 "fas¢)(0)> , and
(56)

T ts to
W:w=aias...as — (u — / Uq, (ts) / .. / Ug, (t1)dty ... dts_1dts
0 o Jo

(57)
These two maps take the advanced point of view that each image is itself
an operator: In the first case the image is a partial differential operator on
(output) functions on the state space. In the second case, the image is an
iterated integral functional on the space of admissible controls on an interval



Combinatorics of Nonlinear Controllability and Noncommuting Flows 261

[0,T]. For later convenience we already define a companion map Y in terms
of the primitives U(t) = fot u(s)ds of the usual controls.

T ts to
T:w=aias...as — (UH/ Ués(ts)/... Uél(tl)dtl...dts_ldg)
0 0 0

(58)
It is well known that there are many ways to rewrite the huge expression of
the Chen Fliess series, ways which are better in the sense of both providing
much more insight for theoretical analysis and for being much more amenable
for calculation and design (such as path planning). Such alternative forms
may be obtained through direct simultaneous manipulation of the analytical
objects on right hand sides of (56) and (57), or alternatively through purely
algebraic and combinatorial manipulation of the combinatorial objects on
the left hand side of (56) and (57).
For illustration, we shall perform some of the analytic operations for a typical
objective on some of the low order terms written out above. Then we will
repeat the same working only with the indices w. This hopefully will lead
even the last skeptics to look positively on combinatorics, and it will motivate
the chronological algebra structure which makes Y a chronological algebra
homomorphism.
One reasonable question to ask in view of this series, and in view of the
ubiquitous presence of iterated Lie brackets (and their important geometric
roles) in nonlinear control, as exhibited in the previous section, is: “Where
are the Lie brackets in the Chen Fliess series” (or in above big expression
(3.1)). The previous chapters analyzed systems using almost exclusively vec-
tor fields which are first order derivatives (all Lie brackets are vector fields!),
whereas above formula contains primarily partial differential operators of
arbitrarily high order!
Let us consider the terms containing one fp and one fi, followed by looking at
the terms containing one fy and two fi. In particular, noting that [fi, fo]¢ =
f1fod—fofi¢, we add and subtract the following term (which does not appear
in the series!) (alternative choices are possible)

T 2
/0 Ot 1-wu(ty)dtidts - (fofi16)(0)

then combine the results appropriately (alternatively integrate by parts)

T to T to
/ / u(ta)-1dtydts - (f0f1¢)(0)+/ / Lu(ty) dtydts - (f1fo9)(0) =
o Jo o Jo
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_ (/OTu(tz)/0t21 dtldt2+/0T1-/()tQu(tl)dtldt2> - (fof19)(0)
N /0 ! /0 L a(t)dbdes - (fifo — foft)9)(0)
T T
— (/ U(t)dt> : (/ 1dt> - (fof19)(0)
0 0
N ( /OTl. ( /0 ) dt1> dtz) ([f1. fol)(0)

An important observation is that above sum of two second order partial

(59)

derivatives with iterated integral coefficients is now expressed as a sum of
one first order derivative with an iterated integral coefficient and a second
order partial derivative with a product of integrals as coefficient.

For comparison let us write down the bare essentials to code all the terms
in above calculation.

01®01+10®10 = (01+10)®01+10® (10— 01) = (0L 1) ® 01 + 10 ® [10]

Barely one line, and already providing a preview of a product on words that
will encode the pointwise multiplication of functions of a single variable, or
of iterated integral functionals. This shuffle product shall be studied formally
in subsequent sections.

Now consider the third order terms that contain exactly two factors of f;
and one fp. This time strategically integrate by parts repeatedly, instead
of judiciously adding and subtracting terms. This has the same effect, and
illustrates the duality. (The first approach, which focused on the vector fields
as opposed to the integrals, though, appears to be closer to the technique of
rewriting systems of algebraic combinatorics, compare [48] and [54]. (Caveat:
The following might be done a little faster, but in the end one should always
use the algebra, instead of trying to improve the lengthy integrations by
parts.) Start with integrating by parts the inside integral in the first term

/OTU(ts/ U(tz/ Ldtdtadts - (fof1f19)(0)

. / (s / L[t )derdeadts - (frfof16)(0)
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/ 1] uts) / ) [ty )dtdtadts - (f1ffod)(0)

. ( [t ([ sty ) [ans)  [3[ sy, dt3> (fof116)(0)

+/T“(t3 /t31 /*ﬂu (t1) dt1dtadts - (f1fof16)(0)
+/ /u(tg/ (t1) dtrdtadts - (f1.f1f09)(0)

After suitably regrouping the first term again integrate by parts, and com-
bine the second and third term, recognizing that fof1f1 — fofif1 = [f1, folf1

- <</0€ dt) . </0:Z(t3)/otz(t2)dt2dt3> _/ﬁ /og(tQ)/Otz(tl )dtldt2dt3> (fof1f19)(0)
™ < / T(U(tg) / “l /0 tQu(tl) dtldtQ) dt3> ([f1, fol f16)(0)

/ 1 [Pty )| "ty dtrdtodts - (f1 f1500)(0)

Combine the second and fourth terms, and integrate the third term by parts
(outer integral). Also write the first term as a product of three integrals.

= L /Tldtc/TU(t)dt 2'(fff¢)(0)
2| ] ; ofifi

t3
N / / (t2) / (t1) dtvdtadts - (f1f1 fo—fofrf16)(0)

+<</0u(t)dt> (/0 1/0 U(tz)dtht:a) _/o? (/()tgu(t2)dt2>2dt3>'([fl;fo]f1¢)(0)

Finally combine the second and fourth terms, recognizing that the integral
in the fourth term is twice the integral in the second term.

T T 2
~ 1 ( /0 1dt>-< /0 u(t)dt) (fof1£16)(0)
n ( | Tu(t)dt> ~ ( 1] tBU(tz)dhdts) (s, fol F16)(0)

. ( [ e ti(tl)dtldtzdtg) s Lo, £oll9)()
0 0 0



264 M. Kawski

The last step used that

fififo—fofifi—=20f1, folfi = fififo—2fifofi+ fofifi = [f1, [f1, fol]- (60)

What matters, aside from experiencing the painful book-keeping, is that
again the three third-order partial derivatives with iterated integral coeffi-
cients of the original series can be written as a sum of a first, a second order
and third order partial derivative, with corresponding products of iterated
integrals as coefficients. The emerging pattern is very suggestive. However,
this naive approach of repeatedly integrating by parts is no way to deal with
the infinite series.

To illustrate the usefulness of this expression, suppose that f(0) = 0 and ¢
is a function such that f1¢ = 0 and [f1, fo]¢(0) = 0 (this is very similar to
the examples discussed in the first chapter). In this case the leading term in
the rewritten Chen Fliess series (assuming that similar calculations to above
have been carried out with analogous results for the other homogeneous
components) is the last term in the result of our previous calculation. If the
iterated integrals corresponding to the words 1 and 10 both vanish (by, say,
a judicious choice of a piecewise constant control), then again the lowest
order nonvanishing term is the last term in our result. Note, in the first
argument we used the product structure of the partial differential operators
(e.g. if f1p =0 then ffi¢ = 0 for every partial differential operator f;). In
the second argument we used the product structure of the rewritten iterated
integrals that appear as coefficients of the non-first order operators. Clearly,
there are lots of opportunities to combine these arguments, and indeed this
is a route towards obtaining conditions for STLC and for optimality!

It turns out that the expected result is true, and even more: The entire series
can be written as a product of nice flows (of constant vector fields!), or as the
exponential of a single field. A partial factorization was used for obtaining
a new necessary condition for STLC in [28], but it was clear that this is not
the way to go. In [64] Sussmann managed to factor the entire series using
differential equations techniques, compare section 4.3. An elegant alternative
is to do away with all integrals and such, and proceed purely combinatorially,

which allows one to focus on the underlying algebraic structure.
We conclude this last motivation for combinatorics of words with the com-
binatorial analogue of above calculation:

011 ® 011+101 ® 101 + 110 ® 110 =

—_——
= ((0114101) — 101) ® 011 + 101 ® 101 + 110 ® 110
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——
= ((011+4101+110) — 110) ® 011 + 101 ® (101-011) 4 110 ® 110

— (0114+1014110) ® 011 + ((10142%110) — 2+110) & (101—011)
+ 110 ® (110-011)
= (011+101+110)@011 + (101+2+110)®(101—011)
+ 110 ® ((110—011) — 2 % (101 — 011))
— LOWIW1) ® 011 + (10WW1) ® [10]1 + 110 ® [1][10]]

with the last line containing the abbreviated form involving shuffle products,
see below. At this time the combinatorial rewriting rules used here may still
look unfamiliar, but they simply code integration by parts. The following
lectures shall give an introduction into this world of a different algebra.
We shall aim first for a formal definition of the product w on words that
encodes products of iterated integral functionals is needed. Together with a
systematic choice of bases, it should reduce the above calculations to simply
inverting the matrix corresponding to a change of basis in some vector space.
Being able to use simple linear algebra, it will turn out to be rather easy to
compute a powerful continuous analogue of the Campbell Baker Hausdorff
formula [39]

3.2 Combinatorics and various algebras of words

This section provides a very basic introduction to the terminology com-
monly used in an area of combinatorial algebra commonly known as combi-
natorics of words. For a comprehensive introduction accessible to the non-
specialist we refer the reader to consult the book Combinatorics on words
by “Lothaire” [46] with the same title. For a more advanced treatment of
many of the objects with applications to nonlinear control, we refer to the
book Free Lie algebras by Reutenauer [54].

The basic idea from the control-perspective is to directly manipulate the
multi-indices that appeared in the preceding calculations, rather than carry
around the bulky overhead of iterated integrals, control functions and vector
fields, when carrying out what effectively are purely algebraic or combina-
torial manipulations. Moreover, as indicated previously, there is a need to
work with formal brackets as opposed to brackets of vector fields (which are
just vector fields, and thus have no numbers of factors etc.). Finally, there
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are many algebraic theorems and constructions available, starting with con-
structions of bases and formulas for their dual bases, that are very useful on
control.

Start with a set Z whose elements are in one-to-one correspondence with the
vector fields fo, f1,... fm and with the controls ug = 1, u1, ... u,;,. Occasion-
ally it is convenient to simply use the indices Z = {0,1,2,...,m} C Zg con-
sidered as formal symbols (not as integers). In general Z = { X, X1,... X, }
is just a set of indeterminates X;. In the sequel we shall refer to this set
as an alphabet, and to its elements as letters. In principle, this set can be
infinite, but for most of our purposes finite sets suffice (Lazard elimination
in chapter 4 is an exception). A word is a finite sequence (ai,...as) with
a; € Z and s € Z(J{. It is customary to write ajaqas . ..as for the sequence
(a1,...as), touse a,b,c,... for letters in Z while u, v, w, z for words, to write
e or 1 for the empty word defined by we = ew = w for all words w. Write
Z7T for the set of all nonempty words and Z* = Z* U {e} for the set of all
words. The set Z* of all words forms a free monoid (semigroup) (associative,
but noncommutative) under the concatenation product

(a1a2 .. Qg oy, b1b2 . br) = a1a9 ... asble e br (61)

From the control perspective, on the side of the vector fields, this concatena-
tion product clearly just corresponds (via the map F in (56)) to compositions
of partial differential operators. But on the control and iterated integrals
side, via the map T from (58) (or YY from (57)) it is much more interesting
as a product Y(w)Y(z) of iterated integrals in the form special form as they
arose in the derivation (31) of the Chen Fliess series is not an iterated inte-
gral of the same form — although, conceivably, through laborious repeated
integration by parts, it can be written as a linear combination of iterated
integrals in that special form. One of the purposes of this section is to take
care of that kind of manipulation once for all!

As linear combinations are clearly needed, we consider the free associative
algebra A(Z) = Ar(Z) of all finite linear combinations (with real coefficients)
of words in Z*, and linearly extending the concatenation product in the
obvious way. (This algebra is also known as the algebra of polynomials in
noncommuting variables.) Write A(Z) = Agr(Z) for the algebra of formal
power series over Z (with the same concatenation product).

Define the Lie bracket as the bilinear map [-,-]: A(Z) x A(Z) — A(Z) that
satisfies [w, z] = wz — zw for words w, z € Z*.
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Exercise 3.1 Verify that is (A, o) is any associative algebra, then the com-
mutator [-,-]: A x A — A defined by [x,y] = x oy — y o x satisfies the Jacobi
identity.

An element of A(Z) is called a Lie polynomial if it lies in the smallest sub-
space of A(Z) that contains Z and that is closed under the Lie bracket. It is
nontrivial, requiirng one consequence of the Poincaré-Birkhoff-Witttheorem
(4.6) (compare [54]) to show that this subspace of Lie polynomials (with the
Lie bracket as above) is the free Lie algebra over Z, denoted L(Z).

The next section will address the quest for bases of the free Lie algebra
L(Z). Under the natural extension of the map F in (56) to A(Z) and
thus to L(Z), any such basis maps to a spanning set of L(fo, f1,... fm), i.€.
provides a minimal set of Lie brackets to calculated / considered in control
applications.

Next we try to distill the essence of the algebraic structure of the iterated
integrals in (31). After little reflection it is clear that the construction of
iterating the integral form of the differential equation invariably leads one
to the noncommutative product

t t
x: (U(t), V(t)) — (U=*V)(t) :/ U(s)V'(s)ds ( = / V'(s)U(s)ds) .
0 0
(62)
(or to its mirror image). In (31) consider for example
t t t t
U = [ wialta) [ wialte) [ ui(t)dtidtadty and Vi) = [ i (s)ds
0 0 0 0
(63)
and their chronological product

(mmwszmwﬂﬁmf%wQﬁ%mmmﬁw4m)

We shall quickly identify the defining identity satisfied by this product, and
then equip the free associative algebra A(Z) with an analogous product, so
that the map T, linearly extended to A(Z) will be an homomorphism for
the resulting algebra structure.

Looking for a three term identity (analogous to associativity or the Jacobi
identity) that might possibly characterize this algebra structure, consider
the products (of say, absolutely continuous functions) f, g, h: IR — IR taken
in different orders:

(e (gm0 = [ £65)9(5) - W(s)ds - and (63
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(F * g) % h)(t / (/ o )h’(s)ds (66)

This reminds (with good reason) of the laborious integrations by parts in
the previous chapter. Indeed, it is almost immediately apparent that this
product satisfies, for all (absolutely continuous) functions f,g,h: R — R
(that vanish at 0) the three term right chronological identity

frlgxh)=(fxg)xh+(gx[f)*h (67)

Definition 3.1 A (right) chronological algebra is a vector space C with a
bilinear product x: C' x C' +— C' that satisfies the right chronological identity
(67) for all fg,h € C.

The naturalness and usefulness of this algebra structure for nonlinear control,
as well as its natural appearance as the (Koszul-)dual structure to that of
Leibniz algebras which recently have received much attention by algebraists
[12, 13, 20, 42, 43, 44, 45, 55], suggest that one study this algebra structure in
its own right, just like associative, commutative, and Lie algebras. Refer to
[35] for some more abstract investigations. In these notes we shall basically
just use this product.

Exercise 3.2 Let V = Llloc(IR) be the space of locally integrable functions
on R and define Verify that (V,x) is a chronological algebra with the product

*;:V x V=V defined by

(f =)t (/f (5)ds ) - g(0) (68)

There are many interesting chronological subalgebras of the algebras ACy(IR)
of absolutely continuous functions that vanish at 0, and of the algebra L]
locally integrable functions that deserve attention in their own right. The
following exercise gives further examples that open new doors for construct-
ing further chronological algebras.

Exercise 3.3 Verify directly that each of the products on polynomials and
exponentials defined below is a right chronological product.

Xk Xt — 1 xk+e+1 cikt 4 pitt (20 Ji(k+0)t
Xk y Xt — EXIVJF@ ekt 4 oilt ei(k+0)t <69)
ke +2¢
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It is not surprising that one can make sense of a free chronological algebra
C(Z) and even construct it from the free associative algebra A(Z) by defining
a chronological product of words in terms of the concatenation product. For
any letter a € Z, and words nonempty w,z € Z+ define inductively (on the
length of the second word)

wrxawa  and w*(za) = (w*z+ z*xw)a (70)

and extend bi-linearly to the subspace AT(Z) of A(Z) that is spanned by
all nonempty words. Note, it is impossible to extend the definition to all
of A(Z) x A(Z) without loosing some key properties. (However, for some
purposes it will be convenient to allow one factor to be the empty word e
and set wxe=0and exw = w if w € Z*\ {e}.) With these definitions it
is apparent that the following holds:

Theorem 3.1 The map Y from C(Z) to a chronological algebra of iterated
integral functionals TZZF(U) is a chronological algebra homomorphism, i.e.
for any w,z € C(Z)

T(w*z)="T(w)*Y(2) (71)

For details on suitable domains U of the iterated integral functionals see
[35]. Here we only note that any such set of functionals immediately in-
herits the chronological algebra structure from its domain, e.g. the set of
absolutely continuous functions. One can show that the map T is actually
is a chronological algebra isomorphism provided the class of admissible in-
puts is sufficiently rich, compare [35]. We sketch the key inductive step for
nonempty words w,z € Z*, a letter a € Z, U € ACy([0,T] and T > 0,
written out in mini-steps:
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Tw*(za) (U) (T) = T(w>|<z+z>|<w)a(lj) (T)

— OT UL ()Y izt 2w (U) (1)t

= [ Ut (Cacs0)(0) + Yo 0)0) (72)

= [vo-( [rawy - Tu@))s + [ (Tu@)) - T s)ds)at
T

/ (/ Uals >ds)-rw<v><t>dt
(T (V)Y 2a(U))(T)

The first and last step use the definition (58). In between, aside from using
the linearity of T and the induction hypothesis, the key steps are integration
by parts followed by suitable regrouping — exactly the steps from the section
2.1 that we wanted to combinatorially encode.

The symmetrization of the chronological product of functions (or iterated
integral functionals) yields the pointwise multiplication, which is both com-
mutative and associative. Since this product is also routinely used in control,
it makes sense to formally define and name the corresponding product on the
free associative algebra C'(Z), or its extension to the free associative algebra
A(Z).

Definition 3.2 The shuffle product is the bilinear map w:A(Z) x A(Z) —
A(Z) that satisfies wwe = eww = w for allw € A(Z) and

wlWz=w*xz+z*xw foralw,ze C(Z) (73)

Corollary 3.2 The map Y from A(Z, w) to a associative algebra of iterated
integral functionals TZF(U) (with pointwise mutliplication) is a associative
algebra homomorphism.

T(wllz) =T(w)-Y(2) (74)

Using the recursive definition (70) of the chronological product one immedi-
ately obtains a recursive formula for the shuffle product. For letters a,b € Z
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and words w, z € Z*
(wa) W (z2b) = (wll (2b))a + ((wa) W 2)b (75)

Exercise 3.4 Verify by direct computation, using (67), that the shuffle prod-
uct 1s associative.

Exercise 3.5 Cualculate at least a handful of shuffle products to get a feel-
ing for it. E.g. calculate the following (but feel free to make your own
choices) awb, awa, awawa, awawb, awbwe, (ab)we, (ab)wbd, (ab)wa,
(ab) w (cd), (ab) w (ab), ...

Our definition of the shuffle product as the symmetrized chronological prod-
uct makes sense from the point of view of nonlinear control — but this does
not do it justice as its algebraic characterization shows that it is a funda-
mental map. First introduce yet another product, actually a “coproduct”.

Definition 3.3

Define the coproduct A: A(Z) — A(Z) ® A(Z) as the linear algebra homo-
morphism defined on generators a € Z by (using 1 for the empty word
(previously denoted by e).

Ara—a®1+1®a (76)

Use [54] as a gentle introduction, and source for more advanced references for
the realm of coproducts, co-gebras, bi-grebas, and ultimately Hopf-algebras.
(They appear to play a quite useful, though still largely unrecognized role
in nonlinear control.)

It is instructive to work a few examples. Suppose a,b € Z. Then

A(ab) = A(a)A(b)
= (®1+1®a)(b®1+1®0D)

= ab®14+a®@b+bR@a+1®@ab (77)
# ab®1+1®ab
By symmetry, it is clear that
A(la,b]) =[a,b]®@1+1®1,0] (78)

The previous calculation not only holds for a,b € Z, but in much more
generality, it is true for any p,q € A(Z) provided A(p) =p®@ 1+ 1® p and
A(q) = q®1+1®q. Thus the set of p,q € A(Z) for which this holds is,
maybe not surprisingly:
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Theorem 3.3 A polynomial p € A(Z) is a Lie polynomial if and only if
Alp)=p®@1+1®p (79)

Exercise 3.6 Prove theorem 3.3 using the characterization that the set of
Lie polynomials is the smallest subspace of A(Z) that contains Z and is
closed under the Lie bracket.

Before returning to the shuffle product, we note that one may define an inner
product on A(Z) by demanding that the basis Z* of A(Z) is an orthonormal
basis, i.e. define <-,->:A(Z) x A(Z) — R for Py, Qs € R by

<P,Q>=) PuyQu if P=) P,w,Q=Y Quuwe A(Z), (80)

wez* wez* wezZ*

This map extends immediately to a map < -,- >:A(Z) x A(Z) — R (or
<-->:A(Z) x A(Z) — R), which then is considered as a bilinear pairing
upon noting that the algebra A(Z ) of noncommuting formal power series is
the algebraic dual (space of all linear functionals) of the algebra x A(Z)of
noncommuting polynomials. In turn, with the usual topology (compare
[35, 54]), A(Z) is the topological dual (space of continuous linear functionals
of A(Z). (Note, that if P =3, cz-Pyw then P, = 0 for all except a finite
number of w € Z*, and thus the sum in (80) is finite.

Remark 3.4 In the case of a finite alphabet Z, the topology can be charac-
terized by the metric | P, Q|| = 2% where k is the length of the shortest word
w € Z* such that <w,Q — P>+ 0. Alternatively, a sequence P e A(Z)
converges to ) € A(Z) if for every M > 0 there exists N < oo such that
<w,Q — P™ > =0 for all words of length at most N. In the case of an
infinite one uses a similar topology, albeit its characterization in terms of
neighborhood bases is slightly more technical [54].

Algebraically, the shuffle product is defined in elementary terms using the
coproduct:

Definition 3.4 (Alternate definition) The shuffle product w: A(Z)x A(Z) —

A(Z) is the transpose of the coproduct A: A(Z) — A(Z) @ A(Z):
<ulllv,w>=<u®uv,A(w)> for all u,v,w € A(Z) (81)

Exercise 3.7 Proof by induction on the lengths of the words that this al-

gebraic definition is equivalent to the recursive combinatorial definition in
equation (75) or alternatively equations (70) and (73).
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While there are many formulas that mix shuffle and concatenation product,
they naturally live on spaces that are dual to each other, the algebra A(Z)
of noncommutative polynomials and the algebra fl(Z) of noncommutative
formal power series. But the latter naturally contains the former, and one
may equip each with both products, giving rise to two Hopf algebra structures
on A(Z) see [54] for details. In these notes we shall not go deeper into this,
for details see e.g. [54, 35].

This algebraic characterization makes it easy to establish that the set of Lie
polynomials is orthogonal to nontrivial shuffles:

Proposition 3.5 If p € L(Z) C A(Z) is a Lie polynomial and and u,v €
Z*\ {1} are nonempty words, then

<uwuv,p>=0. (82)

The proof is a short calculation, using the natural pairing of A(Z) ® A(Z)
with A(Z)®A(Z). For a Lie polynomial p and nonempty words u, v calculate

<ullv,p> = <u®wv,Ap)>
= <u®Ru,pR1l+px1>
= <u,p> - <v, 1>+ <u,1> - <v,p>
= 0.

(83)

Finally consider the action and anti-action [?] of A(Z) on A(Z) by right and
translations, i.e. for a € Z and w € Z* define

Oas Aa: A(Z) — A(Z), 0a(w) =wa and A,(w)=aw (84)

Note that g,0,(w) = wba reverses the order, while AgA\p(w) = abw preserves
order. It is easy to extend p,, and A\, to w € A(Z) but we shall have no need
for this. Instead, we are interested in the transposes of, \i: A(Z) — A(Z)
of these translations which are defined on words w, z € Z* by

<olw,z>=<w,za> and <)\Lw,z>:<w,az> (85)

a

Clearly, if a,b € Z then plb = \lb =1 if a = b and 0 else. If b € Z and
w € Z*\ Z are words that are not letters, then

w if a=b

@L<wb>:{ v }:Aubw) (56)

Recall that a linear map D: A — A on an algebra A with product - is called
a derivation if D(f -g) = (D(f))-g+ f-(D(g)) for all f,g € A.
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Exercise 3.8 Show that the composition DoD1:f +— Do(D1(f)) of two
derivations D1 and Do need not be a derivation, but the commutator Do D1 —
D1 Ds is always a derivation. Show that the set of derivations on an algebra
always has a Lie algebra structure with the commutator as product.

The following observation appears to have very profound consequences, com-
pare the next section and the next chapter.

Theorem 3.6 Both transposes ol and N are derivations on the shuffle al-
gebra (A(Z), w), but only the transpose Nl of the left translation A, by a
letter a is a derivation on the chronological algebra (C(Z),*).

Exercise 3.9 Prove theorem (3.6) using the recursive combinatorial defini-
tions of the shuffle and chronological products in equations (75) and (70),
and/or the algebraic definition in (3.4).

3.3 Hall Viennot bases for free Lie algebras

The goal of this section is to develop bases for free Lie algebras, and get
some insight into their background, constructions and properties. We start
with some remarks introducing binary labeled trees which will be necessary
to later construct Hall bases as these critically depend on the notion of left
and right factors. Returning to Lie algebras, we then consider the process
of Lazard elimination which is the main procedure for generating bases of a
free Lie algebra. (However, [54] provides an independent argument.) Finally
we survey Hall-Viennot bases and their most important properties.

First recall some of the problems we encountered earlier. In every Lie algebra
[z, [y, [z, Y]] = [y, [z, [z,y]]] because [[x,y],[z,y]] = 0. This re-emphasizes
that a Lie-bracket does not have well-defined left and right factors, and a
need for a language of formal brackets. Such language also allows one to more
precisely phrase the conditions for STLC of the previous chapter: Recall if
fi= aaTl and fo = x%a%l then strictly speaking the number of factors f; and

foin [f1,[f1, fo] is not well defined as e.g. [f1,[f1, fo] = 28%1 = f1.
Formally, introduce the “free magma” M(Z), the set of rooted binary trees
labeled in Z (also called parenthesized words). This set is recursively con-
structed by MY(Z) = {Z},

M™NZ) = Ui M*(Z) x M™% (Z)  and M(Z) = U, M™(Z) (87)



Combinatorics of Nonlinear Controllability and Noncommuting Flows 275

There are canonical maps p: M(Z) — L(Z) and : M(Z) — A(Z) defined
fora € Z,

o(@) = (@) =a and ot t") = [p(t), (" )a and w(t,¢") = v()o(t")

(88)
Note that every tree ¢t € M(Z) is either a letter ¢ € Z or it has well-defined
left and right subtrees t',t" € M(Z), i.e. t = (t,t"). Also, for each tree the
numbers of times that each letter appears as a leaf are well-defined. Formally,
for a € Z define || - ||a: M(Z) — Z7 by |lalla = 1, [|blla = 0if a # b € Z,
and recursively for general trees |[(¢/,t")||o = [|t'|la = |[t"]|a. For example if
t = (a(ab)) then ||t||o = 2 and ||t = 1. This map naturally carries over to
Z* to Lie monomials (images of single trees under ¢. However, the notions
of left and right subtree do not carry over to L(Z), e.g. consider Z = {a,b}.
Then (a,b) € M(Z) maps to ¢((a,b)) = [a,b] = [~b,a] € L(Z). Similarly,
(a, (b, (a, 1)) # (0, (b, (a,5))) € M(Z), yet

¢((a, (b, (a,0))) = [a, [b, [a, 0] = [b, [a, [a, b]] = ¢((a, (b, (a, b)) (89)

due to anti-commutativity and the Jacobi-identity in L(Z)).

The language of formal brackets or trees is the one which allows for very pre-
cise statements of the theorems for controllability, such as Sussmann’s the-
orem (1.10). However, one finds an abundance of rather sloppy statements
of this and similar conditions in the recent literature, and our presentation
in section 1.4 is just barely border-line. See the original article (1.10) for
utmost precision.

It may take some time to get used to the precision needed to describe
formal operations such as expressing each iterated Lie bracket as a lin-
ear combination of a set of specified brackets. E.g. working in L(Z) it is
correct to write [[z,y],z] = [z,[y, z]] — [y, [z, z]], but for trees ((z,y),z2) #
(z,(y,2)) — (y, (z,x)) (it is straightforward to introduce linear combinations
of trees), visualized as

PO NN

a b c a b c b c a

Figure 4. Jacobi identity, Leibniz rule and rewriting
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This distinction is precisely what is needed in order to specify an algorithm
how to rewrite formal brackets (and trees), and then map to identities of Lie
brackets in L(Z).

A tree t € M(Z) is called a Dynkin tree, written Dyn(Z), if either t € Z or
t = (a,t") with a € Z and t"” € Dyn(Z). Note that these trees correspond
exactly to the iterated Lie derivatives that appear in control when repeatedly
differentiating e.g. output functions along solution curves of the system.
The next exercise shows that the image ¢(Dyn(Z)) C L(Z) spans L(Z).
But since e.g. (a,(b,(a,b))), (a, (b, (a,b))) € Dyn(Z), yet [a,]b,]a,b]]] =
[b,[a,]a,b]] € L(Z) it is clear that (even after removing obviously trivial
trees like (a,a)) that ¢(Dyn(Z)) is not a basis for L(Z). (Nonetheless,
this set is often called a Dynkin basis, clearly a bad misnomer.) Note that
a Lie bracket may be a the image of a Dynkin tree even if it looks quite
different, e.g. [[y, [[z,y], z]],z] =€ @(Dyn(Z)) because ||y, [[z,y],z]],z] =
(2, [ [, [2. )] = #( (. (v, (&, (2,9)))) ) € @(Dyn(2)).

Exercise 3.10 Show that o(Dyn(Z)) C L(Z) spans L(Z). Work with trees,
and adapt the “rewriting rule” ((z,y),z) — {(z,(y,2)), (y,(z,z))} to
recursively reduce any tree to a subset of Dyn(Z). For precise, technical
notions of rewriting systems see [54].)

The basic construction of bases for L(Z), as well as e.g. the construction
of Sussmann’s infinite exponential product expansion of theorem (4.10) are
fundamentally based on the concept of Lazard elimination. This rests on the
following basic theorem, simple proofs (but using technical language beyond
the scope of these notes) of which may be found in [4, 54]. We shall be
satisfied with a simple illustration of the elimination process.

Theorem 3.7 (Lazard elimination). Suppose Z is a (not necessarily finite)
set and a € Z. Then the free Lie algebra L(Z) is the direct sum of the one-
dimensional subspace {a}wr = {Aa: A € R}, spanned by a, and a Lie algebra
that is freely generated (as a Lie algebra) by the set {ada,b):k > 0, b e

Z\ {a} }.

Exercise 3.11 Adapt the rewriting process from exercise (3.10) to show that
L({a,b}) C {a}r @ L({(ad*a,b):k >0, b € Z\ {a} }). In view of the
exercise (3.10), it suffices to show (by induction) that every Dynkin bracket
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@iy [@iy_ys 5 - - - [@iy, @iy ]] - - -] With a;; € {a,b} can be written as a linear com-
bination of brackets of the form [(ad"*a,b), ... [(ad"?a,b), (ad" a,b)]]...] with
i; > 0. Work either on the level of trees or in L(Z), but carefully reflect on
your choices.

For illustration consider a two letter alphabet Z = {a,b}. Then

L(Z) = {a}lR @{ba [a7 b]v [CL, [CL, b]]v e }
= {a}lR @{b}]R @{[av b]v [aa [a’ bH’ SRR [b’ [CL, bH? [bv [ba [a’v b]]v e }
{a}lR @{b}R EB{[G’7 b]}lR ®{(adk [a7 b]? (adjb7 (adia, b))) i7j7 k> O}

{a}m D{b}mr D{la, 0]} m D{la; [a, 0] }m
P {(ad’[a, [a, b]], (ad*[a, ], (ad’b, (ad’a, )))): 4, j, k, £ > O}

= {a}m B{b}r B{[e, t}m Bfla, o, 0]]}m D{[b[0,0]ir D

(90)
Note that at every stage the infinite dimensional part is replaced by a new
infinite dimensional part that is generated by infinitely many times “more”
generators than the previous. Nonetheless, on can anticipate the convergence
as all these generators become “longer” and longer (provided the eliminated
brackets are chosen properly), compare remark 3.4. What is important to
remember for applications and in the sequel, are the successive elimination of
one bracket at a time, thereby conceivably constructing a basis, and the type
of bracket that is common to all generators, and thus also to all eliminated
elements. Note, the above elimination process should again be done on trees,
and then mapped to L(Z) — however, we presented it in the more traditional
Lie algebra setting.
One defines Lazard sets as subsets of M(Z), that, roughly speaking, arise
from infinite repetition of the illustrated Lazard elimination process — the
technical statement is quite lengthy [54], and we omit it here. What matters
is the following (again, for a proof see [54])

Theorem 3.8 The image of a Lazard set L C M(Z) under the map ¢ is a
basis for L(Z).

Starting with Marshall Hall in the 1940s, whose work builds on Phillip Hall’s
studies of commutator groups in the 1930s, several bases for free Lie algebras
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have been proposed. Aside from Hall bases, the best known names are
Lyndon bases and Sirsov bases. The latter two were eventually found to
basically be same. In the 1970s Viennot [68] slightly relaxed the conditions
in the construction of Hall bases, and showed that with that relaxed notion
Lyndon (and thus also Sirsov) bases are just special cases of the generalized
Hall bases. When we want to emphasize the distinction, we will refer to the
latter as Hall Viennot bases.

Definition 3.5 A Hall set over a set Z is any strictly ordered subset HC
M(Z) that satisfies

(i) ZCH
(ii) Suppose a € Z. Then (t,a) €H iff ' € H,t <a anda < (t,a).

(iii) Suppose u,v,w, (u,v) € H.
Then (t/, (t”/,t””)) c H 'Lﬁ t/// S t/ S (t,”, t””) and t/ < (t/, (t”/,t,/,/)).

The definition given here twice reverses the convention of the one given in
[54]: All trees have left and right factors swapped, and larger and less have
been reversed. On the other hand, the definition given here is compatible
with the conventions of [4].

The original Hall bases, as presented in Bourbaki [4], require that ordering
be compatible with the length, i.e. if the length of the word () is less then
the length of the word ¢ (¢'), then t < ¢. Viennot replaced this condition
(and minor other parts) by condition (ii) in definition (3.5).

For the sake of completeness, we state (even without having given a definition
of Lazard sets)

Theorem 3.9 Fvery Hall set is a Lazard set.

Theorem 3.10 The image of a Hall set under the map p: M(Z) — L(Z)
is an ordered basis for L(Z).

While this is an immediate corollary of theorems 3.9 and 3.8, its importance
earns it the title of a theorem. Also Reutenauer [54] also gives a direct proof
that is not based on Lazard sets.

It is very straightforward to inductively construct Hall sets, especially when
choosing an order that is compatible with the length of the associated word.
See the example given in figure 5. However, for many applications Lyndon
bases seem to be even more efficient — and effective algorithms have been
coded that factor e.g. every word into a product of Lyndon words etc.
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Definition 3.6 Order the alphabet Z. A word w € Z* is a Lyndon word
if it is strictly smaller than its cyclic rearrangements with respect to the
lexicographical ordering on Z*, i.e.

If w=uwuv with u,v € Z" then uv < vu. (91)

This ordering is compatible with the choices for Hall bases in [54]. To match
our choices, we need to read the words backwards and replace strictly smaller
by strictly larger (i.e. reverse the ordering of Z). Note that it is very easy
to tell whether a given word is a Lyndon word, and it is also easy to factor:

b
ab)b)b)b)b ((a(ab))(b(ab)))
(((((((((ab))b))b))b)) ) ((ab)(b(b(ab))))
(a((((ab)b)b)b)) ((ab)(b(a(ab))))
(((ab)b)b) ((ab)(a(a(ab))))
((ab)(((ab)b)b)) (b(b(b(b(ab)))))
(a(((ab)b)b)) (b(b(b(a(ab)))))
(ala(((ab)b)b))) (b(b(a(a(ab)))))
((ab)b) (b(a(a(a(ab)))))
((ab)((ab)b)) ((ab)(b(ab)))
(a((ab)((ab)b))) ((ab)(a(ab)))
(a((ab)b)) (b(b(b(ab))))
| ((ab)(a(ab)p))) | (b(b(a(ab))))
(a(a a((cgg)b)b)))) (b(b(ab)))
((alab))(ab) o
(a((a(ab))(ab))) blab
(a(ab)) e
(a(a(ab))) (ab)
(a(a(a(ab)))) b
(a(a(a(a(abd))))) .

Figure 5. Doubly reversed Lyndon trees and Ph. Hall trees

Note that for short words the reversed Lyndon words with b < a are almost
the same as the usual Lyndon words with a < b. The framed tree in figure 5
shows that this is just a coincidence for small trees.
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Suppose w € Z* is a Lyndon word. If w € Z is a letter there is nothing to
be factored. If not, then there exists a pair (u,v) € ZT x Z* such that u is
the longest left factor of w that is a Lyndon word. It can be shown that then
v is also a Lyndon word. Repeating this factorization recursively (i.e. for
the left and right factors) one obtains a map from the set of Lyndon words
into the set M(Z) of trees which is the right inverse (on the set of Lyndon
words) of the map ¥: M(Z) +— Z* which forgets the tree structure and maps
each tree to its (ordered sequence of) leaves.

Exercise 3.12
Construct all Lyndon trees with at most 5 leaves for a three letter alphabet
Z =4{0,1,2}.

Exercise 3.13 Consider the three letter alphabet Z = {0,1,2} and construct
an ordered subset of a set of Hall trees containing all trees with at most 5
leaves. Be aware of the freedom to choose the ordering of newly constructed
trees (and the consequences of the choice upon later constructed trees).

Exercise 3.14 Verify that the restriction of the map 1: M({0,1,2}) — ZT
to the set of Hall trees given in figure 5 is one-to-one. Write down the

image of this set in Z%, and develop an algorithm that recovers the trees
t € M({a,b}) from the images ¥ (t) € ZT.

Exercise 3.15 Verify that the restriction of the map v¥: M({0,1,2}) — Z*
to the set constructed in exercise 3.13 is one-to-one. Write down the im-
age of this set in Z*, and develop an algorithm that recovers the trees
t € M({0,1,2}) from the images ¥(t) € Z+.

The one-to-one-ness of the restrictions of the map ¥: M({0,1,2}) — ZT to
Hall sets H C M(Z) is one of the most important properties of Hall sets. As
a practical consequence, it allows one to carry out most calculations using
the words v (t) (e.g. as indices) rather than the trees ¢ themselves (which
take much more effort to write without mistakes).

Definition 3.7 Consider a fized Hall set H C M(Z). A word h € Zt s
called a Hall word if it is the image ¥(t) of a Hall-tree t € H C M(Z).

In many practical cases one may be quite sloppy, identifying a tree ¢ with
the Hall-word h = 1 (t). However, it is very important to understand that
one must specify which Hall set one is working with, as over every alphabet
Z with at least two letters there exists many Hall sets, compare the next
exercise.
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Exercise 3.16 Construct an example of different trees t1 # to that belong
to different Hall sets t; € H; C M(Z) (over the same alphabet Z ), but which
have the same foliage 1)1 (t1) = Va(t2) under the “forget” maps v;:t; € H; —
zZ+t.

Directly related to this one-to-one-ness of the restriction of the maps
to Hall-Viennot sets, is the fact that every word w € ZT has a unique
factorization into a structured product, as made precise in the next theorem.
This property has been characterized by Viennot as one of the fundamental
building blocks of Hall-Viennot sets, and as the property that makes Hall-
Viennot bases optimal [48, 49, 54, 68]. Compare also the Poincaré-Birkhoff-
Witt theorem 4.6.

Theorem 3.11 Suppose H C M(Z) is a Hall Viennot set and H = 1h(H) C
Z7T is the corresponding set of Hall words with the induced ordering. Then
every word w € ZT factors uniquely into a nonincreasing product of Hall
words, i.e. there exist unique s > 0, hj € H, such that

w=hihy...hy and hy>hy>...> hg (92)

Exercise 3.17 To get a feeling for this factorization, consider the sets given
in figure 5, write down a list of increasingly longer random words (e.g. up
to length 20) and factor according to theorem (3.11).

Exercise 3.18
Repeat the preceding exercise for the sets constructed in exercises (3.12) and
(3.13).

An important special case is the case that w = h € H is itself a Hall word.
Clearly h is its own unique factorization into a nonincreasing product of
Hall words. However, if we truncate the last letter of h, e.g. if h = za
with @ € Z, then we may consider the unique factorization of z into a
nonincreasing product z = hiH — 2. .. hs of Hall words. A little reflection
shows that necessarily also hs < a, as illustrated in the figure 6. We will
return to this diagram when discussing the structure formula for the dual
Poincaré-Birkhoff-Witt bases in section 4.3, compare figure 7.
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w = hl h2 h3 h4 e h3,3 hS,Q h3,1 a

Figure 6. Structure and factorization of Hall trees

This tree very suggestively shows how Hall sets grow out of successive Lazard
elimination. Note also the close correspondence to theorem 3.6, that while QIL
and A are derivations on the shuffle algebra (A(Z ), w), only the transpose
Al of the left translation A, by a letter a is a derivation on the chronological
algebra (C(Z), ).

While it is convenient to write a word w € Z* where one really means
the iterated Lie bracket (11 (w)) € L(Z), care needs to be taken not to
confuse these two. This becomes even more important as the coordinate
< o~ H(w)),w > of w in the Lie polynomial ¢(p~1(w)) € L(Z) (with
respect to the basis Z* of A(Z)) generally is not zero. Indeed, for some Hall
bases (especially, Lyndon bases) the word w is always the smallest (largest)
word that appears with nonzero coefficient in the Lie polynomial ¢ (1)~ (w)).
For further details see [48, 49, 54].

4 A primer on exponential product expansions

4.1 Ree’s theorem and exponential Lie series

Many of the constructions and properties of noncommuting polynomials and
Lie polynomials from section 3.2 carry directly over to infinite series and infi-
nite Lie series, although some extra caution needs to be taken when working
with infinite alphabets. In the following we assume that Z is finite unless
otherwise noted. We only summarize a few key notions, and concentrate on
what is new and relevant for control. For a detailed description see [54].
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Definition 4.1 A formal series f € A(Z) is a Lie series, written f € L(Z)
if for every n € Z* the homogeneous component f,, is a Lie polynomial,

where
def

=) <fiw>w €L(Z) (93)

lw|=n

For example, the characterization of Lie polynomials in theorem 3.3 carries
directly over to Lie series.

Theorem 4.1 A formal power series f € A(Z) 1s a Lie series if and only
if
Alf)=fo1+1xf (94)

Exercise 4.1 Prove theorem 4.1 using definition 4.1 and theorem 3.3.

Just as in the case of Lie polynomials, see (82), one immediately obtains
that a series f € A(Z) is a Lie series if and only if both < f,1>=0 and f
is orthogonal to all nontrivial shuffles < f,uwv>=0 for all u,v € A(Z).

Two common ways in which series arise from polynomials (and from other
series) are the exponential map and its inverse, both defined on suitable
domains.

Definition 4.2
For any power series s € A(Z) with zero constant term define the exponential

by
> k 2 3 4
=) S=1+s+5+5+5+... (95)
k=0

Definition 4.3
For any power series s € A(Z) with constant term <s,1>= 1, define the
logarithm by

logs = Z —(_),:H (s—1)F=(s—1)— (8_21)2 + (5_31)3 + (3_41)4 — ... (96)
k=1

Exercise 4.2

Verify that exp:s +— €® and log, as defined above, are right, respectively
left, inverses of each other. Carefully state the domains on which they are
inverses. Check which of the usual identities for exponentials and logarithms
hold for these maps on A(Z) defined as series.
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Theorem 4.2 (Friederich’s criterion) A power series p € A(Z) with con-
stant term < p,1 >= 1, is an exponential Lie series (i.e. logp € L(Z)),
written p € G(Z), if and only if

A(p) =p®p. (97)

Formally this is the result of a short calculation, shown below in one direc-
tion (assuming that f € L(Z)), using the continuity of the exponential, of
the coproduct, and of the maps f — 1® f and f — f® 1. (For careful
justifications of all steps see theorem 3.2 in [54].)

Ael) = A = fOIHIaf — fel 1af (ef ® 1) . (1 ® ef) =el@el (98)

Exercise 4.3 Suppose s € A(Z) is a formal power series with constant term
<s,1>=1. Verify that s~' € A(Z) and s~ 's = ss~! =1 where

ST S (s 1) = 1= (s— 1)+ (s— 12— (s— 1P+ (s— 1) +... (99)
k=0

Use your result to find all series s € A(Z) which are invertible in this sense.

Exercise 4.4 Show that G(Z) s a group under multiplication, i.e. verify
that A extends continuously to an associative algebra homomorphism on
A(Z), and then use theorem 4.2 to wverify that if p,q € G‘(Z), then also
p-qeG(Z) andp~ € G(Z).

This justifies the name “group-like elements” for power series in G’(Z) -
A(Z) ,ie. G(Z) is a formal Lie group whose algebra is L(Z). Translating
back to control, the Lie series logp € L(Z) correspond to (infinite) linear
combination of) vector fields, while the exponential p € G(Z ) corresponds
to the flow of log p evaluated at time ¢t = 1 (or the flow of %logp evaluated
at time ¢). Thus G(Z) corresponds to a formal group of diffeomorphisms,
and we think of p € é(Z) as a point. Alternatively, these points may be
characterized as multiplicative linear functionals on the associative algebra
of smooth functions on the state space of the system, see [35] for more details.
In the algebraic setting of this section, this corresponds to the following the-
orem (recall that T maps shuffle multiplication to pointwise multiplication
of functions, see corollary 3.2):

Proposition 4.3 The points p € G(Z) are multiplicative linear maps on
the algebra A(Z, w).
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The proof is a straightforward calculation using the algebraic characteriza-
tion (81) of the shuffle product.
<p, o WY>=<A(p),¢®1>=<pRp, QY >=<p,¢> - <p,ib> (100)

This may be thought of as a multi-dimensional, noncommutative analogue of
the identification of the point p € (IR, +) with the translation 7,: 2 — (z+p)
(considered as a diffeomorphism of IR), and with the Taylor formula (for
more advanced analysis see e.g. [1, 2, 19, 35])

p o [ fp)

!
oo )= fl+p).

!

SR B s e S e

k=0 k=0

(101)

d
ePaz

0

Continuing with making connections to control, we have the following the-
orem which follows almost immediately from re-reading (100). (For a short
technical proof of the “if” direction see theorem 3.2 in [54].)

Theorem 4.4 (Ree’s theorem) A noncommutative power series

p=1+ Z puww € A(Z)
weZ+
(with constant term <p,1>=0) is an exponential Lie series, (i.e. p € @(Z)
or equivalently logp € L(Z)) if and only if its coefficients satisfy the shuffle
relations, i.e. if the map

w+—>pwd§f <w,p> (102)
is an (associative algebra) homomorphism from A(Z, w) to R.

Note that in (102) any w € A(Z) is allowed, whereas previously p,, was
defined only for w € Z*. In view of theorem 3.1 and corollary 3.2, that the
map Y is both a chronological and an associative algebra homomorphism,
this yields right away the following fundamental fact. (We will return to this
in the subsequent sections, e.g. in (115)).

Proposition 4.5 The Chen Fliess series is the image of an exponential Lie
series.
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4.2 From infinite series to infinite products

The main item of this section is the Poincaré-Birkhoff-Witt theorem which
relates Lie algebras to certain associative algebras, specifically relating their
bases. This naturally leads one to consider infinite exponential products,
especially for the Chen Fliess series for which the coefficients will be deter-
mined in the next section. But we start with a brief review - using the more
compact notation and terminology developed in recent chapters. Recall from
section 2.1 how the Chen Fliess series as an infinite series arose from solving
a universal control system by iteration. (In contrast, the infinite exponential
product in the next section will arise from wvariation of parameters).

Definition 4.4 For any finite alphabet Z the universal control system is the
formal bilinear system on A(Z)

$=s- z uga with initial condition s(0) = 1. (103)
acZ

Here ug:t — uq(t) are locally integrable scalar controls and s:t — A(Z) is
the solution curve.

Exercise 4.5 For the case of the three-letter alphabet Z = {0, 1,2} using the
basis Z*, write out the ﬁrst few components of the system (103), i.e. $ = ...,
S = ...y Sap = .. (Here e is the empty word, and a,b € Z). Write
out the components sw( ) of the solution curve s(t) using iterated integrals
of the controls.

Using the chronological product (U * V)(t) = f(f U(r)V'(r)dr, and writing
Ua(t) = fg uq(7) dr for the integrals of the controls, the integrated form of
the universal control system (103)

= 1+/ T)dr with F = Z Uaa, (104)
ac”Z

is most compactly written as

s=1+sxF (105)
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Tteration yields the explicit series expansion

s = 14+ (1+sxF)xF
= 1+ F+((14+s«F)«F)xF
= 1+ F+F«F)+(1+s*xF)«F)«F)* F
= 1+ F+(F+«F)+(F«xF)«xF)+ (L4+s«F)« )« F)« F)« F

L4 P4 (FxF)+(FF)« F)+ ((F+F) s F)x F)...

Using intuitive notation for chronological powers (compare definition 4.8)
this solution formula in the form of an infinite series is compactly written as

o0
s=Y F*" = 1+F+F?+F34+ P4+ PP+ %+ 0 (106)
n=0

After this review of how solving differential equations by iteration yields in-
finite series expressions for the solution curves, we develop some abstract
background that will lead to effective product expansions of the solution
curves.

Every Lie algebra can be imbedded into an associative algebra: The universal
enveloping algebra U of a Lie algebra £ (with natural Lie algebra homomor-
phism 1) is, by definition, the associative algebra (which exists, and is unique
up to homomorphism) such that whenever A is an associative algebra and
®: L — Ais a Lie algebra homomorphism, then there exists a map V:U — A
such that ® = W o2, The fundamental theorem (following [54]) is

Theorem 4.6 (Poincaré-Birkhoff-Witt theorem) Suppose B = {b,: o €
I} is an ordered basis for a Lie algebra L . Further suppose U is the univer-

sal enveloping algebra of L with inclusion map 1: L — U. Then a basis for

U is given by the set of decreasing products

{2(ba, )1(bay, 1) - - 2(bay)2(bay) 1 = @po1 > .oo0 > a1, a; € 1} (107)

For a proof of the Poincaré-Birkhoff-Witt theorem see e.g. [46] or any text-
book on Lie algebras. Note, we earlier used a consequence of this theorem
to conclude that the Lie algebra L(Z) of all Lie polynomials over Z is indeed
the free Lie algebra over Z.

Of interest to us in the next section is the structure of the Poincaré-Birkhoff-
Witt basis of the universal enveloping algebra, which in the case of £ = L(Z)
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being the free Lie algebra agrees with the free associative algebra A(Z) =U
over Z. More specifically, the set Z* of all words over Z forms one basis of
A(Z), while every basis B of L(Z) (in particular, each Hall-Viennot basis of
the previous chapter) gives rise to a different Poincaré-Birkhoff-Witt basis
of A(Z).

Exercise 4.6 Fiz a Hall set H for the two element alphabet Z = {a,b}
(compare figure 5 in section 3.3) For each homogeneous component A% (Z)
(i.e. the subspace spanned by all words w € Z* with |[w|, = k and ||w||y = 1)
with k + £ < 4 write out the induced bases that arise from the Poincaré-
Birkhoff-Wittbasis P built from H, and find the transition matriz for the
basis change from the standard basis Z*. (This requires the expansion of Lie
polynomials. See also the next example.)

For illustration consider the subspace A2 ({0,1}) whose standard basis
(coming from Z*) is B2 = {110,101,011}. Considering a Hall set starting
with H = {0,1,(1,0),(1,(1,0)), (0,(1,0)),...}, the subset of the induced
PBW-basis P for this homogeneous component is (compare with the calcu-
lations in section 2.1).

P12 = {[1,[10]],[1,0]1,011} = {110 — 2- 010 + 011,101 — 011,011} (108)

and the transition matrix between the two bases is

1, [10]] 1 -2 1 110
o1 [=]0 1 -1 010 (109)
011 0 0 1 011

The inverse of this matrix transforms the dual bases (see below) according
to

~§[1,[10]L 511,[10}] 1 21 110
~5[1,0]]—“ §1~ = 5[}:0]1 = 0 1 1 010 (110)
Sowéiwé o1t 0 0 1 011

To see the importance of the dual bases for control, recall the illustrative
manipulations of the Chen Fliess series in section 2.1. Working with the
words, or multi-indices, we started with the expression

110 ® 110 + 101 ® 101 + 011 ® 011 (111)
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and using integration by parts and collecting Lie polynomials transformed
it into an expression of the form

€0y @ [1,[1,00] + oy @ [1,0]1 + €o11 ® 011 (112)

One way to think of this is as resolving the identity map (on a finite di-
mensional vector space) with respect to two different bases. E.g. suppose
{e1,...en} and {v1,...v,} are bases for V, and {e!,...e"} and {v!,...v"}
are the corresponding dual bases for the dual space V*, then upon the isomor-
phism Hom(V, V) ~ V*® V the identity map idy: V — V may be identified
with

idy ~el@e;+e?@es+ed@es=v' @ui + 02 Qg +0° @3 (113)

In case of the Chen Fliess series the vector space V = A(Z) is infinite dimen-
sional. But due to its graded structure one may consider one homogeneous
component at a time. In case of a finite alphabet Z each such component is
finite dimensional. The case of A2 ({0,1}) is typical.

Stepping back, we have ordered bases (Hall-Viennot bases) for L(Z), and
they induce PBW-bases on its universal enveloping algebra which is A(Z).
Thus it is straightforward to write down the products on the right hand side,
e.g. {[1,[1,0]],[1,0]1,011} (corresponding to the partial differential opera-
tors {[f1, [f1, foll, [f1, fol f1, fof1fi} in control). The interesting question is
about the structure of the terms on the left hand side, algebraically the dual
Poincaré-Birkhoff-Witt bases (in control the corresponding iterated integral
functionals). This section is to give an elegant formula for these dual bases

&p-

Note the similarity of the resolution of the identity (113) with the Chen
Fliess series: Indeed, the series is the image of the resolution of the identity
map id: A(Z) — A(Z) with respect to the basis Z* under the map

Y®F AZ) @ A(Z) — ITIFU) @ A({fa:a € Z})‘O (114)
(to a series of partial differential operators — evaluated at “zero” — with
iterated integral functionals as coefficients), i.e.
YTRF: Y wow— Y T(w) e F(w) (115)
weZ* weL*

But as observed above, instead of using the standard basis Z* for A(Z), one
may resolve the identity using any other basis. Of course, most useful will be
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the Poincaré-Birkhoff-Witt bases built on Hall bases for the free Lie algebra
L(Z). More specifically, suppose H C M(Z) is a Hall set. We introduce the
following convenient notation:

Notation: If H C M(Z), then write [-] = ¢ oy~ :9)(H) C Z* — L(Z) for
the map that sends each Hall word to the corresponding Lie bracket.

The Poincaré-Birkhoff-Witt bases corresponding to the Hall set H is the set

P = {[hn][hn_l] s [hg”hg”hl]: hp > hpe1 > ... hg > hl, hk S H, n > 0}
(116)
where the products of [hy] are taken in A(Z) identified with the universal
enveloping algebra U of L(Z). In agreement with the prior usage in examples
and in (110) formally define

Definition 4.5 For a Poincaré-Birkhoff-Witt basis P C A(Z) denote by
& € A(Z) the dual basis elements that are uniquely determined by

<&y,p>=20,, foral peP (Kronecker delta) (117)

In analogy to (113), the preimage of the Chen-Fliess series (from (115)) may
thus equally be resolved as

idazy ~ > wRw=» &®v (118)
wez* veEP

(using that Z* is self-dual) where P is any Poincaré-Birkhoff-Witt basis for
A(Z).
Earlier manipulations, e.g. (110) and section 2.1 demonstrated that explicit
formulas for the dual bases elements &, (for Poincaré-Birkhoff-Witt bases
over Hall sets) critically encode the iterated integral functionals in effective
solution formulas. Later in this chapter we will see that indeed it suffices to
obtain formulas for f[h] for Hall words h € H.

From the previous sections it is known that the Chen Fliess series is an
exponential Lie series, i.e. for any basis, especially Hall basis of L(Z) there
exist ¢, € A(Z) such that

Z wew= e2nen ALl (119)
wez*

Such expression may be considered the formal analogue (preimage under
the map T ® F) of a continuous Campbell-Baker-Hausdorff formula. One
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can obtain simple formulas for the entire exponent log (3°,,cz+ w ® w) [54],
compare also [64] for a cleaned up version — but such infinite linear combi-
nations that do not use a basis obviously do not have uniquely determined
coefficients. Using a Hall basis, explicit formulae for the case of a two-letter
alphabet (alas a single input system with drift, or two input system without
drift, in control) have been calculated for all terms up to fifth order [39].
Most recently [55] has used purely algebraic means to develop a reasonably
simple, general formula for the exponent that, while not using a basis, uses
a comparatively small spanning set for L(Z). From that formula, one can
obtain formulae for the (j using a Hall basis, but these are again less attrac-
tive.

Indeed, the search for such simple expressions for (;, as h ranges over a basis
of L(Z) is still subject of ongoing research, with much evidence pointing to
the need for a completely different construction of bases for L(Z) (as Hall
Viennot bases together with the Lazard elimination process are inextricably
linked to the exponential product expansions discussed in the sequel.

Exercise 4.7 Use the definitions (95) and (96) and the identity (118) to
calculate explicit formulae for , for short Hall words from the initial segment
{0,1,10,110,001, 1110, 0110, 0010,...} of a Hall set. (This is basically a
linear algebra exercise.)

An alternative to writing the series (119) as the exponential of an infinite
Lie series, is to write it as an infinite directed product of exponentials (where
both the directed product and the exponential still need to be defined, see
below)

Yowew=]],_, el (120)
WEL*

Exercise 4.8 Referring to the formal definitions of directed products, use
the definition (95) and structure of the the Poincaré-Birkhoff-Witt basis
(107) to infer that the coefficients &, in (120) indeed agree for [h] in a Hall
basis with the definition of the dual Poincaré-Birkhoff- Witt basis é[h} in (4.5).

Notation: Since the key information is contained in the formulas é[h} =&
for Hall elements h, and the map from Hall-trees to Hall words is injective,
it is convenient to use the (deparenthesized) Hall words h € Z* as indices
rather than the coresponding Lie polynomials [h] = (v "1(h)) € A(Z).

It remains to formally define directed products, and to consider the conver-
gence properties of infinite products, compare remark 3.4.
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Definition 4.6 For a sequence {sp:k € Z} C A(Z) of formal series in-
ductively define the directed products via

H@ Sk :H@ s =1 and
—n+1 —n —n+1 —n
szl sk = (Hkl 3k> “Spy1 and Hk;:l Sk = Sp41- <Hk1 3k> (121)

Proposition 4.7 Suppose {s;:k € ZT} Ce A(Z) is a sequence of formal
series such that for every N < oo there exists ky < oo such that <sp,w >
=0 for all k > kn and for all words w e Z* wzth length ||w|| < N. Then

the infinite directed products H s—1 Sk and H s—1 Sk are well defined.
Exercise 4.9 Prove proposition (4.7) and using remark 3.4

Corollary 4.8 Suppose {fi:k € ZT} Ce L(Z) is a sequence of Lie series
such that for every N < oo there exists ky < oo such that < fi,w>=0 for
all k > kn and for all words w € Z’k with length ||w|| < N. Then the infinite

—00

directed products [] y—, e/* and H weq e/* are well defined.

Exercise 4.10 Prove corollary (4.8) assuming proposition (4.7) and using
remark 3.4

4.3 Sussmann’s exponential product expansion

This section demonstrates how to write the Chen Fliess series as an infi-
nite exponential product. The approach follows the construction originally
given by Sussmann [64] (but utilizing terminology form prior lectures in this
series). Alternative constructions have been given using repeated differentia-
tion and analysis of the derivatives [21], and by using entirely combinatorial
and algebraic methods [48, 49, 54, 58]. The approach relies on repeatedly
employing the method of variation of parameters from differential equations
to develop a formula for the solution of the universal control system (103)
The key strategy is to methodically match the recursive design with the
Lazard elimination process, compare theorem 3.7. To improve the read-
ability, we concentrate on the differential equations formulation (e.g. work
directly with iterated integrals) and only state the analogous combinatorial
formulas (in terms of formulas in A(Z) @ A(Z)).
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We begin with a review of some technical manipulations that are essential
for the variation of parameters approach. The following formulas is one
of the most useful and most often used elementary formulas in control. It
is instructive to compare the algebraic and geometric/analytic proofs and
definitions, and the quite different appearance. The following again just
reiterates that in the analytic setting many apparently analytic arguments
are really purely algebraic.

Proposition 4.9 If x € L(Z) is a Lie series and y € A(Z) then

(e o]

ezyef:p = ead:py = Z %(adkxv y) = y+[x7 y]—{—%[m, [m,y]]—%%[m, [x’ [557 y]]+ .
k=0
(122)

We will give a formal differential equations argument below. However, it is
instructive to write out the first few terms by hand, to get a feeling how the
words combine into Lie polynomials.

Exercise 4.11 By formally expanding each exponential into its series (using
the definition of the exponential), formally derive at least the first few terms
of the formula (which is the form in which the previous formula is used most
often in control)

elg=(efge NNl = (g + [f gl + 5Uf 1fo gl + GUF U Lo gll] + . )¢l (123)

This simple formula is very useful in control as differentiation of products of
flows typically yields expressions like ef3f3¢t2/2 foetifip (corresponding to a
variation at e!'/1p transported along the flows of first fo, and then f3 to the
same terminal point ef3/3et2f2et1/1p where different such tangent vectors are
combined in the usual arguments of approximating cones yielding conditions
for optimality and controllability). This means finding a formula for f such
that

et3f36t2f2f2et1f1p — fet3f3€t2f2et1f1p (124)

Clearly, fo commutes with ef2/2, but the tangent map of the third flow has
an effect which is quantified by the above formula.

Exercise 4.12 (Control application) Differentiate (17) with respect to each
of the switching times a,b,c and d, and then use formula (123) to move
each of the vector fields to the left of all exponentials, i.e. (geometrically)
transport each vector back to the same point x(10,u).
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Suppose z € ﬁ(Z) is a Lie series with constant term < z,1>= 0. Consider
the curve v: R +— A(Z) defined by 7:t +— e'?. Define the derivative ": IR —

A(Z) of v at t as
Y (t) = Ll def gtz (125)

This allows an elegant formal derivation of (122), connecting algebra and
geometry in a bootstrapping argument. Suppose x € I:(Z ) is a Lie series
and y € A(Z) Consider the curve v: IR +— fl(Z) defined by ~y:t r elTyet*
and differentiate.

te _ etw( —tz.
(126)
using that e*z = ze!® for all z € f/(Z ). Recursively, replacing y in above

7 (t) = ezye ™ + eye T (—x) = ' (xy — yx)e” adz,y)e

calculation by (ad®z,v) one obtains

aV
(#)
It is helpful to recall that in traditional notation in differential geometry, e.g.

Spivak [57], the expression e'f ge ™t/ is written as ®;.g where (t,q) — ®(q)
denotes the flow of the vector field f. The second exponential corresponds

et:vyeftw — em(adkx, y)eftz

t=0

= (ad*z,y) (127)

to the ever-present inverse in the push-forward (of a vector field), or in the
tangent map (of the diffeomorphism) @4, e.g. written as

(Pex9)(P) = Praa_,(p) (9(P—t(p))) (128)

says that the value of the vector field g pushed forward by the tangent map
&, (bundle to bundle) is the same as the value of the vector field g at
the preimage ®_4(p), i.e. the tangent vector g(®_4(p)), mapped forward by
the tangent map ®.q_,(p) from the fibre Tg_, ()M to the fibre T, M. To
complete the side-trip, recall the definition of the Lie derivative of a vector
field g in the direction of a vector field f at a point p in terms of the flow &
of f:

(Ls9)(p) = lim 4 (9(0) = (@1:9)(p)) (129)

which resounds well with the differential equations argument given above
(127) (read backwards in the case of k = 1), written as [f,g] = (adf,g) =

lim; o % (etfge_tf).

We are now ready to apply this formula in the variation of parameters
approach that leads to Sussmann’s exponential product expansion of the
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Chen Fliess series. For illustration consider a two input system, i.e. a
two-letter alphabet Z = {a,b} and the solution curve y(-) taking values in
G({a,b}) € A({a,b}). The controls U.,Uj:[0,t] — TR are assumed to be
integrable.

y'(t) =y(t) - (Us(t) - a+Ug(t) - b) (130)

Make the Ansatz
y(t) = y1(t) - "*D for some yi(-) € A(Z) (131)

Here eV+()% ¢ A(Z) may be thought of as the solution of the initial value
problem | = za with y1(0) = 1 evaluated at time U, (t) = [J UL(s)ds.
Differentiate (131) and use (130) to obtain a differential equation for y(-)

(ya(t) - €7 O) . (UL1)- a4+ T} (1)) = 91 (1) €7 4y (8)- PO (UL (1) - a)
(132)
i.e. after collecting like terms

yi(t) = yl(t)~(eUa<t>“ C(ULE) - a+ UL(L) - b) — eVa®a . (U (¢) .a)) o~Ualt)a
= yi(t) - eV (U](t) - b)) - e~ ValDa

o
= () (£ HUHOUO) - (ad'ab))
(133)
Note that the resulting differential equation for y;(¢) is of the same form as
the original one (130) for y(¢), albeit now with an infinite linear combination
of control vector fields (ad¥a,b). Important is that these are all elements of
a Hall-basis for L({a,b}), and

Ul (8) & (U ()" - U3 (1) (134)

-

plays a role as a virtual control associated to the vector field (ad*a, b) € L(Z).
Iterating this process, we make the Ansatz

yi(t) = ya(t) - PP for some yy(-) € A(Z) (135)
Differentiate (135) and use (133) to obtain a differential equation for ya(-)

(52(8) - €PO¥) 5 T 1) () = l6)- €504 o (1) L0 (U0) - )
k=0
(136)
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which after collecting like terms becomes

h(t) = y2(t)'<eU”(t)” (3 Ul (1)-(ad¥a, b)) _eUb(t)b'(Ué(t)'b)).eUb(t)b

k=0

— yz(t) . eUb(t)b . <§ Uékb(t) . (adka, b))) . e—Ub(t)b
k=1

B 92@) . (EEO k’X—:l %%Uf(t) z,zkb(t) ’ (adebv (adkaa b))

(137)
The resulting differential equation for y,(¢) is again of the same form, now
with a doubly-infinite linear combination of control vector fields (ad’b, (ad*a, b)).
Again, these are all elements of a Hall-basis for L({a,b}), and

Uééakb(t) = %Uf(t) : Uakb(t) (138)
plays the role of a wvirtual control associated to (ad‘b(ad®a,b)) € L(Z).

This process may be iterated infinitely many times. The critical choice at
each step is the selection of the smallest Hall element among the control
fields

(ad*" h,, (ad¥*=1h, 4, ... (ad*hs, (ad*2hy, h1))...)) (139)

in the previous stage. This will assure that in the next step again all control
vector fields will be of the same form, again with hji1 > h; for all j. By
virtue of the Lazard elimination process 3.7 they will again be Hall elements.
Combining the Ansdtze of all steps yields

y(t) = y1(£)eVe D = yy()eVrBbela®a — 4y (1) UabBabUs(BbelUaBa —
(140)
For Hall sets (over finite alphabets) whose ordering is compatible with the
lengths of the words (i.e. ||h|| < ||A/|| implies h < k', such as in the definition
of Philipp Hall bases given in Bourbaki [4]) it is easily seen that this iterative
process converges in the topology considered here (compare remark 3.4).
However, a little reflection shows that such formula actually also holds for
infinite alphabets, and also for Hall sets whose ordering is not necessarily
compatible with the length (e.g. recall that Lyndon bases have infinite
segments).

We refer the reader to the original references [64], also [35], for detailed
proofs, and only state the main result as it applies to analytic control systems
on finite dimensional manifolds such as those encountered in the examples
of the first chapter:
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Theorem 4.10 (Sussmann [64]) Suppose H C M(Z) is a Hall set, f,, a €
7, are analytic vector fields on a manifold M, and u,, a € Z, are measurable
bounded controls defined on [0,00]. Then for every compact set K C M there
exists T > 0 such that for all initial conditions xo € K the infinite directed
exponential product

—

st) =1, eUn(®) fin (141)

converges for 0 < t < T uniformly on K to the solution of the control system

T = Z g fa(z), x(0) =120 (142)

ac”Z

Here fi) = F([h]) is the vector field on M that is obtained from the com-
mutator [h] € L(Z) by substituting the control vector fields f, for the letters
a € Z in h € H. The iterated integrals Uy for Hall words h € H\ Z satisfy

Un(t) = % - /0 t UF (1)U}, (1) dr (143)

if h = h’fhg € H, h1 > ho and either ho € Z is a letter, or the left factor of
ho s strictly smaller than h;.

Exercise 4.13 Consider the nilpotent control system 21 = uy, ¥s = ug, and
73 = xouy on R3. Identify the system vector fields f1 and fo, and explicitly
write out the images fy) of a suitable Hall-basis for L({1,2}), the associated
iterated integrals Uy (t) and the flows in the product (141). Verify that the
solutions x(t,u) agree with the products of the flows as in the theorem.

Exercise 4.14 Repeat the previous exercise for the nilpotent control system
71 = u, ¥y = ] on R2, for p = 2,3 or any other integer.

Exercise 4.15 Returning to the previous ezercise in the case of p = 2 in-
vestigate how the choice of 0 < 1 or 1 < 0 in the Hall set over Z = {0, 1}
affects the structure of the iterated integrals Up,.

The essence in the combinatorial analogue of the theorem 4.10 is captured
in the formula for the elements &, of the dual basis for A(Z) indexed by
elements v € P of a Poincaré-Birkhoff-Witt basis P for A(Z) that is built
on a Hall set, or Hall basis for L(Z). We first give a technical definition.
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Definition 4.7 Suppose HC M(Z) is a Hall set. Define the function ju: Z*—
{LineZt} by

1
m1!m2! : ms,l!ms!

(wa) = () = (144)
ifa € Z and h = wa € H factors uniquely into h = h{"*hy™ -+ k" g
witha € Z, m; € Z*, h; € H and hy > hy > ... > hs_1 > hs < a (compare
theorem (3.11)).

Theorem 4.11 Suppose H C M(Z) is a Hall set and the Hall word h €
H C Z* factors uniquely into Hall words h = hihs -+ - h,_1hpa with a € Z
and h; € H and h1 > hy > ... > h, < a. Then

(145)
%/ \

oy Enk (Ero* (Ehg x (- (Ehoo* (Enor*  &a))-2))))

Figure 7. Structure of the dual Poincaré-Birkhoff-Wittbases for Hall trees

Compare the unique factorization theorem 3.11 for Hall Viennot words and
the similar figure 6. Note also the close correspondence to theorem 3.6, that
while of and A} are derivations on the shuffle algebra (A(Z), w), only the
transpose Al of the left translation A, by a letter a is a derivation on the
chronological algebra (C(Z), ).

One way to establish theorem 4.11 as a consequence of theorem 4.10 is to
use that the map Y is a chronological algebra isomorphism from the free
chronological algebra C(Z) onto the space of ZZF(U) of iterated integral
functionals — provided the space U of admissible controls is sufficiently large
(compare [35]). An alternative proof of a purely combinatorial nature was
given by Melancon and Reutenauer [48, 49]. Essentially the same formula
may also be found in Schiitzenberger [58] and Grayson and Grossman [21].

Introducing left and right chronological powers not only facilitates the writ-
ing, but in some cases it may make factorials disappear. More specifically,
rewriting formulas with another product may result in the disappearance of



Combinatorics of Nonlinear Controllability and Noncommuting Flows 299

factorials, e.g. via the Taylor expansions of ﬁ with one product, becomes
the Taylor expansion e® with respect to another product.

Definition 4.8 For w € AT(Z) = A(Z7T) define w*! = \(w) = w"! = w,
and inductively for n > 1 (sometimes it is convenient also allow w*? =1 =
w9 and \(w) = 0)

AL (W) = wx A (w)
w*(n+1) — W™ s w
w D = W Y =Y W w

Proposition 4.12 For w € AY(Z) = A(Z") and n € Z* the following
identities hold:

wxw ™Y = (n—1).w*"
A" (w) = (n—1! w™ (146)
wtn = nl-w™ (=n\"(w))

Exercise 4.16 Prove the identities in proposition 4.12. (Take advantage
of bilinearity and first prove the identities, by induction on n, for words
weZr.)

For the sake of completeness we also note the structure of the complete dual
Poincaré-Birkhoff-Witt bases built on Hall sets. A complete combinatorial
proof is given in [48], also see [54]. Alternatively, use the chronological
algebra isomorphism Y to obtain this result from theorem 4.10.

Proposition 4.13 Suppose H C M(Z) is a Hall set and P the associated
Poincaré-Birkhoff-Witt basis for A(Z). If w = [hi]™ [he]™2 ... [hy|™ € P
for Hall words h; € H with h; > h;y1, then the dual basis elements are

gv = !

W m W my—1 L m, W m
—mllmg!---mn!fﬁn mwé M w L w g M w ™ (147)

We conclude the section with a series of challenge exercises that aim at
bridging the combinatorial and analytical / differential equations arguments
that culminate in theorems 4.10 and 4.11.

Exercise 4.17
Verify that the product x: (A(Z) @ A(Z)) x (A(Z) @ A(Z)) — (A(Z) 2 A(Z))
defined by

(we f)x(z@9) = (w*z)®(fg) (148)
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1s a chronological product, i.e. it satisfies the right chronological identity
(67).

Exercise 4.18 Rewrite the universal control system (103) as an equation
on A(Z) ® A(Z) using the chronological product from the previous exercise.

Exercise 4.19 Capture the combinatorial essence of the variation of pa-
rameters technique using chronological products — first rewrite the differen-
tial equation, e.g. (130) as an equivalent integral equation, and then use
chronological products.

4.4 Free nilpotent systems

A simple way to state and remember, and a very useful application for the
formula (145) in theorem 4.11 is as a normal form for free nilpotent systems.
Recall that nilpotent control systems are systems of the form (8) for which
the Lie algebra L( fo, f1, ... fm) generated by the system vector fields is nilpo-
tent. Via a local coordinate change they can always be brought into a form
in which the vector fields are polynomial and have a cascade structure. Such
systems are sufficiently rich that they have good approximation properties
(controllability, stabilizability etc.), and they are very manageable: E.g.
solution curves can be computed by simple quadratures, requiring no in-
tractable solution of nonlinear differential equations.

A natural objective is to write down a canonical form for the most general
such system (up to a certain order). However, any naive try such as the one
starting with

.fl = u i5 = T4 ijg = .Z‘i;’

I I o= n
r3 = X2 Ty = Ty Tl = Tix2

i‘4 = w% i‘g = TI1x3 .f12 = wil

does not do the job as the system is not accessible due to redundant terms:
Along every solution curve the function ®(x) = x7 + g — wox3 is constant.

Exercise 4.20 Verify by direct calculation of the iterated Lie brackets of
the system vector fields that the system (149) does not satisfy the Lie algebra
rank condition for accessibility.

To make precise what we mean by a (maximally) free nilpotent system,
define:
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Definition 4.9 For any integer r > 0 define L") (Z) to be quotient of L(Z)
by the ideal L(Z) N UL, AW (Z).

Definition 4.10 Suppose H C M(Z) is a Hall set and H = 1(H) C Z* i

def

the set of corresponding Hall words. Define H") = {h € H:|h| < r} to be

the subset of Hall words of length at most r.

Definition 4.11 Suppose H C M(Z) is a Hall set and r > 0. The normal
form of the free nilpotent system determined by H(") is the control system

Tg = Ug ifa€e Z
Twz = Ty * Ty ifw, z, wz € H" C Z*

Theorem 4.14 The Lie algebra L({fs:a € Z}) generated by the vector
fields of the system (4.11) (written in the form & = Y ,c 5 uqfa(x)) is free
nilpotent of step r.

Example: A normal from for a free nilpotent system (of rank r = 5) using
a typical Hall set on the alphabet Z = {0,1} is

To = wo

T = w

Tor = wo-I1 = xou1

fo01 = wo-do1 = w3u from —1(001) = (0(01))

¢101 = T '.fgl = X1Tp Ul from (101) = (1(01))
jZ0001 = $0'$.001 = $8U1 from (0001) = (0(0(01)))
531001 = I '-f001 = xlx?}ul from (1001) = (1(0(01)))
f1101 = T1-4101 = Tiwous from —“1(1101) = (1(1(01)))
Foo001 = To-dopr = xgur from ¢ 1(00001) = (0(0(0(01))))
i‘10001 = x1~d70001 = xlxgul from T/J 1(10001) = (1(0(0(01))))
F11001 = T1-Z1001 = TIw3 U from ~1(11001) = (1(1(0(01))))
Fo1001 = To1-doon = zozgui  from ¢~1(01001) = ((01)(0(01)))
$.01101 = T01 '50101 = 33011‘%330’[1,1 fI‘OIIl ¢ 1(01101) = ((01)(1(?1))))

150

Remark 4.15 [t is noteworthy, and almost essential for effective calcula-
tions that the coordinates xp, are indexed by Hall words, rather than by con-
secutive natural numbers!

On the other hand, by virtue of the unique factorization theorem 3.11, one
may use the Hall words as indices, and does not to use trees or parenthesized
words (which would make for very cumbersome notation).
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Exercise 4.21 Write the system (150) in the form & = ugfo(x) + u1 f1(x),
and calculate iterated Lie brackets of fo and f1 of length at most 5 (using the
same Hall set). Verify that for each such iterated Lie bracket f, = F(w), its

value f,(0) at x = 0 is a multiple of the corresponding coordinate direction
0

i
Exercise 4.22 Use a different Hall-Viennot basis for Z = {0,1} (e.g. the
Lyndon basis from figure 5), to construct a different representation of the
free nilpotent system (150).

Demonstrate that these systems are equivalent under a global, polynomial
coordinate change.

Exercise 4.23 Use a Hall-Viennot basis for Z = {0,1,2} to construct an
explicit coordinate representation similar to (150) for a free nilpotent (of
order 4) two-input system with drift © = fo(x) + uy f1(x) + uafo(z).

Exercise 4.24 Prove that the Lie algebra L({fqs:a € Z}) of the vector fields
of the system (4.11) is nilpotent. (Introduce a suitable family of dilations so
that all vector fields are homogeneous of strictly negative order.)

Exercise 4.25 Prove that the Lie algebra L({fqs:a € Z}) of the vector fields
of the system (4.11) is isomorphic to L")(Z). (Demonstrate that the Lie
algebra has maximal dimension by showing that F([h])(0) = ch%(O) for
some cp, # 0.)

On the side we mention another useful number, the dimensions of the ho-
mogeneous components L(*)(Z) = L(Z) N A (Z) of the free Lie algebra
L(Z). Here A (Z) is the linear span of all words containing ay, times the
letter a (for each a € Z). First recall the Moebius function from enumerative
combinatorics [4]:

Definition 4.12 The Moebius function Moe: Z* +— {—1,0,1} is defined by
S

Moe(n) = 0 if n is divisible by the square of a prime, and else Moe(n) = (—)
if s is the number of distinct prime factors of n.

The Moebius function can also be characterized as the unique function from
Z" to {—1,0,1} such that Moe(1) = 1 and

> Moe(d) =0 forallne Z* (151)
dn
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Proposition 4.16

Suppose g > 0 for a € Z are nonnegative integers. Then the dimension of
L) (Z) is

R RN (2 B oy az 0w) /)
Am ) = g 2 Mol o = 5 2 M L o/
(152)

Exercise 4.26 Cualculate, and tabulate, the dimensions of the homogeneous
components L\ ({a,b}) for |a| < 6.

Exercise 4.27 Calculate, and tabulate, the dimensions of the homogeneous
components L' ({a,b,c}) for |a| < 4.

We conclude with a few comments about the path planning problem, which
given a system of form (8) and two points p,¢q € R™ in the state space, asks
for a control u, defined on some time interval [0, 7] which steers the system
from z(0) = p to z(T,u) = q. For a detailed discussion and a variety of
results see e.g. [24, 25, 41, 51, 52, 66].

A reasonably tractable class consists of nilpotent systems (possibly used as
approximating systems, yielding approximate path planning results). One
of the most useful features of free nilpotent systems is that they can provide
universal solutions to the path planning problems, as any specific nilpotent
system [ifts to a free system. In other words, the trajectories of the free
system map, or project to the trajectories of the specific system. Thus the
general solution of the problem for the free system yields also a (many)
solutions(s) for the specific problem.

More specifically, suppose X: & = >, u; fi(z) is a specific system such that
L(f1,... fm) is nilpotent of order r. Then let X(": & = Y7, u;Fj(z) be a
free nilpotent system (of order ) on IRY. Due to the freeness there exists a
smooth map ®: IRY — IR™ that maps trajectories of (") to trajectories of
3] corresponding to the same controls. Thus in order to steer the system X
from p € R™ to ¢ € IR™ one may use any control of the presumedly solved
path planning problem steering %(") from any P € & !(p) € RY to any
Qe d1(q) CRN.

This short discussion justifies that one take a closer look at the general
path planning problem for free nilpotent systems. For systems with nonzero
drift the possible lack of controllability remains a formidable obstacle to a
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general solution. Thus here we only take a brief look at systems without
drift (for which accessibility is the same as controllability). For practical
solutions, a key step is to reduce the problem from the very large space U of
all possible controls to smaller sets, typically finite dimensional subspaces.
Typical examples include those spanned by trigonometric polynomials (with
fixed base frequency and maximal order), polynomial controls, and piecewise
constant or piecewise polynomial controls.

For illustration, in the following exercises, calculate the iterated integrals
Un(T) for h € H"({0,1}) with r = 3,4 or 5 (depending on available com-
puter algebra system resources) for the specified parameterized families of
controls u,. Note that this is tantamount to calculating the trajectories of
the system (150) for p = 0.

Then analyze the nature of the inverse problem of finding the control pa-
rameterized by a that yields a given target point @ = (Un(T))pepr (f0,13) =
(Uo(T), Uy (T),Uro(T), Ur10(T), .. .).

Exercise 4.28 Consider polynomial controls (e.g. (up,u1)(t) = (a1 + ot +
ast?, aq + ast + a6t2). — Use as many parameters as the dimension of the
subsystem you are working with. Is the map from « to the endpoint (or
sequence of iterated integrals) injective? invertible? What problems do you
see as the dimension increases?

Exercise 4.29 Consider controls that are trigonometric polynomials (e.g.
(ug,u1)(t) = (g cost 4+ agcos 2t + ascos3t, agsint + as sin 2t + g sin 3t).
Use as many parameters as the dimension of the subsystem you are working
with. Is the map from « to the endpoint (or sequence of iterated integrals)
injective? invertible? Contrast this map with the analogous map for linear
systems! What problems do you see as the dimension increases?

These exercises open many new question in an area that still leaves a lot to
be explored. One suggestion for exploration is, instead of considering the
full free nilpotent system, to restrict one’s attention to some special class of
system — e.g. one class of systems that has been popular in the 1990s is that
of systems in chain-form, compare e.g. [67].
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Abstract

According to the present meaning of the term, Control theory is
a very broad subject. In its rapid development, it incorporated many
pre-existing theories in a more general context. This happened, for
instance, to stability theory. Already present in the work of Lagrange,
and formalized by the russian mathematician A.M. Liapunov more than
100 years ago, today it is recognized as a fundamental component of
control theory. The aim of this short course is to introduce basic con-
cepts and methodologies of stability theory from the classical point of
view, and then to point out their relevance for applications to modern
control theory.
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Introduction

We are interested in time-invariant control systems of the form

&= f(x,u) (1)

where z € R”" represents the physical state of the system, and u € R™
represents the input from the exterior world. In general, the input is decom-
posed as a sum u = uc + up + ug + ... (u. =control, u, =reference signal,
ug =disturbance, ...). The action of the control consists of finding u. in such
a way that the system evolves according to some prescribed goals. Usually
two typical control actions can be performed

e open loop control: u. = ¢(t) (it may also depend on the initial state)
e closed loop (automatic, feedback) control: u. = k(x).

Just in order to fix the notation, assume that a notion of solution has
been specified. Then, we denote by S, ) the set of all solutions of (1)
corresponding to a given initial state xg and a given input u = u(t). When
we want to emphasize the dependence of a particular solution (t) € Szou(-)
on the initial state and the input, we may also write z = @(t; zo,u(:)).
When only the input is provided by a feedback u = k(x), solutions of (1)
are denoted by = = @y (t; o).

Clearly, to every feedback u = k(z) and every initial state there corre-
sponds an open loop control u = k(¢ (.)(t; 20)), but not vice versa.

Preliminary to control synthesis is system analysis; that is, the analysis
of the way the solutions x = ¢(t;zg, u(:)) are affected by the choice of the
input v = wu(t). A first step in this direction is the investigation of the
so-called unforced system

= f(x,0) . (2)

Since there is no energy supply, we expect that the initial energy is dissi-
pated during the evolution, so that any solution converges to some equilib-
rium position. However, this is not necessarily the case because of possible
unmodeled effects. The behavior could also be affected by undesired phe-
nomena (resonance, multiple equilibrium positions, limit cycles, bifurcations,
etc.). The stabilizability problem consists of finding a feedback u = k(z) such
that the closed loop system

i = f(z, k(z)) (3)
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exhibits improved stability performances. As we shall see, stability of the
unforced system is related to a better behavior of (1) with respect to external
unpredictable inputs.

Prerequisites. We assume that the reader is familiar with the theory of
linear systems of ordinary differential equations, and with basic facts about
existence, uniqueness and continuous dependence of (classical) solutions of
nonlinear ordinary differential equations.

1 Unforced systems

1.1 Basic stability notions

The mathematical formalization of stability concepts is due to A.M. Lia-
punov (1892). For convenience, we refer to a system of ordinary differential
equation

T = f(x) (x eR") . (4)

For the moment, we assume that f is continuous on the whole of R", so

that for each measurable, locally bounded input and each initial condition

a (classical) solution exists, but it is not necessarily unique. Solutions of (4)
will be denoted by x = ¢(t; z¢); we shall also write S, instead of S .

Definition 1 We say that (4) is (Liapunov) stable at the origin (or that
the origin is stable for (4)) if for each € > 0 there exists § > 0 such that for
each xo with ||xo|| < & and all the solutions ¢(-) € Sy, the following holds:
() 1is right continuable for t € [0,+00) and

lle®)]| <e Vt>0.

Problem 1 Prove that if the origin is stable, then it is an equilibrium posi-

tion for (4) i.e., f(0) =0.

Definition 2 We say that (4) is Lagrange stable (or that it has the property
of uniform boundedness of solutions) if for each R > 0 there exists S > 0
such that for ||zo|] < R and all the solutions ¢(-) € Sz, one has that ¢(-) is
right continuable for t € [0,4+00) and

le@)) < S, vE=0.
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A very special (but very important for engineering applications) case
arises when the system is linear i.e.,

&= Ax (5)

where A is a square matrix with constant entries.

Problem 2 Prove that in the linear case Liapunov stability and Lagrange
stability imply each other; give an example to prove that in general Liapunov
stability and Lagrange stability are distinct properties.

Definition 3 We say that system (4) is locally asymptotically stable at
the origin (or that the origin is locally asymptotically stable for (4)) if it
1s stable at the origin and, in addition, the following condition holds: there
exists 0o > 0 such that

lim {lo(#)[] = 0

t——+o0
for each o such that ||zo| < do, and all the solutions ¢(-) € Sz, -
The origin is said to be globally asymptotically stable if g can be taken
as large as desired.

Problem 3 Prove that for linear systems, the Liapunov stability require-
ment can be dropped in the previous definition (in the sense that it is implied
by the remaining conditions).

Problem 4 Find an example which shows that in general, the Liapunov
stability requirement cannot be dropped in the previous definition (difficult:

see [21], [63]).

Problem 5 Find an example of a system which is Liapunov stable but not
asymptotically stable (easy: there are linear examples).

Problem 6 Prove that every linear system which is locally asymptotically
stable is actually globally asymptotically stable.

Remark 1 When dealing with systems without uniqueness, one should dis-
tinguish between weak and strong notions. The previous definitions are
strong notions in the sense that the properties are required to hold for all
the solutions, and not only for some of them (see also Remark 5, next sec-
tion).
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Remark 2 Definitions 1 and 3 can be referred to any equilibrium position,
that is any point xg such that f(z¢) = 0. The choice 2y = 0 implies no loss
of generality. ]

1.2 Liapunov functions

Liapunov functions are energy-like functions which can be used to test sta-
bility. Actually, for each concept of stability there is a corresponding concept
of Liapunov function.

Notation: B, ={z € R": ||z|| < r} and B" = {x € R" : ||z| > r}.

Definition 4 A smooth weak Liapunov function in the small is a real map
V(z) which is defined on B, for some r > 0, and fulfills the following prop-
erties:

(1) V(0) =0

(11) V(x) >0 forx #0

(iii) V (x) is of class C' on B,

(iv) VV(z)- f(z) <0 for each x € B,.

When a real function V' (z) satisfies (ii), it is usual to say that it is positive
definite. The function

V() = V() f(2)

is called the derivative of V' with respect to (4). Condition (iv) means that
V is semi-definite negative.

A real function V(x) is said to be radially unbounded if it is defined on
B" for some r > 0, and

lim V(z)=+o00.

llz]|—+o0

Problem 7 Radial unboundedness is equivalent to say that the level sets
{r € R": V(x) < a} are bounded for each a € R.

Definition 5 A function V(x) defined on B" for some r > 0, which is
radially unbounded and fulfills (iii) and (iv) of Definition 4 (with B, replaced
by B" ), will be called a smooth weak Liapunov function in the large.
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Definition 6 A smooth strict Liapunov function in the small is a weak
Liapunov function such that V(x) is negative definite; in other words, it
satisfies, instead of (iv),

(v) VV(z)- f(z) <0 for each x € B, (x #0).

A function V() defined for all x € R™, which is radially unbounded and
fulfills the properties (i), (i), (i), (v) with B, replaced by R™, will be called
a smooth global strict Liapunov function.

Remark 3 As far as Liapunov functions are assumed to be of class (at least)
C1, condition (iv) is clearly equivalent to the following one:

(iv’) for each solution ¢(-) of (4) defined on some interval I and lying in
B,., the composite map t — V (¢(t)) is non-increasing on I.

Such a monotonicity condition can be considered as a “nonsmooth anal-
ogous” of properties (iii), (iv). Indeed, it can be stated without need of any
differentiability (or even continuity) assumption about V.

|

Definition 7 Let r > 0. A function V : B, — R is called a generalized
weak Liapunov function in the small if it satisfies (i), (iv’) and, in addition,
the following two properties:

(ii’) for some n < r and for each o € (0,n) there exists A\ > 0 such that
V(xz) > X when o < ||z|| <n

(i13’) V(x) is continuous at x = 0.

1.3 Sufficient conditions

Theorem 1 If there exists a smooth weak Liapunov function in the small,
then (4) is stable at the origin.

Theorem 2 If there exists a smooth strict Liapunov function in the small,
then (4) is locally asymptotically stable at the origin.

If there exists a smooth global strict Liapunov function, then (4) is glob-
ally asymptotically stable at the origin.

These theorems are respectively called First and Second Liapunov The-
orem. Next theorem is due to Yoshizawa.
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Theorem 3 If there exists a smooth weak Liapunov function in the large,
then (4) is Lagrange stable.

Problem 8 Prove that if there exists a symmetric, positive definite real ma-
triz P such that

A'P+PA<0

then V (z) = 2t Pz is a weak Liapunov function for the linear system (5), so
that the system is stable.

Problem 9 Prove that if P and @Q are symmetric, positive definite real ma-
trices such that

AP+ PA=—Q (6)

then V (x) = 2t Px is a strict Liapunov function in the large for (5).

1.4 Converse theorems

From a mathematical point of view, the question whether Theorems 1, 2
and 3 are invertible is quite natural. Recently, it has been recognized to be
an important question also for applications to control theory.

1.4.1 Asymptotic stability

Great contributions to studies about the invertibility of second Liapunov
Theorem were due to Malkin, Barbashin and Massera, around 1950. In
particular, in [95] Massera proved the converse under the assumption that
the vector field f is locally Lipschitz. For such vector fields, he proved that
asymptotic stability actually implies the existence of a Liapunov function of
class C*°. In 1956, Kurzweil ([89]) proved that the regularity assumption
about f can be relaxed.

Theorem 4 Let f be continuous. If (4) is locally asymptotically stable at
the origin then there exists a C*° strict Liapunov function in the small.

If the system is globally asymptotically stable at the origin, then there
exists a C™ global strict Liapunov function.

It is worth noticing that Kurzweil’s Theorem provides a Liapunov func-
tion of class C'*° in spite of f being only continuous.
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1.4.2 Stability

The invertibility of first Liapunov theorem is a more subtle question.

Problem 10 Find an example in order to prove that a system with a stable
equilibrium position may admit no continuous Liapunov functions (difficult:

see [8], [85]).

For one-dimensional systems with a stable equilibrium position it is
proven in [16] there may be a variety of situations.

e continuous but not locally Lipschitz Liapunov functions
e locally Lipschitz but not C' Liapunov functions.

However, if there exists a C'! Liapunov function then there are also C*
Liapunov functions. For two-dimensional systems the situation is still worse.
We may have Liapunov functions of class C” but not of class "™+ (0 < r <
w). All this can be done with f € C.

The following results concerns generalized Liapunov functions. For reader’s
convenience, we insert the simple proofs. Note that the sufficiency part of
Theorem 5 is an extension of the original First Liapunov Theorem.

Theorem 5 System (4) is Liapunov stable at the origin if and only if there
exists a generalized weak Liapunov function in the small.

Proof. Assume that V(x) is a generalized Liapunov function defined for
llz|| < r. Let us fix ¢ < n, where 7 is as in property (ii’) of Definition 7,
and let 0 < e. Then, there exists A > 0 such that V(z) > A on the annulus
o < |lz|| <e. Since V(0) = 0 and V is continuous at = = 0, there exists
d > 0 such that V(z) < X for ||z|| < §. It is clear that § < 0. We claim
that trajectories issuing from the ball Bs remain inside the ball B, for each
t > 0, as required by the definition of stability. In the opposite case, we
should have ||p(t)|| > e for some zp with ||zg|| < J, some ¢t > 0 and some
¢ € Szy- This would imply V(zg) < A < V(¢(t)), which is impossible since
V' is non-increasing along the trajectories of the system.

Now we prove the converse statement. Let us assume that the origin is
stable and define

V(z) = sup{lle(®),t > 0, € S} .

According to the stability assumption, there must exist » > 0 such that
V(z) < +oo for x € B,. It is obvious that V(x) > |[z|| if = # 0, and this
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in turn implies (ii’). It is also clear that V(0) = 0 because of stability. The
stability assumption is invoked also in order to prove that V' (z) is continuous
at the origin. Indeed, Ve > 0 39 > 0 such that

|zl <6, p € So = |lp(t)|<e, t>0

and hence V(z) <e.

The monotonicity condition (iv’) is a trivial consequence of the construc-
tion of V' and the fact that new solutions can be obtained piecing together
solutions defined on consecutive intervals.

Theorem 6 Assume that the right-hand side of (4) is locally Lipschitz con-
tinuous. Then, if (4) is Liapunov stable at the origin there exists a lower
semi-continuous generalized weak Liapunov function in the small.

Proof. Let V(x) be defined as in the proof of Theorem 5. We prove that V'
is lower semicontinuous at any arbitrary point g € X. By the construction
of V', for each € > 0 there exists 7 > 0 such that

Vo) — /2 <|lo(7)

where ¢(t) is the solution issuing from xy. We now use the assumption about
f(z). Recall that differential equations with locally Lipschitz continuous
right-hand side exhibit (uniqueness of solutions and) continuous dependence
with respect to the initial data. Thus, there is 6 > 0 such that for all z with
|z — zo|| < d we have

le (I = () < llp(r) = ()]l < e/2

where () is the solution issuing from z. Hence,

Vo) — /2 <l(m)|| <[l (7)ll +¢/2 .
Again, by the definition of V', we have [[(7)|| < V(z). In conclusion,

Vizo) —e < [lp(n)ll < V(x)

that was required to prove.
|

Problem 11 State and prove analogous results for Lagrange stability.
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1.5 Time-dependent Liapunov functions

Another possible approach to the invertibility of first Liapunov theorem
is to seek time-dependent Liapunov functions. Recall that a € Ky means
that @ : [0, +00) — R is a continuous, strictly increasing function such that
a(0) = 0. If in addition lim,_,~ a(r) = +00, then we write a € K§°.

Definition 8 A time-dependent weak Liapunov function in the small for
(4) is a real map V(t,x) which is defined on [0,4+00) X B, for some r > 0,
and fulfills the following properties:

(i) there exist a,b € Koy such that
a|lz]l) <V (t,z) <b(|lz|])  for t €0, +00), z € B,
(i1) for each solution o(-) of (4) and each interval I C [0,+00) one has

ti,to €1, t1 <ty = V(tl,g0<t1)) > V(t27¢(t2>)
provided that o(-) is defined on I and ¢(t) € B, fort e I.

From (i) it follows V(¢,0) = 0. The existence of a time-dependent weak
Liapunov function is sufficient to prove stability of the origin for (4), as well.
The following statement is a particular case of a theorem independently
proved by Krasovski, Kurzweil and Yoshizawa around 1955.

Theorem 7 Consider the system (4), and assume that f(x) is locally Lip-
schitz continuous. If the origin is stable, then, there exists a weak Liapunov
function in the small of class C°.

Unfortunately, the conclusion fails if f is only continuous ([90]).

2 Stability and nonsmooth analysis

In control theory, one often needs to resort to discontinuous feedback. For
this reason, we are interested in the extension of stability theory to systems

i = f(z) (7)

with discontinuous right-hand-side. More precisely, we assume that f : R —
R"™ is locally bounded and (Lebesgue) measurable. Under these assumptions,
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the existence of classical (i.e., differentiable everywhere and satisfying (7)
everywhere) is not guaranteed.

We say that () is a Carathéodory solution if ¢ € AC and it satisfies
(7) a.e..

We say that () is a Filippov solution if ¢ € AC and it satisfies a.e. the
differential inclusion

€ F(x)

where

Fa)=Ff@) = () @{f(Bs(x)\N)} (5)
5>0 p(N)=0
where €0 denotes the convex closure of a set and p is the usual Lebesgue
measure of R™.
We say that ¢(t) is a Krasowski solution if ¢ € AC and it satisfies a.e.
the differential inclusion

€ K(x)

where

K(2) = Kf(2) = (Yo {f(Bs(x))} (9)

>0

Problem 12 Compute ¥ f and K f in the following cases:

1 z€Q

f(x) =sgnz, f(z)=|sgnz|, f(x):{o r€eR\Q

Every Filippov solution is a Krasowski solution but there may be Cara-
théodory solutions which are not Filippov solution (find an example).

It is not yet clear what type of solution is the best for control theory
applications. Here, we focus on Filippov solutions. In particular, we want to
give criteria for stability which apply to discontinuous systems and involves
nonsmooth (say, locally Lipschitz continuous) Liapunov functions.

We recall that if f(z) is measurable and locally bounded, then the mul-
tivalued map F'(z) = K, f(x) enjoys the following properties

H,) F(z) is a nonempty, compact, convex subset of R", for each x € R"
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H,) F(x), as a multivalued map of x, is upper semi-continuous i.e.,

Ve Veds : ||€—x|| <§= F(&) C F(x) + B-
H3) for each R > 0 there exists M > 0 such that

Fz) C{v: (]| < M}

for 0 < ||z|| < R.

When f(x) is locally bounded, there is also an equivalent (perhaps more
intuitive) definition (see [100]). Indeed, it is possible to prove that there
exists a set Ny C R" (depending on f) with u(Ng) = 0 such that, for each
N C R™ with u(N) = 0, and for each z € R",

Ff(x) =co{v: I{z;} with z; — xsuch that z; ¢ NgUN and v = lim f(z;)} .

(10)

In [100], the reader will find also some useful rules of calculus for the
“operator” F.

Remark 4 A second, important reason to consider differential inclusions is
given by the fact that a system with free inputs can be actually reviewed as
a differential inclusion of a particular type.

Consider a system with a continuous right-hand side f(x,u). Let U be
a given subset of R™, and assume that an input function wu(-) is admissible
only if it fulfills the constraint u(t) € U a.e. t > 0. Then, it is evident
that every solution corresponding to an admissible input is a solution of a
differential inclusion with the right-hand side defined by f(z,U).

A celebrated theorem by Filippov states that also the converse is true,
provided that f(z,u) is continuous and U is a compact set. We recall that
under the same assumptions on f(z,u) and U, f(z,U) turns out to be Haus-

1. On the other hand, if f(x,u) is continuous and locally

dorff continuous
Lipschitz continuous with respect to z (uniformly with respect to u) then

f(z,U) is locally Lipschitz Hausdorff continuous with respect to x.

"Hausdorff continuity is continuity of set valued maps with respect to Hausdorff dis-
tance; the Hausdorff distance between nonempty, compact subsets of R™, usually denoted

by h, is given by

h(A, B) = max{sup dist (a, B), sup dist (b, A) }
acA beB

where dist (a, B) = infie s ||a — b]].
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We can retain the following conclusion. From the point of view of control
theory, it is interesting to consider differential inclusions

z € F(x) (11)

where either F satisfies assumptions Hi, ..., H3y or F is locally Lipschitz
Hausdorff continuous. The extension of Definitions 1, 2 and 3 to differential
inclusions is straightforward, but the following remark is appropriate.

Remark 5 Let us recall that in the literature about differential inclusions,
there are two possible way to interpret the classical notions of stability. The
notions labelled “weak” are deduced by asking that the respective conditions
are satisfied for at least one solution corresponding to prescribed initial data.
Although they are not studied in the present work, these notions are not
irrelevant from a control theory point of view: indeed, they are related to
controllability problems, feedback stabilization, viability theory and so on.

On the contrary, the notions labelled “strong” imply that all the solutions
corresponding to the prescribed initial data satisfy the respective conditions.
From our point of view, this type of stability is the ideal one we can look
for, when the inputs are interpreted as disturbances. Indeed, it is obviously
desirable that the effect of a disturbance is quickly absorbed and that it does
not affect too much the evolution of the system.

3

From now on, we shall not use explicitly the qualifiers “weak” and

“strong” since we are interested only in the “strong” notions.

2.1 Generalized derivatives

Let V(z) : R™ — R be defined on an open subset @ of R"”. For z € Q,v € R"
and h € R, we are interested in the difference quotient

V(z + hw) — V(x)
N .
Let finally z € @Q,w € R™. The usual directional derivative at & with
respect to w is defined as

R(h,z,w) =

DV (z,@) = lim R(h, &, )

provided that the limit exists and it is finite. When the existence of the limit
is not guaranteed, certain notions of generalized derivatives may represent
useful substitutes. The most classical type of generalized derivatives are Dini
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ﬁivatives. The idea is asﬁllows. To V', z and w we associate four numbers
DtV (z,w), DYV (z,w), D~V (z,w), D"V (z,w). The former is defined as

limsup R(h, Z, w)
h—0+
and the other are defined in similar way, taking the infimum instead of
the supremum and the left limit instead of the right one, according to the
notation. In this paper we shall make use of Dini derivatives, but we need
also other types of generalized derivatives.
The upper right contingent derivative D}-(Z,w) is defined as

limsup R(h, z,w) .
h—0t
w—w

Analogously, one can define D_;}V(:z,w), D V(z,w), DV (Z,w).

Problem 13 Show that the following relations hold:

DV (z,w) = Dg(=V)(&,—w) = —DgV(z, —w) = =D (=V)(Z, w) .
Contingent derivatives are in some way related to the so-called contingent
cone, introduced by Bouligand in 1930. Note that if V' is locally Lipschitz
continuous, then any contingent derivative coincides with the corresponding
Dini derivative and the same is true if n = 1 and w # 0.
More recently, upper Clarke directional derivative DoV (Z,w) appears in
the context of nonsmooth optimization theory ([33]). It is defined as

limsup R(h, z,w)
h—0

Tr—T

(in this case we do not distinguish between right and left limits, since
they always coincide). Similarly, we can define DcV(Z,w). Note that
DoV (z,w) = —DcV (z, —w).

It is not difficult to verify that the map

w — DYV (z,w)
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from R™ to RU {400} is positively homogeneous. The same is true for any
other type of generalized (Dini, contingent or Clarke, upper or lower, left or
right) derivative. In addition, w — D¢V (Z,w) is subadditive (and hence a
convex function).

In general, DTV (Z,w) < DoV (Z,w) and DYV (z,w) < DLV (Z,w).

Problem 14 It may happen that for some T and w

Give at least one example for each inequality.

Clarke gradient of V' at x is given by

OcV(z) ={p €R™: Yw € R" one has DoV (z,w) <p-w < DcV(z,w)} .

The set o'V () is convex for each z € ). Moreover, if V' is Lipschitz con-
tinuous, then ¢V (z) turns out to be compact. The upper Clarke derivative
can be recovered from Clarke gradient. Indeed,

DcV(z,w)= sup p-w
p€IcV ()
(and, in a similar way, DoV (z,w) = inf,co v () P - w)-

If V is locally Lipschitz continuous, by Rademacher’s Theorem its gra-
dient VV (z) exists almost everywhere. Let S be the subset of R where the
gradient does not exist. Then, it is possible to characterize Clarke general-
ized gradient as:

dcV(z) = co {.Iim VV(x;), i =z, x; ¢ SU Sl}
71— 00
where S is any subset of R", with p(S;) = 0. This suggests an analogy
between Clarke gradient and Filippov’s operator F (see [100]).
A map V(z) is said to be regular if the usual one-side derivative
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exists for each ¥ and w, and coincides with the upper Clarke derivative
D¢V (%, w) (equivalently, D~V (z,w) = D¢V (Z,w)). Note that if V is reg-
ular,

DoV (z,w) = —DcV (%, —w) = —DV(z,—w) = D"V (z,w) .
By analogy with Clarke’s theory, we associate with the contingent deriva-
tives the following two sets:

V(zx)={peR": D—[_{V(x,w) <p-w< %V(x,w), Yw e R} (12)

and

WV (x)={peR": DEV(z,w)<p-w < DV(z,w), Vw € R"} .

These sets are both convex and closed and may be empty. In addition,
they are bounded provided that the contingent derivatives take finite values
for each direction. If one of them contains two distinct elements, the other
is necessarily empty.

Note that since the contingent derivatives are not convex functions, it is
not possible in general to recover their values for arbitrary directions from
OV (z) and 9V (x).

It turns out (see [59]) that AV (x) and OV (z) coincide respectively with
the so-called generalized super and sub-differentials. They can be defined
in an independent way, by means of a suitable extension of the classical
definition of Fréchet differential. More precisely, one has

Vixk+h)=V(z)—p-h

AV (z) ={p €R": limsup <0}
h—0 ‘h|
and
V(z)={peR": ligli(r)lf Vieth) —’hT’/(x) —ph >0} .

Using this representation, it is not difficult to see that if 9V (z) and OV (z)
are both nonempty, then they coincide with the singleton {VV'(z)} and V
is differentiable at x in classical sense.
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Clarke gradient and generalized differentials are related by OV (z) U
AV (z) C dcV ().

In the class of locally Lipschitz functions, regularity can be characterized
in terms of generalized differentials.

Proposition 1 Let V' be locally Lipschitz continuous. Then, V is reqular if
and only if OcV (x) = 9V (x) for all x.

We finally recall the definition of the proximal gradient. In analytic
terms, the proximal subgradient of V' at x is the set of all vectors p which
enjoy the following property. There exists ¢ > 0 and 6 > 0 such that for
each z with |z — z| < 4,

V(z)=V(z)>p-(z—2)—0o|lz—z>.

The proximal subgradient is denoted OpV (x). It is of course possible
to define also the proximal supergradient 9V (z). For each x, 9pV (z) is
convex but not necessarily closed. In general, dpV (z) C 9V (z).

Relationship among these types of generalized derivatives, gradients and
differentials, and comments on their possible geometric interpretation can
be found in [36], [37].

2.2 Criteria for stability

The notion of generalized Liapunov function can be easily extended to the
case of differential inclusions. More or less with the same proof as Theorem
5, we obtain the following necessary and sufficient condition.

Theorem 8 Consider the differential inclusion (11) and assume that for
each initial state xo there exists at least one solution. The origin is stable if
and only if there exists a generalized weak Liapunov function in the small.

There is also a version of Theorem 6 for differential inclusions with lo-
cally Lipschitz (Hausdorff) continuous right-hand side. Moreover, under
such assumption the monotonicity condition can be expressed by means of
the contingent derivative ([12], [36]).

Theorem 9 Assume that F(z) is compact valued and locally Lipschitz (Haus-
dorff) continuous. The origin is stable if and only if there exists a positive
definite, lower semi-continuous function V(x) such that
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sup DLV (z,v) <0
veEF(z) T

for all © in some neighborhood of the origin.

Next we focus on differential equations with discontinuous right-hand
side.

Theorem 10 Let us consider system (7), with f measurable and locally
bounded. Let V (x) be positive definite and locally Lipschitz continuous. As-
sume that

DV (2,v) <0

for each v € F(x) and each x € R"™. Then, the origin is stable (with respect
to Filippov solutions).

Since the upper Clarke’s directional derivative majorizes the correspond-
ing upper right Dini’s derivative (and this in turn majorizes the lower one),
it is clear that if

DcV(z,v) <0

for each © € R™ and v € F(x), then Theorem 10 applies. However, a criterion
based on this inequality is too much conservative, since Clarke’s gradient is
a very large object and contains in general non-essential directions. On the
other hand, Clarke’s gradient possesses a rich amount of properties, so that
its use could be advisable in view of certain applications. We obtain now
a very sharp criterion which allows us to exploit the properties of Clarke’s
gradient: it avoids at the same time unnecessary verifications. The cost to
be paid for this advantages is a new (mild) assumption on V.

Assume that V' is a locally Lipschitz continuous and, in addition, a reg-
ular function. Let us define the set valued derivative of V' with respect to

(7)
V(z) = {a €R: Jv € F(z) such that V¥p € oV (z) one has v-p = a} .

It is easy to check that V is closed, bounded and convex. Note that V'
may be empty at some point.
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Lemma 1 Let V be locally Lipschitz continuous and reqular, and let ¢ :
I — R"™ be a Filippov solution. Let N C I be the set of zero measure such
that N = Nog U Ny U Ny where:
Ny is the set where H(t) does not exist
Ny is the set where o(t) ¢ F(p(t))
dv

Ny is the set where % (p(t)) does not exist.

Then, fort € I\ N, we have ‘Z—‘t/(go(t)) € Vip()).

This lemma provides a chain rule for nonsmooth functions: it is essen-
tially due to [123] (see also [11]). As an immediate consequence we obtain
new stability criteria.

Theorem 11 Assume that V is locally Lipschitz continuous and reqular.
Assume further that

V(@) C (~o0,0]
for each x in some neighborhood of the origin of R™. Then, system (7) is

stable at the origin, with respect to Filippov solutions.

By means of V() we can also give a sufficient condition for asymptotic
stability.

Theorem 12 Assume that V is radially unbounded, locally Lipschitz con-
tinuous and reqular. Assume further that there exists a function w € Ky
such that

V(z) C (=00, —w(||z]])]
for each x € R™. Then, system (7) is globally asymptotically stable at the

origin, with respect to Filippov solutions.

In fact, in the previous theorem it is sufficient to assume V(m) C (—00,0)
for each x € R™ (see [11]).

2.3 Converse theorems for asymptotic stability

For the purposes of this section, we find convenient to refer again to a general
differential inclusion
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z € F(x), (13)

where F takes for each x € R"™ nonempty compact values. The first converse
of second Liapunov theorem in this context has been given by Lin, Sontag
and Wang in [92].

Theorem 13 Assume that the origin is globally asymptotically stable for
(13), where F is a locally Lipschitz continuous multivalued map, which takes
nonempty compact values. Then there exists a C™ global strict Liapunov
function V', which satisfies

(VV(x),v) < —c(||z]) Vr e R", Vv € F(x),
for some function c € Kg°.

Actually, Theorem 13 is stated in [92] in a somewhat different manner: (i) F
takes in [92] the special form F(z) := {f(z,d),d € D}, where f : R" xR™ —
R™ is a smooth function and D is a compact set in R™; (ii) Theorem 2.9 in
[92] deals with the asymptotic stability with respect to any compact invariant
set, instead of the origin.

Another converse Liapunov theorem has been obtained a few years later
by Clarke, Ledyaev and Stern in [35] for another class of multivalued maps.

Theorem 14 Assume that the origin is globally asymptotically stable for
(13), where F is an upper semi-continuous multivalued map, which takes
nonempty compact convex values. Then there exists a C™ global strict Lia-
punov function V', which satisfies (VV (z),v) < =W (x) for each x € R" and
each v € F(x), for some definite positive continuous function W.

3 Stabilization

3.1 Jurdjevic-Quinn method

One of the most popular approaches to the nonlinear stabilization problem
(and probably the first that has been deeply studied from the mathematical
viewpoint) is known as Jurdjevic-Quinn method in the western literature,
and speed gradient method in the russian literature. In fact, it is not a general
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method for stabilization, but rather a method for improving stability per-
formances. It can be described as follows. Let a nonlinear (affine) system be
given. Assume that when the input is disconnected, the system has a stable
(but not asymptotically stable) equilibrium position. If a (weak) Liapunov
function V(z) for the (unforced) system is known and some other technical
assumptions are fulfilled, the system can be asymptotically stabilized at the
equilibrium by a feedback law whose construction involves VV (z).

The idea can be reviewed as an extension of certain classical stabiliza-
tion procedures of practical engineering. For instance, let us consider a me-
chanical system representing a nonlinear elastic force & = —f(x) + u (with
f(z)x > 0 for x # 0). In order to study its stability, it is natural to take
V(z,z) = % + [ f(x) dz as a Liapunov function. Now, asymptotic stabi-
lization can be achieved by “proportional derivative” control, which actually
amounts to add friction to the system. It is not difficult to see that this is
actually a particular case of feedback depending on the gradient of V(x, ).
For this reason, the method is sometimes also called damping control.

From now on, we restrict our attention to affine systems

m
b= f(0) + 3 wigi(a) = f(z) + Glayu (14)
i=1
where x € R", u = (ug,...,un) € R™. The vector fields f,gi,...,gm are

required to be at least continuous, and f(0) = 0. Affine systems represent a
natural generalization of the well-known linear systems

&= Ax + Bu . (15)

The basic assumption of the Jurdjevic-Quinn method is that the unforced
system is stable at the origin, and that a smooth, weak Liapunov function
V(x) is known. Motivated by the previous discussion, we try the feedback

u=k(z) = —2(VV(2)G())" (16)
where v > 0 (the coefficient 1/2 is due to technical reasons).

Problem 15 Prove that the closed loop system is still Liapunov stable at
the origin.

The second typical assumption of the Jurdjevic-Quinn method is that the
vector fields appearing in (31) are C*°. Recall that the Lie bracket operator
associates to an (ordered) pair fy, f1 of vector fields the vector field
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[fo. fil =Df1- fo—Dfo- fi

(here, Df; denotes the jacobian matrix of f;, ¢ = 0,1). The “ad” operator
is iteratively defined by

adj, f1 = [fo, fi] adlfc;rlfl = [fo, ad}, f1] .

Theorem 15 (JURDJEVIC-QUINN) Assume that a weak Liapunov function
V(x) of class C* for the unforced system associated to (31) is known. As-
sume further that for each x # 0 in some neighborhood of the origin we have
VV(z) # 0 and

dimspan{f(x),adfcgi(a:), i=1,...m, k=0,1,2,... } =n.
Then, for any v > 0, the system is stabilized by the feedback (16).

The proof of this theorem relies on LaSalle’s invariance principle.

3.2 Optimality

We consider again affine systems, but now we assume that the vector fields
f,91,--.,9m are locally Lipschitz continuous, so that uniqueness of solutions
is guaranteed for any admissible input (but not under continuous feedback).

We need also to limit the class of admissible inputs. From now on, by an
admissible input we mean any piecewise continuous, locally bounded function
u(t) : [0, +00) — R™. Without loss of generality, we always assume that any
admissible input is right-continuous.

Assume that (14) can be asymptotically stabilized by a feedback law
of the form (16). Then, an optimization problem can be associated to the
stabilization problem. The solution of the optimization problem can be put
in feedback form: it is exactly two times the feedback law (16). It follows
some details.

3.2.1 The associated optimization problem

Let a continuous, positive definite and radially unbounded function h(x) be
given. We associate to (14) the following cost functional
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00 U 2
Teoutn =7 [ (h«o(t)) v @) dt ()

where ¢(t) = ¢(t;zo,u(-)). For a given initial state zp, we say that the
minimization problem defined by (17) is solvable if there exists an admissible
input, denoted by uj (t) such that

J(.%'o, u;kco()) < ‘](xﬁv u())

for any other admissible input u(t). The value function is defined by

V(zo) = i%f J(xo,u(-)) .

V(o) is actually a minimum if and only if the minimization problem is
solvable for xg.

3.2.2 From stabilization to optimality

Assume that there exist a radially unbounded, positive definite, C! function
V(x) and a positive number 7 such that (14) is asymptotically stabilizable by
means of the continuous feedback (16). Assume further that the closed-loop
system admits V(x) as a strict Liapunov function, with the additional re-
quirement that the derivative of V'(z) with respect to the closed loop system
is radially unbounded (this last assumption is not restrictive).

Set h(z) = —2VV (x)f(z) +~||VV(2)G(x)|?.

Then, the optimization problem has a solution for each xg, the solution
can be put in feedback form

u=k(z) = =7 (VV(2)G(z))* (18)

and the value function coincides with V(z). Going from stabilization to op-
timality is called an inverse optimization problem in [122] (where the problem
is treated with h positive semi-definite).

3.2.3 From optimality to stabilizability

Assume that there exist a continuous, positive definite, radially unbounded
function h(z) and a positive number ~ such that the minimization problem
(17) is solvable for each initial state xg. Moreover, assume that the value
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function V() is radially unbounded and of class C!. Then, system (14) is
asymptotically stabilizable by means of the continuous feedback

u=k(z) = —a(VV(2)G(x))* (19)

for any o > % Moreover, the value function V represents a strict Liapunov
function for the closed loop system.

3.2.4 Hamilton-Jacobi equation

Solvability of the optimization problem (17) is equivalent to the following
statement.

The first order partial differential equation (of the Hamilton-Jacobi type)

¥ h(x
VU@)f(@) - LIVU @G = - (20)
has a solution U(z) which is radially unbounded, positive definite and of

class C1.

Problem 16 Prove that if the system is linear, h(z) = 2||z||*> and v = 1/2,
then the Hamilton Jacobi equation reduces to the matriz equation (the so-
called Algebraic Riccati equation)

PA+ A*P — PBB*P = -1 (21)

where I is the identity matriz of R™ and the unknown P is symmetric and
positive definite.

3.3 Dissipation

So far we were mainly concerned with internal stability properties. However,
there are also relevant notions of “stability” which relate the behavior of the
output (or the state evolution) to the size of the external input. The most
popular is probably the notion of ISS, due to E. Sontag. We report here the
original definition (but many variants are known). For the sake of generality,
we state the definition for the general system

T = f(z,u) (22)
although many applications are limited to the relevant case of affine systems.
Recall that 8 € LK means that 5 : [0,4+00) x [0,+00) — R is decreasing
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to zero with respect to the first variable and of class Ky with respect to the
second one.

Definition 9 We say that (22) possesses the input-to-state stability (in
short, ISS) property, or that it is an ISS system, if there exist maps [ €
LI, v € Ko such that, for each initial state xg, each admissible input u :
[0, +00) — R™, each solution ¢(-) € Sy, () and each t >0

le(@)Il < B, lzoll) +y(l[ulloo) -

Problem 17 If the system is ISS and we set u = 0, then we obtain a globally
asymptotically stable system. Prove it.

The following Liapunov-like characterization of the ISS property is very
useful [137], [138]).

Theorem 16 For the system (22) the following statements are equivalent:
(i) the system possesses the 1SS property

(i) there exist a positive definite, radially unbounded C*° function V : R™ —
R and two functions p,x € Kg° such that

VV(z) - f(z,u) < —x(lzl])
for allx € R" (x #0) and u € R™, provided that ||x|| > p(||ul|)

(iii) there exist a positive definite, radially unbounded C* function V : R™ —
R and two functions w,a € K§° such that

VV(z) - flz,u) < w(llul)) — allz])
for all x € R" and u € R™.
A systems is said to be IS-stabilizable if the ISS property can be recovered

by applying a suitable feedback law of the form v = k(z) + @. The following
result concerns the affine system (14) ([126]).

Theorem 17 Every globally asymptotically stable (or continuously globally
asymptotically stabilizable) affine system of the form (31) is IS-stabilizable.
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In fact, ISS systems can be reviewed as special cases of dissipative sys-
tems. We proceed to introduce this notion. First of all, we complete the
description of the system by associating with (22) an observation function
¢(x) : R"™ — RP. In other words, we consider

{J'U = f(z,u)
y=c(x) .

The variable y is called the output: it represents the available informa-

(23)

tion about the evolution of the system. Let w : R x R™ — R be a given
function, which will be called the supply rate, and consider the following
three dissipation inequalities.

(D1) (intrinsic version) For each admissible input u(-), each ¢ € S .y and
foreach t >0

[ wletipls), s s = 0

(note the initialization at xo = 0).

(D2) (integral version) There exists a positive semidefinite function S(z)
(called a storage function such that for each admissible input wu(-), each
initial state xg, each ¢ € S, () and for each t > 0

S(e(0) < Slao) + [ w(elp(s)) u(s)) ds

(D3) (differential version) There exists a positive semidefinite function S(z) €
C'! such that for each x € R”,u € R™

VS(z)f(z,u) <w(c(z),u) .

It is clear that (D3) = (D2) = (D1). However, these conditions
are not equivalent in general. The implication (D1) = (D2) requires a
complete controllability assumption, while the implication (D2) = (D3)
requires the existence of at least one storage function of class C'.

In the literature, inequalities (D1), (D2), (D3) are alternatively used
to define dissipative systems ([149], [72], [146], [130]). Moreover, several
notions of “external” stability can be given by specializing the supply rate
w. For instance we have

1) passivity, for w = yu
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2) finite La-gain, for w = k?||ul|?> — ||y||?, where k is some real constant.

To explain the name given to the second property, observe that it implies
the estimation

[ o) P s < 8 [ u(s) P ds

The ISS property can be interpreted as an extension of the finite Ls-gain
property. Indeed, according to Theorem 16 (iii), ISS systems are dissipative
in the sense of (D3), with ¢(z) =Identity and supply rate w(z,u) = w(||u||)—
a(||z]|)). Hence, for zero initialization, the following estimation holds

[ atle@ds < 1 [ wu(s)l) ds e
0 0

(alternatively, we can set c(x) = /a(||z||), so that the integrand on the
left-hand side becomes ||y||?).

In the remaining part of this section we focus on the finite Lo-gain prop-
erty, which has been deeply studied in [146]. Moreover, we limit to affine
systems or, more precisely, systems of the form (23) where (22) is replaced
by (14).

It is well known that if (23) possesses the finite Lo-gain property and
a suitable observability condition is fulfilled, then the unforced part of the
system is asymptotically stable at the origin. In particular, the required
observability condition is automatically satisfied when c¢(z) is positive defi-
nite. Vice-versa, assume that (14) is smoothly stabilizable. Then, by using
a possibly different feedback the system can be rendered ISS (Theorem 17).
As a consequence, we have an estimation of the form (24), but in general
we cannot predict the nature of the functions w and a. As an application of
the theory developed in the previous sections, we now give a more precise
result. For notational consistency, we put k% = 1/(2v). The starting point
is the following important result ([72], [146]).

Theorem 18 Assume that there exists a positive semidefinite function ®(x) €
C*' which solves the equation (of the Hamilton-Jacobi type)

Vo(x)f(z) + %HV‘I’(&?)G(@“)H2 = —Jle@)II? (25)

for each x € R™. Then, the affine system (23) has a finite Lo-gain.

2The theorem is invertible under some restrictive assumptions, but here we need only

the direct part
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Theorem 19 Associated with the affine system (14) we consider the opti-
mization problem (17), where h is positive definite and continuous. Assume
that the problem is solvable for each x, and that the value function V (x) is
Cl. Then, by applying the feedback

u=k(z,u) = —y(VV(2)G(2))* + @

and choosing the observation function c(x) = \/(h(x)/2), the system (23)
has a finite Lo-gain.

As a corollary, we see that if the affine system (14) is stabilizable by a
damping feedback

w=k(z) = —%(VV(:L‘)G(g;))t

where V(z) can be taken as a strict Liapunov function for the closed loop
system, then the “doubled” feedback u = 2k(z) + @ gives rise to a system
with finite Lo-gain.

3.4 The generality of damping control

It is well known that if a linear system is stabilizable by means of a continuous
feedback, then it is also stabilizable by means of a linear feedback and in
fact by a feedback in damping form (u = —aB*Pz, where o > 1/2 and P is
a solution of (21)). Surprisingly, this fact has an analogue for the nonlinear
case.

The following result is basically due to [78].

Theorem 20 Consider the affine system (14) and assume that

If (@)l < Aljz|> +C and |G(z)| <D

for some positive constants A,C,D. Assume further that (14) admits a
stabilizer u = k(x) such that:
(i) k(x) is of class C' and k(0) = 0,

(ii) k(x) guarantees sufficiently fast decay: more precisely, we require that
each solution of the closed loop system is square integrable i.e.,

+00
| w0} dt < o (26)
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for each xg € R™.

Then, there exists a map V(x) such that the feedback law (16) is a global
stabilizer for our systems. In other words, the system also admits a damping
control.

4 Control Liapunov functions

Consider for the moment a general system of the form

T = f(x,u) (27)

where f is continuous and f(0,0) = 0. The non-existence of continuous
stabilizers for (27) is related to certain obstructions of topological nature.
The most famous one is pointed out by the following result, usually referred
to as Brockett’s test (see [27], [118], [155]).

Theorem 21 Consider the system (27) and assume that f is continuous
and that f(0,0) = 0. A necessary condition for the existence of a continuous
stabilizer uw = k(z) with k(0) = 0, is that for each € > 0 there exist § > 0
such that

Vy € Bs 3z € B., Ju € B. such that y = f(z,u) .

In other words, f must map any neighborhood of the origin in R™*t™
onto some neighborhood of the origin in R™ (note that in the linear case,
the condition of this theorem reduces to rank (A, B) = n). There exist
whole families of systems (typically, full rank nonholonomic systems with
less inputs than states) which do not possess the property of Theorem 21.
The most famous example of a system which does not satisfy Brockett’s test
is the so-called nonholonomic integrator

.%"1 = Ul
j:‘Q = Uug (28)
T3 = T1U9y — ToUq .
The following interesting example is due to Z. Artstein. It passes Brock-
ett’s test. Nevertheless, it cannot be stabilized by a continuous feedback.

i‘Q = 2U:L'1.%'2
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(see [132] for a discussion).

4.1 Smooth control Liapunov functions

We need the following variant of the notion of Liapunov function (see [126],

[124).

Definition 10 We say that (27) satisfies a smooth global control Liapunov
condition (or that (27) has a smooth global control Liapunov function) if
there exists a radially unbounded, positive definite, C* function V(x) van-
ishing at the origin and enjoying the following property: for each x € R™
there exists u € R™ such that

VV(z)- f(z,u) <0. (30)

According to Kurzweil converse Theorem, it is clear that if there exists
a continuous global stabilizer u = k(z) for (27), then there exists also a
smooth global control Liapunov function. The converse is false in general.

Problem 18 Prove that the system

T1 = ugug
jZQ = Uujus
i’3 = U1U2

possesses the control Liapunov function V (x1,z2,13) = 23 + 23 + 2% but it
does not pass Brockett’s test.

However, it turns out to be true in the affine case

m
&= f(z) + ) uigi(z) (31)
i=1
where f, g1, ..., gm are continuous vector fields of R" (Z. Artstein [4]; but see

also [127]). In order to state the theorem, we need to update the terminology.
A feedback law u = k(z) is said to be almost continuous if it is continuous
at every z € R" \ {0}. Moreover, we say that a control Liapunov function
satisfies the small control property?® if for each € > 0 there exists § > 0 such
that for each x € By, (30) is fulfilled for some u € Be.

3If the system admits a continuous stabilizer v = k(z) such that k(0) = 0, then the

small control property is automatically fulfilled.
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Theorem 22 If there exists a smooth global control Liapunov function for
the affine system (81), then the system is globally stabilizable by an almost
continuous feedback u = k(x). If there exists a control Liapunov function
which in addition satisfies the small control property, then it is possible to
find a stabilizer uw = k(x) which is everywhere continuous.

We do not report here the proof of this theorem, but some illustrative
comments are appropriate. For sake of simplicity, we limit ourselves to the
single input case (m = 1). If the vector fields f and g¢; are of class CY
(0 < g < 400) and a control Liapunov function of class C" (1 < r < +00) is
known, the stabilizing feedback whose existence is ensured by Theorem 22,
can be explicitly constructed according to Sontag’s “universal” formula

0 i b(z) = 0
k(x) = { a(z) /a2 (@) 14 (2) (32)

b) if b(z) # 0

where a(z) = =VV(x) - f(x) and b(z) = VV (z) - g1(z) (see [127] for more
details). We emphasize that such k(z) is of class C* (with s = min{q,r—1})
on R™ \ {0}. If the small control property is assumed, then the feedback
law given by (32) turns out to be continuous also at the origin, but further
regularity at the origin can be obtained only in very special situations.

It is worth noticing that the universal formula above has a powerful
regularizing property. Indeed, if a continuous stabilizer for (31) is known,
then Kurzweil’s Converse Theorem applies. Hence, the existence of a C*°
strict Liapunov function V(z) for the closed loop system is guaranteed. It
is not difficult to see that the same V' (x) is a control Liapunov function for
(31). But then, the universal formula can be applied with this V' (z), and we
obtain a new stabilizing feedback with the same order of differentiability as
f and g; (at least for x # 0).

We have already noticed that Artstein’s theorem is limited to affine sys-
tems. However, the following extension holds (see the remark after Lemma
2.1 in [46]; see also [107]).

Theorem 23 Consider a system of the form (27), where f is continuous
and f(0,0) = 0. The following statements are equivalent.

(i) There exists a discontinuous feedback which stabilizes the system in Fil-
ippov’s sense and which fulfills the additional condition

lim esssup ||u(x)|| =0 (33)
=0 Jjz||<s
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(i) There exists a smooth control Liapunov function for which the small
control property holds.

4.2 Asymptotic controllability

In this section we assume that f(x,u) is continuous with respect to the pair
(z,u) € R™ x R™, and Lipschitz continuous with respect to x (uniformly
with respect to u). We assume also that f(0,0) = 0.

Definition 11 System (27) is said to be globally asymptotically controllable
at the origin (see [34]) if there exist Co > 0, C' > 0 such that:

(a) for each xo € R™ there exists an admissible input ug,(t) : [0,+00) — R™
such that the unique solution ¢(t;xo,usz,(-)) is defined for all t > 0 and
satisfies

lim_ o (t; 20, tay () = 0 (34)

t—+o00

(b) for each € > 0 it is possible to find n > 0 such that if ||xo|| < n then there
exists an admissible input ug, (t) such that (34) holds, and in addition

lo(t; xo, Uz (+))|| <€ forall ¢ >0 (35)

(c) if in (b) the state xq satisfies also ||zo|| < Co, then the input ug,(t) can
be chosen in such a way

[[uay (W) < C

for a.e. t > 0.
If (34) is required to hold only for each xo in some neighborhood of the
origin, then we say that the system is locally asymptotically controllable.

The meaning of this definition is that the system is asymptotically driven
toward zero by means of an open loop, bounded control which depends on
the initial state.

It is clear that if (27) is stabilizable by means of a continuous feedback,
then it is asymptotically controllable. The converse is true if the system is
linear?, but not in general. The classical counter-example is given by the

4For linear systems asymptotic controllability, stabilizability by continuous feedback

and stabilizability by linear feedback are all equivalent: see [67].
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nonholonomic integrator: it is possible to prove that the system is asymptot-
ically controllable: however, we know that it does not pass Brockett’s test,
so that it is not continuously stabilizable. In fact, because of Ryan’s exten-
sion of Brockett’s test [118], it follows that large classes of asymptotically
controllable systems can be stabilized not even by discontinuous feedback,
at least as far as the solutions are intended in Filippov’s sense. Important
progress toward the solution of this problem has been recently made ([34],
[1], [105]) by exploiting suitable extensions of the notion of control Liapunov
function and/or new notions of solutions for discontinuous ordinary differ-
ential equations.

In order to give an idea of such developments, we start by a simple re-
mark. It is clear that if an affine system without drift (like the nonholonomic
integrator and the Artstein example (29)) admits a smooth control Liapunov
function, then the small control property is automatically fulfilled. It fol-
lows from this simple remark and Theorem 22, that there exist no smooth
control Liapunov functions for (28) and (29). Nevertheless, both systems
are asymptotically controllable. This suggests the possibility of character-
izing asymptotic controllability by some weaker notion of control Liapunov
function.

Note that if the differentiability assumption about V is relaxed, then
the monotonicity condition can be no more expressed in the form (30). In
[125] (see also [128]) E. Sontag proved that if f is locally Lipschitz contin-
uous with respect to both z,u, then the global asymptotic controllability is
equivalent to the existence of a continuous global control Liapunov function.
The monotonicity condition is expressed in [125] by means of Dini deriva-
tives along the solutions (see Chapter 2). In [136] (see also [34]) it is pointed
out that the same condition can be also expressed by means of contingent
directional derivatives.

With these motivations, we propose a general definition.

Definition 12 Let V : R™ — R be continuous, positive definite and radially
unbounded. Moreover, let D(x) be a set valued map (D(x) should be thought
of as some generalized gradient of the map V). We say that V is a (nons-
mooth) global control Liapunov function (with respect to D) if there exist
two maps W : R" — R and o : [0,4+00) — [0,400) such that:

1) W is continuous, positive definite and radially unbounded

2) o is increasing
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3) for each x € R™ and each p € D(z) there exists uz, € R™ such that
[tz pll < o(llx]]) and

plf () + G(x)uayp| < =W(z) . (36)

Problem 19 There is another possible definition which does not make use
of the map o. There exists a continuous, positive definite and radially un-
bounded map W : R™ — R for which the following holds. For each compact
set K C R™ there exists a compact set U C R™ such that for each x € K and
each p € D(z) there exists ug ), € U such that (36) holds. Prove that the two
formulations are actually equivalent.

Now, an improvement of the aforementioned Sontag’s result can be stated
in the following way ([105], [106], see also [132]).

Theorem 24 Consider the system (27) and assume that f is locally Lips-
chitz continuous with respect to both x,u. Then, global asymptotic control-
lability is equivalent to the existence of a nonsmooth global control Liapunov
function V (z) (with respect to the prozimal gradient OpV (z)). In addition,
V(z) can be taken locally Lipschitz continuous.

Note that this result applies in particular to Artstein’s example (29) (by
the way, a locally Lipschitz continuous control Liapunov function for (29) is
explicitly given in [132]).

We conclude this chapter by recalling the following stabilizability results.

Theorem 25 ([3/]) Assume that the system (27) is globally asymptotically
controllable. Then it can be stabilized by time-sampled discontinuous feed-
back®.

Theorem 26 ([107]) Assume that the system (27) admits a locally Lips-
chitz continuous, nonsmooth global control Liapunov function V(x) (with
respect to Clarke gradient OcV (z)). Then there exists also a smooth con-
trol Liapunov function, so that the system is actually stabilizable in Filippov
sense.

We emphasize that the tool used to express the monotonicity condition
actually plays a crucial role.

®Roughly speaking, this means that the value of the feedback remains constant for a

small interval of time
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Abstract

These are lecture notes of the introductory course in Optimal Con-
trol theory treated from the geometric point of view. Optimal Control
Problem is reduced to the study of controls (and corresponding tra-
jectories) leading to the boundary of attainable sets. We discuss Pon-
tryagin Maximum Principle, basic existence results, and apply these
tools to concrete simple optimal control problems. Special sections
are devoted to the general theory of linear time-optimal problems and
linear-quadratic problems.
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1 Optimal control problem
1.1 Problem statement
Consider a control system of the form
¢=fule), q€M, ueUCR", (1)

where M is an open domain in R™ and U an arbitrary subset of R™. For
the right-hand side of the control system, we suppose that:

q — fu(q) is a smooth vector field on M for any fixed u € U, (2)

(q,u) — fu.(q) is a continuous mapping for g € M, v € U,, (3)
0 _
(q,u) — —afu (q) is a continuous mapping for ¢ € M, u € U. (4)
q

Admissible controls are vector-functions:
u:t—ut)elU, tek

The set of all admissible controls is denoted by Y. In this lectures I is either
the set of all piecewise smooth functions with values in U or the set of all
bounded measurable functions with values in U. All results except those of
Section 3 are valid for both classes of admissible controls. Substitute such
a control u = u(t) for control parameter into system (1), then we obtain a
nonautonomous ODE ¢ = f,,(¢). By the classical Carathéodory’s Theorem,
for any point gy € M, the Cauchy problem

= fule),  q(0) = qo, (5)

has a unique solution defined on an interval in R. We will often fix the initial
point go and then denote the corresponding solution to problem (5) as ¢,(t).

In order to compare admissible controls one with another on a segment
[0, 1], introduce a cost functional:

t1
I = [ el ue)ar (6)
with an integrand
o : MxU—R

satisfying the same regularity assumptions as the right-hand side f, see (2)—

(4).
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Take any pair of points qg,q1 € M. We consider the following optimal
control problem:

MINIMIZE THE FUNCTIONAL J AMONG ALL ADMISSIBLE CONTROLS u =
u(t), t € [0,¢t1], FOR WHICH THE CORRESPONDING SOLUTION ¢,(t) OF
CAUCHY PROBLEM (5) SATISFIES THE BOUNDARY CONDITION

QU(tl) =(q1. (7)

We study two types of problems, with fixed ¢; and free ¢;. A solution u of
this problem is called an optimal control, and the corresponding curve g, (t)
is the optimal trajectory.

So the optimal control problem is the minimization problem for J(u)
with constraints on u given by control system and the fixed endpoints con-
ditions (5), (7). These constraints cannot usually be resolved w.r.t. u, thus
solving optimal control problems requires special techniques.

1.2 Reduction to study of attainable sets

Fix an initial point gy € M. Attainable set of control system (1) for time
t > 0 from gy with measurable locally bounded controls is defined as follows:

Ago(t) = {qu(t) |ueU}.

Similarly, one can consider the attainable sets for time not greater than ¢:

t
A= U Aw(n)
0<r<t
and for arbitrary nonnegative time:
Ago = U Ago (7).
0<T<0

It turns out that optimal control problems on the state space M can be
essentially reduced to the study of attainable sets of some auxiliary control
systems on the extended state space

M=RxM={7=(y,q) |y eR, qge M}.

Namely, consider the following extended control system on M:

dqg -~ . o
E:fu(q)a qu? UGU, (8)
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with the right-hand side

Fa=( 7). aemr wew,

where ¢ is the integrand of the cost functional J, see (6). Then solutions
qu(t) of the extended system (8) with the initial conditions

- (8)-(3)

are expressed through solutions ¢, (t) of the original system (1) as

= (1),

qu(t)
where

ﬁ@:Aw%Wﬂmﬂf

Thus attainable sets of the extended system (8) from the point (0, gp) have
the form

A0.40)®) = {(Ji(w), qu(t)) | u € U}.

Let ¢q(t), t € [0,t1], be an optimal trajectory for the optimal control
problem in M. Consider the corresponding trajectory

0= ) tebal

of the extended control system in M. The endpoint ¢(¢1) must belong to
the boundary of the attainable set A 40)(t1); moreover, this set should not
intersect the ray

{(y,q1) € M |y < Ji, }.

Indeed, if there exist points

(Y, q1) € Aggo) (1), ¥ < Jiy,

then the trajectory of the extended system
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that steers (0, qo) to (y,q1):

i0=(p) dw=(2),

gives a trajectory ¢'(t), ¢'(0) = qo, ¢'(t1) = ¢1, with a smaller value of the
cost functional:

']7;1 =y < Jt17

a contradiction with optimality of ¢(+).

So optlmal trajectories (more precisely, their lift to the extended state
space M ) must come to the boundary of the attainable set A(O g0)(t1). In
order to find optimal trajectories, we find those coming to the boundary
of A\(O,qo)(tl)v and then select optimal among them. The first step is much
more important than the second one, so solving optimal control problems
essentially reduces to the study of dynamics of boundary of attainable sets.

2 Pontryagin Maximum Principle

In this section we discuss the fundamental necessary condition of optimality
for optimal control problems — Pontryagin Maximum Principle (PMP).
2.1 Geometric statement of PMP and discussion

Consider the optimal control problem stated in Sec. 1.1 for a control system
¢=fule), q€M, ueUCcCR™, (9)

with the initial condition
q(0) = qo. (10)

Define the following family of Hamiltonians:

hu(p, @) = (p, fu(q)), peR", ge M, ueUl,

where (-, ) is the standard inner product.

In Sec. 1.2 we reduced the optimal control problem to the study of bound-
ary of attainable sets. Now we give a necessary optimality condition in this
geometric setting.
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Theorem 1 (PMP). Let u(t), t € [0,t1], be an admissible control and
4(t) = qa(t) the corresponding solution of (9), (10). If

q(t1) € 0Ag (t1),

then there exists a Lipschitz vector-function

p(t) eR”,  0<t<t,
such that
p(t) # 0, (11)
Ohir) y
p(t) =— 94 (p(t),4(1)), (12)
ha) (p(t), 4(t)) = max hu(p(t), 4(t)) (13)

for almost all t € [0,1;].

If u(t) is an admissible control, ¢(t) the corresponding solution of (9),
(10), and p(t) a Lipschitz vector-function such that conditions (11)-(13)
hold, then the triple (u(t),p(t),q(t)) is said to satisfy PMP. In this case
(p(t), (q(t)) is often called an extremal, and q(t) is called an extremal trajec-
tory.

Remark. If (u(t), p(t), q(t)) satisfies PMP, then

Ty (P(), g(t) = const, ¢ € [0,44]. (14)

We skip a rather technical proof of the Pontryagin Maximum Principle
but try to clarify its statement.

First we give an euristic explanation of the way the vector-function p(t)
appears naturally in the study of trajectories coming to boundary of the
attainable set. Indeed, let

q1 = q(t1) € 0Ag (t1).

Consider a local convex approximation of the attainable set Ay (¢1) in the
neighborhood of the point ¢1, a convex cone with the vertix ¢q;. This convex
cone has a hyperplane of support at ¢; determined by its normal vector p(¢;)
(the vector p(t1) is actually an analog of classical Lagrange multipliers).
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In order to construct the whole curve p(t), ¢ € [0,¢1], consider the flow
P!t : M — M generated by the control (-):

Pl iq(r) = q(t),  T€0t],
where ¢(t) = fa)(q(t)), t € [7,t1]. It is easy to see that
P (Ag(7)) € Agy(t1), 7 €[0,1a].

Indeed, if a point g € Ay, (7) is reachable from ¢g by a control u(t), t € [0, 7],
then the point P (q) is reachable from gy by the control

o(t) = { u(t), te|0,r],

u(t), te|[rti].
Further, the flow P!! satisfies the condition
Pra(r) =dt) = a1,  Te[0t].
Thus if ¢(7) € int Agy(7), then ¢ € int Ay (¢1). By contradiction, we obtain
4(r) € 0Ay (1), T € [0,t4].

Consequently, we can find a hyperplane of support to the convex approxi-
mation of A;(go) and the corresponding normal vector at any instant 7:

p(T) € R"\ 0, T € [0,1].

The normal vectors p(t) are defined up to nonzero factors. They can be

renormalized so that satisfy the equation p(t) = —8%—71;”(])(15), q(t))

So the vector-function p(¢) in Pontryagin Maximum Principle appears
naturally from hyperplanes of support to convex approximations of attain-
able sets.

Now we show the power of PMP by the following statement.

Proposition 1. Assume that the mazximized Hamiltonian of PMP

H(p,q) = max hy(p, q), peR", ge M,
ueU

is defined and C*-smooth on (R™\ 0) x M.
If (a(t), p(t),q(t)), t € [0,t1], satisfies PMP, then

—52(p(1),4(t)

i) = Lip), gy SO0 (15)

—N—
3.
—~~
N
I
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Conversely, if a Lipshitzian vector-function (p(t),q(t)) € (R™\0)x M is a
solution to the Hamiltonian system (15), then one can choose an admissible
control u(t), t € [0,t1], such that (u(t),p(t),q(t)) satisfy PMP.

That is, in the favorable case when the maximized Hamiltonian H is
C?-smooth, PMP reduces the problem to the study of solutions to just one
Hamiltonian system (15). From the point of view of dimension, this reduc-
tion is the best one we can expect. Indeed, for a full-dimensional attainable
set (dim Ay, (t1) = n) we have dim 0Ay, (t1) =n —1, i.e. we need an (n —1)-
parameter family of curves to describe the boundary 0.A,(t1). On the other
hand, the family of solutions to Hamiltonian system (15) with the initial
condition m(\g) = qo is n-dimensional. Taking into account that the Hamil-
tonian H is homogeneous: H(cp,q) = cH(p,q), ¢ > 0; thus (p(t),q(t)) is a
solution to Hamiltonian system (15) if and only if (¢p(t), ¢(t)) is a solution
to the same system and we obtain the required (n — 1)-dimensional family
of curves.

Now we prove Proposition 1.

Proof. Set A = (p,q), A\t = (p(t),q(t)). We are going to show that if an
admissible control 4(t) satisfies the maximality condition hg)(p(t),q(t)) =

maxyer hy(p(t), q(t)), then

Ohg(p) dH
N (A) = ﬁo\t)’ t €[0,t1]. (16)
In particular,
OH Ohr

—(p(t t)) = t t)) = Jfa t)).

ap (p(t),q(t)) op (p(t), q(t)) = faw(a(t))
By definition of the maximized Hamiltonian H,

H(A) - ha(t)()\) >0 A€ T*]W7 tc [O,tl].

On the other hand, by the maximality condition of PMP (13), along the
extremal )\; this inequality turns into equality:

H(\) — h@(t)()\t) =0, t €0,t1].

That is why

T W(At), t € [0,t4].



462 A.A. Agrachev

But the right-hand side of the Hamiltonian system is obtained from differ-
ential of the Hamiltonian by a standard linear transformation, thus equal-
ity (16) follows.

Conversely, let A\ = (p(t), ¢(t)), p(t) # 0, be a trajectory of the Hamilto-
nian system (14). One can show that it is possible to choose an admissible
control u(t) that realizes maximum along A;:

H(M) = ha@y(Me) = max ha(At).

As we have shown above, then there holds equality (16). So (u(t), A\+) satisfies
PMP. O

2.2 Geometric statement of PMP for free time

In the previous section we discussed Pontryagin Maximum Principle for the
case of fixed terminal time ¢;. Now we consider the case of free ¢;.

Theorem 2. Let u(-) be an admissible control for control system (9) and
G(t) = qa(t) the corresponding solution of (9), (10). If

q(t1) €0 (U|t—t1|<€-’4q0 (t))

for some t; > 0 and € € (0,t1), then there exists a Lipschitz vector-function

A= (p(t),q(t)) € R"\0) x M, A\ #0,  0<t<t,

such that
ohg
plt) = == )
hﬁ(t)()‘t) = ?ea[}{ hu(Ae),
Ry (Ae) =0 (17)

for almost all t € [0,4].

Remark. In problems with free time, there appears one more variable, the
terminal time ¢1. In order to eliminate it, we have one additional condition —
equality (17). This condition is indeed scalar since the previous two equalities
imply that hg)(A¢) = const, see remark after formulation of Theorem 1.
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Proof. We reduce the case of free time to the case of fixed time by extension
of the control system via substitution of time. Admissible trajectories of
the extended system are reparametrized admissible trajectories of the initial
system (the positive direction of time on trajectories is preserved).

Let a new time be a smooth function

p:R—=R, ¢>0.

We find an ODE for a reparametrized trajectory:

L 0u0(8)) = $(0) ot @l o(0).

so the required equation is

q= So(t)fu(go(t)) (Q)

Now consider along with the initial control system
¢=fulg), wel,
an extended system of the form
g =vfu(q), wel, |v—1| <, (18)
where § = ¢/t; € (0,1). Admissible controls of the new system are

w(t) = (v(t), u(?)),

and the reference control corresponding to the control @(-) of the initial
system is

w(t) = (1, a(t)).

It is easy to see that since ¢(t1) € 0 (U‘t_tl‘QAqo (t)), then the trajectory
of the new system through the point gy corresponding to the control w(-)
comes at the moment #; to the boundary of the attainable set of the new
system for time ¢;. Thus w(t) satisfies PMP with fixed time. We apply
Theorem 1 to the new system (18). The Hamiltonian for the new system is
vhy(A). Then the maximality condition (13) reads

L g (M) = ueUH\lgiclk(s vhu(M)-
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We take u = @(t) under the maximum and obtain
haw (M) =0,
then we restrict the maximum to the set v = 1 and come to

h?l(t) ()\t) = ]glea&( hu<)\t)

The Hamiltonian systems along w(-) and @(-) coincide one with another,
thus the proposition follows. O

2.3 PMP for optimal control problems

Now we apply PMP in geometric form to optimal control problems, starting
from problems with fixed time.
For a control system

q:fu(Q)7 qu, UEUv (19)
with the boundary conditions

q(0) =qo, q(t1) =q1, qo,q1 € M fixed, (20)
t1 > 0 fixed, (21)

and the cost functional

t1
I = [ el ue)ar (2)
we consider the optimal control problem
J(u) — min. (23)

We transform the problem as in Sec. 1.2. We extend the state space:

§=<z>€RxM,

define the extended vector field
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and come to the new control system:

dqg = v = ¢(q,u),
ap P {q—fu(q> =

with the boundary conditions

0 =n=(2) aw=("")

If a control 4(-) is optimal for problem (19)—(23), then the trajectory gz (t)
of the extended system (24) starting from gy satisfies the condition

Ga(t1) € 0Ag, (1),

where ./ZqAO (t1) is the attainable set of system (24) from the point gy for time
t1. So we can apply Theorem 1.

But the geometric form of PMP applied to the extended system (24) does
not distinguish minimum and maximum of the cost J(u). In order to have
conditions valid only for minimum, we introduce a new control parameter v
and consider a new system of the form

{?_?(37)U)+v’ v>0, uel. (25)
q=Ju\lqg),

Now the trajectory of system (25) corresponding to the controls o(t) = 0,
u(t), comes to the boundary of the attainable set of this system at time
ti. We apply Theorem 1 to system (25). The Hamiltonian function for
system (25) has the form

By (30, 0) = 0y ful@)) + v+ ),

and the Hamiltonian system of PMP is

=23k =q,
= p(q,u) + v,
z: _8hu(t ( ), (26)

where
hu(v,0,q) = (D, fu(@)) + veo(q, u).
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The first of equations (26) means that
v = const

along the reference trajectory.
The maximality condition has the form

(p(t), fa (@(@))+ve(a(t), a(t) = max ({p(t), ful@(t))) + vip(q(t), u) +vv).

Since the previous maximum is attained, we have
v <0,

thus v = 0 and
(p(t), faw)(G(1))) + ve(q(t), u(t)) = max ((p(t), fu(@(t))) + ve(q(t), u)) -

uelU

So we obtain the following result.

Theorem 3. Let u(t), ¢(t), t € [0,t1], be an optimal control and the corre-
sponding trajectory for problem (19)—(23):

J() = min{J (u) [ qu(t1) = @1}
Define a Hamiltonian function
ha, @) = (p. fu) +vela,u),  (p,@) €ER"xM, uwel, veR,
Then there exists a nontrivial pair:
(v,p(t)) #0,  veR, p(t) R,

such that the following conditions hold:

. 8hg(t) -

p(t) = —a—q(p(t),Q(t)),

W (p(1), 4(1) = max hi(p(t), (1)) V a.e. t € [0,t],
v <0.

Remarks. (1) If we have a maximization problem instead of minimization
problem (23), then the preceding inequality for v should be reversed:

v > 0.

(2) For the problem with free time ¢1: (19), (20), (22), (23), necessary op-
timality conditions of PMP are the same as in Theorem 3 plus one additional
scalar equality hg(t) (p(t),q(t)) = 0.
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There are two distinct possibilities for the constant parameter v in The-
orem 3:

(a) if v # 0, then \; = (p(t),q(t)) is called a normal extremal. Since the pair
(v, A¢) can be multiplied by any positive number, we can normalize v < 0
and assume that ¥ = —1 in the normal case;

(b) if v =0, then )\ is an abnormal extremal.

So we can always assume that v = —1 or 0.
Now consider the time-optimal problem:

q = fulq), geM, uwel,

q(0) = qo, q(t1) =q1, qo,q1 fixed,
t1

t1:/ 1dt — min.
0

For the time-optimal problem, Pontryagin Maximum Principle takes the
following form.

Corollary 1. Let an admissible control u(t), t € [0,t1], be time-optimal.
Define a Hamiltonian function

hu(p,q) = (D, fu(@)), peR™ wuecl.

Then there exists a Lipschitz vector-function

p(t) €R™, p(t) #0,  tel0,t],
such that the following conditions hold for almost all t € [0,t1]:

. Ohr s
p(t) = — (p(1),4(1)),

haw (p(t), 4(t)) = max hu(p(t), 4(t)),

haw (p(),4(t)) > 0. (27)

Proof. Apply Theorem 3 and the second remark after it, taking ¢ = 1. Then
the Hamiltonian system and the maximality condition follow. Inequality (27)
is equivalent to conditions hg) (p(t), ¢(t)) +v =0 and v < 0.

The inequality p(t) # 0 is obtained as follows: if p(t) = 0, then
ha (p(t),4(t)) = 0, thus v = 0. But the pair (v,p(t)) must be nontriv-
ial, consequently, p(t) # 0. O
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In all previous problems, boundary conditions for a trajectory ¢(t) were of
the form ¢(0) = qo, q(t1) = ¢1. Consider more general boundary conditions:

q(0) € Ny, qu(t1) € N1,

where Ny, N1 C M are smooth submanifolds. It is easy to see that optimal
solutions in the new problem are optimal for the problem with fixed ¢(0),
q(t1) as well. So all conditions of Pontryagin Maximum Principle should be
satisfied. In addition to them, we need (dim N;+dim N3) extra conditions for
the initial and terminal points. They are called transversality conditions: the
adjoint covector p(t) must be orthogonal to the submanifold Ny at ¢(0) and
to the submanifold Ny at ¢(¢1) at the moments of time 0 and ¢; respectively:

p(0) L TyoyNo <= (p(0), Ty0)No) = 0,
p(t1) L TyeyN1 & (p(t1), Ty, N1) =0,

where T; N is the tangent space to the submanifold IV at the point ¢ € N.

3 Existence of Optimal controls

In this section, U is the set all of measurable bounded vector-functions t +—
u(t) with values in U.

3.1 Compactness of attainable sets

Due to the reduction of optimal control problems to the study of attainable
sets, existence of optimal solutions to these problems is reduced to compact-
ness of attainable sets.

For control system (1), sufficient conditions for compactness of the at-
tainable sets Ay, (t) for time ¢ and A} for time not greater than ¢ are given
in the following proposition.

Theorem 4 (Filippov). Let the space of control parameters U € R™ be
compact. Let there exist a compact K € M such that f,(q) =0 for q ¢ K,
u € U. Moreover, let the velocity sets

fulq) ={fulq) |lue€ U} CT,M, q€ M,

be convex. Then the attainable sets Ag,(t) and AZo are compact for all
qo € M, t>0.
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Remark. The condition of convexity of the velocity sets fi7(q) is natural since
trajectories of the ODE

¢ =a(t)fu(q) + (1 —alt) fu(e), 0<alt) <1,

can be uniformly approximated by the ”fast switching” trajectories of the
systems of the form

= fu(q), where v(t)€ {ui(t), ua(t)}.
Now we give a sketch of the proof of Theorem 4.

Proof. Notice first of all that all nonautonomous vector fields f,(¢q) with
admissible controls u have a common compact support, thus are complete.
Further, under hypotheses of the theorem, velocities f,(q), g € M, u € U, are
uniformly bounded, thus all trajectories ¢(t) of control system (1) starting
at go are Lipschitzian with the same Lipschitz constant. Thus the set of
admissible trajectories is precompact in the topology of uniform convergence.
For any sequence ¢, (t) of admissible trajectories:

Qn(t> = fun(Qn(t))7 0<t<t, Qn(o) = qo,
there exists a uniformly converging subsequence, we denote it again by ¢, (t):
an(:) — q(+) in C[0,t1] as n — oc.

Now we show that ¢(t) is an admissible trajectory of control system (1).
Fix a sufficiently small € > 0. Then

1 1 t+e
E(Qn(t + 5) - Qn(t)) = g fun (Qn(T)) dr
t
€ conv U fu(gn(T)) C conv U fu(q)
TE[t,t+-e] q€O0 4(¢)(c2)

where c¢ is the doubled Lipschitz constant of admissible trajectories. Then
we pass to the limit n — oo and obtain

St +e) ) ecomv | fula)

qEOq<t) (CE)

Now let € — 0. If ¢ is a point of differentiability of ¢(t), then

4(t) € fu(q)
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since fy(q) is convex.

In order to show that ¢(¢) is an admissible trajectory of control sys-
tem (1), we should find a measurable selection u(t) € U that generates ¢(t).
We do this via the lexicographic order on the set U = {(u1,...,uy)} C R™.

The set

Vi={veUlq@) = fula(t)}

is a compact subset of U, thus of R™. There exists a vector vmin(t) € V4
minimal in the sense of lexicographic order: to find vy (t), we minimize
the first coordinate vy among all v = (vy,...,vy) € Vi, then minimize the
second coordinate vo on the compact set found at the first step, etc. The
control u(t) = vpin(t) is measurable, thus ¢(¢) is an admissible solution of
control system (1).

The proof of compactness of the attainable set Ay, (t) is complete. Com-
pactness of AZO is proved by a slightly modified argument. O

Remark. In Filippov’s theorem, the hypothesis of common compact support
of the vector fields in the right-hand side is essential to ensure the uniform
boundedness of velocities and comple teness of vector fields. In the domain
M, sufficient conditions for completeness of a vector field cannot be given in
terms of boundedness of the vector field and its derivatives: a constant vector
field is not complete in a bounded domain in R™. Nevertheless, one can prove
compactness of attainable sets for many systems without the assumption of
common compact support. If for such a system we have a priori bounds on
solutions, then we can multiply its right-hand side by a cut-off function, and
obtain a system with vector fields having compact support. We can apply
Filippov’s theorem to the new system. Since trajectories of the initial and
new systems coincide in a domain of interest for us, we obtain a conclusion
on compactness of attainable sets for the initial system.

For control systems on M = R"™, there exist well-known sufficient condi-
tions for completeness of vector fields: if the right-hand side grows at infinity
not faster than a linear field, i.e.,

[fulz)] <CA+]z]), zeR", wel, (28)

for some constant C, then the nonautonomous vector fields f,(x) are com-

plete (here |z| = \/x? + -+ + 22 is the norm of a point & = (x1,...,7,) €

R™).
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These conditions provide an a priori bound for solutions: any solution
x(t) of the control system

& = fu(z), zeR", wel, (29)
with the right-hand side satisfying (28) admits the bound
()] < 2 (J2(0)[ + 1),  t>0.

So Filippov’s theorem plus the previous remark imply the following suf-
ficient condition for compactness of attainable sets for systems in R”.

Corollary 2. Let system (29) have a compact space of control parameters
U € R™ and convex velocity sets fy(z), x € R™. Suppose moreover that the
right-hand side of the system satisfies a bound of the form (28). Then the
attainable sets Ay, (t) and CAL  are compact for all zg € R™, t > 0.

3.2 Time-optimal problem

Given a pair of points g9 € M, q1 € Ay, the time-optimal problem consists
in minimizing the time of motion from ¢¢ to ¢; via admissible controls of
control system (1):

min {t1 | qu(t1) = @1} (30)

That is, we consider the optimal control problem described in Sec. 1.1 with
the integrand ¢(g,u) = 1 and free terminal time ¢;.

Reduction of optimal control problems to the study of attainable sets
and Filippov’s Theorem yield the following existence result.

Corollary 3. Under hypotheses of Theorem 4, time-optimal problem (1),
(30) has a solution for any points qo € M, q1 € Ag,.

3.3 Relaxations

Consider a control system of the form (1) with a compact set of control
parameters U. There is a standard procedure called relazation of control
system (1), which extends the velocity set fy7(q) of this system to its convex
hull conv fi7(q).

Recall that the convexr hull conv S of a subset S of a linear space is the
minimal convex set that contains S. A constructive description of convex
hull is given by the following classical proposition: any point in the convex
hull of a set S in the n-dimensional linear space is contained in the convex
hull of some n + 1 points in S.
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Lemma 1 (Carathéodory). For any subset S C R", its convex hull has
the form

n n
conv S = {Zail’i |z; €8, a; >0, Zai = 1}.
=0 =0

Relaxation of control system (1) is constructed as follows. Let n = dim M
be dimension of the state space. The set of control parameters of the relaxed

system is
V=A"xUx---xU,
n-+1 times
where
n
A" = {(ao,...,an) | a; >0, Zai = 1} c R*H
i=0

is the standard n-dimensional simplex. So the control parameter of the new
system has the form

v=(a,up,...,up) €V, a=(ag,...,an) € A" u; € U.

If U is compact, then V is compact as well.
The relaxed system is

i=g0(q) =Y ifu(q), v=(oup,...,un) €V, qeM.  (31)
=0

By Carathéodory’s lemma, the velocity set gy (q) of system (31) is convex,
moreover,

gv(q) = conv fy(q).

If all vector fields in the right-hand side of (31) have a common compact
support, we obtain by Filippov’s theorem that attainable sets for the relaxed
system are compact. Any trajectory of relaxed system (31) can be uniformly
approximated by families of trajectories of initial system (1). Thus attainable
sets of the relaxed system coincide with closure of attainable sets of the initial
System.

4 Examples of optimal control problems

In this chapter we apply Pontryagin Maximum Principle to solve concrete
optimal control problems.
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4.1 The fastest stop of a train at a station

Consider a train moving on a railway. The problem is to drive the train to
a station and stop it there in a minimal time.

Describe position of the train by a coordinate x1 on the real line; the
origin 0 € R corresponds to the station. Assume that the train moves
without friction, and we can control acceleration of the train by applying a
force bounded by absolute value. Using rescaling if necessary, we can assume
that absolute value of acceleration is bounded by 1.

We obtain the control system

1 = u, x1 €R, |u| <1,

or, in the standard form,

1=z z
e :c:( 1>€R2, lul < 1.
To = U, T2

The time-optimal control problem is

z(0) =2  z(t;) =0,

t1 — min.

First we verify existence of optimal controls by Filippov’s theorem. The

set of control parameters U = [—1,1] is compact, the vector fields in the
right-hand side
f(xau):<l,;>7 "UJ‘SI,

are linear, and the set of admissible velocities at a point

[, U) ={f(z,u) [ |u] <1}

is convex. By Corollary 3, the time-optimal control problem has a solution

if the origin 0 € R? is attainable from the initial point 2°. We will show that

any point z € R? can be connected with the origin by an extremal curve.
Now we apply Pontryagin Maximum Principle. Introduce canonical co-

ordinates:
xI9 ’

So x is a specialization of the state variable ¢ of previous sections. An
adjoint vector (a specialization of the ve